STOCHASTIC PARABOLIC EQUATIONS OF FULL SECOND
ORDER

S. V. LOTOTSKY AND B. L. ROZOVSKII

ABSTRACT. A procedure is described for defining a generalized solution for stochas-
tic differential equations using the Cameron-Martin version of the Wiener Chaos
expansion. Existence and uniqueness of this Wiener Chaos solution is established
for parabolic stochastic PDEs such that both, the drift and diffusion, operators are
of the second order.

1. INTRODUCTION

Consider a stochastic evolution equation
(1.1) du(t) = (Au(t) + f(t))dt + (Mu(t) + g(t))dW (t),

where A and M are differential operators, and W is a Wiener process. Traditionally,
this equation was studied under the following assumptions:

e A1l. The operator A is elliptic, the order of the operator M is less than the
order of A, and A — %MM* is elliptic (possibly degenerate) operator,

In fact, it is well known that unless assumption A1 holds, equation (1.1) has no
solutions in Ly(2; X) for any reasonable choice of the state space X.

It was shown recently (see LRAN, LRSH and the references therein) that if the
operator A is elliptic and the order of M is smaller than the order of A, there
exists a unique generalized solution of equation (1.1). This solution is often re-
ferred to as Wiener Chaos solution. It is given by the Wiener chaos expansion
u(t) = X aj<o0 Ua (t) &, where {€,}, <o is the Cameron-Martin orthonormal ba-
sis in the space Ly(€; FV; X) of square integrable random elements in X adapted
to the filtration FV. The Cameron-Martin basis {£,} is indexed by multiindices
a = (aq,ag, ...) . It was shown that for certain positive weights @ = {q («) the
weighted norm

}|a\<oo7

2 2
lullgx = D ¢ (@) lluall,oyx) < 0

|| <o0

S. V. Lototsky acknowledges support from NSF CAREER award DMS-0237724. B. L. Rozovskii
aknowleges support from NSF Grant DMS
0604863, ARO Grant W911NF-07-1-0044, and ONR Grant N00014-07-1-0044.



2 S. V. LOTOTSKY AND B. L. ROZOVSKII

13

where X is the appropriate Hilbert space characterizing the ¢ regularity” of the

solution. Note that by the reasons explained above,

2 2
E ||u||L2((0,T);X) = Z [ta (t)HLz((O,T);X) = .

|a]<oo

In this paper, we consider the Cauchy problem for the following stochastic PDE :

(1.2)

In contrast to the previous work, this is a parabolic SPDE of the full second order,
in that the drift and diffusion operators have the same order 2. We have constructed
a scale of weighted Wiener chaos spaces (related but not identical to Kondratiev’s
spaces) and proved the existence and uniqueness of the solution in the spaces from
this scale.

2. CONSTRUCTING A SOLUTION: AN EXAMPLE

Let F = (Q,F,{Fi}o<t<r,P) be a stochastic basis with the usual assumptions and
W =W(t), 0 <t <T,astandard Wiener process on IF. For a Hilbert space X, denote
by L2(W; X) the collection of X-valued random elements that are square integrable
(E|| - |5 < o) and are measurable with respect to the sigma-algebra generated by

W (t),t € [0, 7).

Consider the Ito equation
t t
(21)  w(t,z)=e*/? —i—/ Uz (S, x)ds —I—/ Uz (8, 2)dW (s), t € [0,T], x € R.
0 0

If there is a solution, its Fourier transform in space, u(t,y) = (1/v2) [, e Yu(t, z)dx
satisfies

¢ ¢

22) =" -y [(Asds o [ sV, te0.1) yeR
0 0

For each fixed y, (2.2) defines a geometric Brownian motion:

(2.3) at,y) = e~ (10> =W /2)t—y2W (1)

