STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS DRIVEN
BY PURELY SPATIAL NOISE

S. V. LOTOTSKY AND B. L. ROZOVSKII

ABSTRACT. We study bilinear stochastic parabolic and elliptic PDEs driven by
purely spatial white noise. Even the simplest equations driven by this noise often
do not have a square-integrable solution and must be solved in special weighted
spaces. We demonstrate that the Cameron-Martin version of the Wiener chaos
decomposition is an effective tool to study both stationary and evolution equations
driven by space-only noise. The paper presents results about solvability of such
equations in weighted Wiener chaos spaces and studies the long-time behavior of
the solutions of evolution equations with space-only noise.
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1. INTRODUCTION

Stochastic PDEs of the form
u(t,r) = Au(t,z) + Mu (t,z) - W (t, ), (1.1)

where A and M are linear partial differential operators and W (t,z) is space-time
noise, are usually referred to as bilinear evolution SPDEs.! These equations are
of interest in various applications: nonlinear filtering for hidden Markov models [30],
propagation of magnetic field in random flow [2] stochastic transport [6, 7, 20]), porous
media [3] and others. The theory and the applications of bilinear SPDEs have been
actively investigated for a few decades now; see, for example, [4, 13, 23, 27, 28, 29,
ete.].

In contrast, very little is known about bilinear parabolic and elliptic equations driven
by purely spatial Gaussian white noise W () . Important examples of these equations
include:
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IBilinear SPDEs differ from linear by the term including multiplicative noise. Bilinear SPDEs
are technically more difficult then linear. On the other hand, multiplicative models preserve many
features of the unperturbed equation, such as positivity of the solution and conservation of mass,
and are often more “physical”.
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1. Heat equation with random potential modeled by spatial white noise:
W(t, ) = Au(t,z) +u(t