Let H?(R) be the Sobolev space

(2.4 {f [ wprifwr < oo}.
R

Since

(25) Efi(t, )| = e 20057

the solution of (2.1) cannot be an element of Ly (W; Lo ((0, T); HY(R))) for any v € R,
even though the initial condition is non-random and is an element of H?(R) for every
v eR.
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Let us try another approach. Once again, assuming that the solution exists, we apply
the It6 formula to the product u(t, z)&(t), where

(2.6) Ea(t) = exp ( /0 Ch(s)dW (s) — % /O t h2(s)ds)

and h = h(t) is a smooth deterministic function. Since

t
2.7) Ealt) = 1+ / E0(s)h(s)dW (s),
0
we conclude that the function
(2.8) up(t, z) = E(u(t,z)Ex(1)),
if defined, must satisfy the heat equation
¢ 2
(2.9) un(t, z) = e /2 4 / (1+ h(s))a“h—@“")ds.
0 ox
If sup, |h(t)| < 1, then this equation has a unique solution in every H?(R) and
(210) uh(tax) = EeXp(—(X(t,x))2/2),

where

(2.11) X(t, ) :x+/0t\/2(1+h(s))dW(s).

In other words, while existence of a solution of equation (2.1) is still unclear, we now
have a family of functions wuy(t, z) defined by (2.10). All we need now is a systematic
procedure of relating the family of deterministic functions u;, = u,(t, ) to a random
process u = u(t, x); then this process is natural to call a solution of (2.1).

Here is a possible way of constructing a stochastic process from wuy,. Let m = {my, k >
1} be the Fourier cosine basis in Ly((0,7)):

(2.12) ml(s)zi' mk(t):\/gcos (M) yk>1,0<t<T.

Then
(2.13) h(t) = hemgl(t),

For every fixed ¢ € [0,7] and v € R, we can now interpret the function wy(t,-) as
a mapping from the set of sequences h = (hy,hs,...) to the space H7(R?), and,
as equalities (2.10) and (2.11) suggest, this mapping is analytic in the region {h :
> psq i < e} for sufficiently small e. We will now compute the derivatives of this
mapping.

Let J be the collection of multi-indices v = {ay, & > 1}. Each a € J has non-
negative integer elements oy, and

(2.14) la| = Zak < 0.
k
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We also use the notation

(2.15) al =[] a!
k

and consider special multi-indices, a = (0) with |a|] = 0 and o = ¢;, with |o| = 1,
o; = 1.

For each o € J define

1 olelu,(t, )
2.16 o(t,x) = :
(2.16) uq(t, ) N .
Then
hOé
(2.17) uh(t> -T) = O;jua@?m)\/a?
where
(2.18) he =] nex
k>1

On the other hand, by direct computation,

(2.19) &u(t) = BE(T)FY) = %w),

aeJ :
where

220 60 =BElR), &= = [T ( / mk<t>dw<t>) ,

and

(2.21) H,(z) = (—1)%22/265—
' " dz™

is n-th Hermite polynomial. It is a standard fact [?] that the collection {{,, o € J}

is an orthonormal basis in Lo(W;R).

6712/2

The functions u,(t,z), a € J, uniquely determine wuy (¢, x) according to (2.17). On
the other hand, if

(2.22) > el @ < oo,
acJ
then the H7(R)-valued random process
(223) u(t,z) = ) ualt, 2)E,
acd
satisfies E(u(t, )& (t)) = un(t, x); if, in addition, u is F}V-adapted, then also
(2.24) u(t,z) = ua(t, )¢, (1)
acJ

If condition (2.22) fails, then (2.23) is a formal series, which we define to be the
stochastic process corresponding to the family uy,.
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As (2.5) suggests, if uy, is the solution of (2.9), then (2.22) fails for every ~. Let us
now see how fast the series diverges. Equality (2.9) implies

b 0%ug)(s, )
. —12/2 U(O) ) _n.
uy(t,x) = e +/0 o ds, |a| =0;

" 02u. (s, x L 0% (s,
o5 )= [ T [T s ol -1

D*uqy(s, ) g, (5,2
un(t) = /0 8( ds +Z\/_/ 8—9:2> k(s)ds, |al > 1.

Equations of the type (2.25) have been studied [?, Section 6 and References|. In
particular, it is known that

"o
(2.26) > ua®lf @ = =D @0y

laj=n

where D, = 9/0z, ®, is the heat semigroup, and ug(z) = e **/2. To simplify further

computation, let us assume that v = 0. Then, switching to the Fourier transform,

I'(2n+1)

2.27 D¥'®,u|?. pay = Ane=y? (t+1) gy —
(2.27) D" @ruo|l L, (gay /Rlyl ¢ YT 0 om

Using Stirling’s formula for the Gamma function I,

225) > Il = (225) " oo

|lal=n

where the numbers C'(n) are uniformly bounded from above and below. Similar result
holds in every H?(R). Thus, (2.22) does not hold, but instead, by (2.28), we have

(2.29) > 2l 1) < oo,
acJ

where p, = 1/4/|a|l. We denote by (£)oo(W; H7(R)) the collection of formal series
(2.24); the reason for using (£)o in the notation will become clear later. Note that
we had equalities in all computations for equation (2.1) that lead to (2.29), which
suggests that, (£)oo(W; H(R)) is the natural solution space for equation (2.1). For
a more general stochastic parabolic equation of full second order in R%, the natural
solution space turns out to be (£),,(W; Ly((0,T); H?(R?))) for suitable p,q < 0.

In the next section we address the following questions:

(1) How to define the spaces (£),,(W;X) for p,q € R without relying on an
orthonormal basis in Ly((0,77))7

(2) How to construct a solution of a general stochastic parabolic equations of full
second order?
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3. GENERAL CONSTRUCTIONS AND THE MAIN RESULT

As before, let F = (Q, F,{Fi}o<i<7,P) be a stochastic basis with the usual assump-
tions and W = W(t), 0 < t < T, a standard Wiener process on F. Denote by
H*®* = H*((0,T)), s > 0, the Sobolev spaces on (0,7") with norm
(3.1) - 1s = A2 - [l ooy
where A is the operator

T? d?
3.2 l1———
(32) w2 dt?
with Neumann boundary conditions. This norm extends to functions of several vari-
ables via a tensor product of spaces.

Definition 3.1. Given real numbers p,q and a Hilbert space X, (£),,(W; X)) is the
closure of the set of X -valued random elements

(3.3)
N T Sk S92
77:770—1—2/ / / Ne(S1, -y Sp)dW (s1) ... dW (sp—1)dW (s), N > 1,
w1 Jo Jo 0

with respect to the norm

2 2 Al 2P 2
(3.4) 171505 = lImollx +ZW [ 175 llg 1%
k=1 v

where each 0y, k > 1, is a smooth symmetric function from [0, T]* to X.

Remark 3.2. (a) It is known [?, ?] that, for n of the type (3.3),
Al

(3.5) Ellnl% = Inol% + il [2
k=1

(b)The definition of each individual (£),,,(W; X) inevitably involves arbitrary choices,

such as the norm in H9((0,T)). On the other hand, different choices result in shifts

of the indices p,q, and the space U, ,(£),,(W; X) does not depend on any arbitrary

choices. In the white noise setting, where ) is the space S of the Schwartz distributions

and P is the normalized Gaussian measure on S, the inductive limit U, ,(£),,(W;R)

is the Kondratiev space (S)_q [?].

Remark 3.3. If X is the Sobolev space HY(R?), then we denote the norm || - ||pqx

by || llp.asv:

(3-6) ” ) ”p,q;HW(Rd) = H ) Hp,q;V'

Proposition 3.4. Let n = f¢,, where f € X and &, is defined by (2.20). Then
olalp

(37) ||77||;2),q;X = |Oé|' N2qa||f||§(7
where
(3.8) N2 = T k2.

k>1



SECOND-ORDER SPDES 7

Proof. Let |a| = n. It is known [?] that

(39 = / / / (51, 82)AW (51) - o AW ($0)dW (5,,),

where FE, is the symmetric function

(3.10) E,(s1,.. Z M4, (So(1)) - - - My, (So(n))-
oc€Pn
In (3.10), the summation is over all permutations of {1,...,n}, the functions my are

defined in (2.12), and the positive integer numbers i; < iy < ...1%, are such that, for
every sequence (by, k > 1) of positive numbers,

(3.11) ITo0 =0 biy by,
k>1
For example, if « = (1,0,2,0,0,4,0,0,...), then |a] = 7 and i; = 1, iy = i3 = 3,
iy = ... =147 = 6. Thus, in the notations of (3.4), we have
1

—FE, f, if k=n,
(3.12) me= 1 val*?

0, otherwise
Note that

(3.13) |Eullo = Valvl

By definition (3.2) of the operator A we have
(3.14) APy, = k'my, or ||B, |2 = N**alnl.

The result now follows. O

Corollary 3.5. A formal series

(3.15) N=Y Naba

acJ
with n, € X, is an element of (£),,(W; X) if and only if
oplalN29
(3.16) Z TH%H%( < 00.

|
aceJ | |

Proof. This follows from (3.14) and the equality
(3.17) 1Ea + Eplls = 1 Ealls + 1E5ll5,  # 6.
o

Denote by (£)74(W) the Hilbert space dual of (£),,(W;R) relative to the inner
product in Lo(W;R), and by ((-,-) the corresponding duality. In the white noise
setting, Ny, (L£)y,(W) is the space (S); of the Kondratiev test functions [?]. If n €
(£)p(W; X) an nd ¢ € (£)P1(W), then ((n,()) is defined and belongs to X.
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For h € Ly((0,T)), define

(3.18) € = Ex(T) = exp ( /0 " ()W (s) — % /0 ' \h(s)ms) |

Proposition 3.6. The random variable &, is an element of (£)P9(W) if an only if

2
(3.19) ||h||_q < 2P,
Proof. Since

(3.20) E(T) =1+ / ' h(t)En(t)dt,

it follows that

(3.21) h_1+z / / / (s) - h(s1)dW (s1) - - - dW (sp_1)dW (s,).

By (3.4) and (3.5), &, € (£)P4(W) if and only if
> k
(3.22) Y <2"’||h||2_q> < 0,
k=1
that is, [|A]%, < 2. O

Definition 3.7. We say that the function h is sufficiently small if (3.19) holds for
sufficiently large (positive) —p, —q.

Proposition 3.8. If u € U, ,(£),,(W; X) and h is sufficiently small, then
1s an X -valued analytic function of h.
Proof. For every u € {J, ,(£),,¢(W; X), there exist p, ¢ such that u € (£),,(W; X);

by Proposition 3.6, uj, will indeed be defined for sufficiently small A. Similar to (2.17)
we have

oh®
(3.24) =y =

and this power series in h® converges in some (infinite-dimensional) neighborhood of
Zero. O

From now on, D; = 0/0x;, and the summation convention is in force: ¢;d; =), ¢;d;,
etc.

Consider the linear equation in R?
(3.25)  du = (aijDiDju + b;Dyu + cu+ f)dt + (p;; DiDju + o; Dy + vu + g)dW

with initial condition u(0,z) = v(z), under the following assumptions:

B0 All coefficients are non-random.



SECOND-ORDER SPDES 9

B1 The functions ay; = a(t,x), p;; = p;;(t,z) are measurable and bounded in
(t,x) by a positive number Cj, and
(i)
laij(t, x) — ay(t,y)| + |py;(t, ) — pi;(t,y)| < Colr —y|, z,y € RY 0<t<T;

(ii) the matrix (a;;) is uniformly positive definite, that is, there exists a § > 0
so that, for all vectors y € R? and all (¢, ), a;;yiy; > dly|°.
B2 The functions b; = b;(t,z), ¢ = c(t,z), 0; = o0;(t,x), and v = v(t,z) are
measurable and bounded in (¢,z) by the number Cj.
B2

(3.26) ug € U va(W: Ly(RY), f,g € U (W3 Ly((0,T); HH(R?))).

For simplicity, we introduce the following notations for the differential operators in
(3.25):

(327) A = aijDZ-Dj + bZDl + C, B = p”DZD] + O',L'Di + v.

Definition 3.9. A solution u of (3.25) is an element of |, ,(£)p.o(W; L2((0,T); H'(R?)))
such that, for all sufficiently small h and all t € [0,T], the equality

(3.29) un(t, 7) = vn(z) + /0 (A+ h(s)B)un(s, z)ds
holds in H=1(RY).

The following theorem is the main result of this paper.

Theorem 3.10. Assume that, for some p >0 and ¢ > 1, ug € (£),.,(W; Ly(R?)) and
[, g are elements of the space (£),.,(W; Ly((0,T); H1(R?))). Then there existr,{ < 0
such that equation (3.25) has a unique solution u € (£),,(W; Ly((0,T); HY(R?))) and

a2 [ a0l < (1l [ (17O + 901, dt).

The number C > 0 depends only on 0, Cy,p,q,r, £, and T.

Proof. The proof consists of two steps: first, we prove the result for deterministic
functions v, f, g and then use linearity to extend the result to the general case.

Step 1. Assume that the functions v € Ly(RY), f,g € Ly((0,T); H}(R?)) are deter-
ministic. Then v, = v, f = f, g» = g, and classical theory of parabolic equations
shows that, for sufficiently small h, equation (3.28) has a unique solution wuy and the
dependence of u, on h is analytic.

As in the previous section, we write

(3.30) u(t,z) = ta(t,x)é

aceJ
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where the coefficients u,, satisfy
t
uoy(t, x) = v(x) +/ (Augy (s, x) + f(s,x))ds,
0
¢ ¢
(3.31)  ug(t,x)= [ Au(s,x)ds+ / (Buoy (s, x) + g(s,z))my(s)ds,
0 0

¢ ¢
Ua (S, ) :/0 Aua(s,x)ds—i—z\/oz_k/o B¢, (s, 2)my(s)ds, |a| > 1.
k

Denote by ® = ®,,, t > s > 0 the semigroup generated by the operator A. It follows
by induction on || that

(3.32)
U z) = &, gv(x D, f(s)ds
wlt) = @) + [ 00

(1) = [ @1 (Buo (5,2) + (5,2)m(s)s.

t x \/_/ / / (bts Bq)S"S" 18 52 Sl(Bu(O)(slax)"i_g(Slal'))

Eo(s1,...,8,)dsy...dsy, |a] =n>1.

Therefore, using the usual parabolic estimates,
(3.33)

’ 2 C"nl 2 ! 2
ol < S (Il + [ (O e + 190l a ).
and then (3.29) follows from (3.16).

Step 2. As in Step 1, existence and uniqueness of solution follows from unique solv-
ability of the parabolic equation (3.28), and it remains to establish (3.29).

Denote by u(t, z;V, F,G,~), v € J, the solution of (3.25) with v =V¢ , f = F¢,,
g=G¢,. Ifv=>" _,v.&,, etc., then

(3.34) u(t,x) = ult, 250y, frs Gy 7)-

€T
It follows from (3.31) that u,(¢,z;V, F,G,v) =0 if |a| < |y| and

.V F G
UaJr,Y(Zf,LL‘;‘/,F,G,’)/) . Ua <t7$7 VAU VA VAT (0)>

(a+)! B Val

Using the results of Step 1,

/ lult, 05, Fy g1 gl
<€ 2 12 1% dt
<5 (Il + 15O e + 1950 2rscan ) )
. 0

Now (3.29) follows from (3.34) by the triangle inequality. O

(3.35)

(3.36)
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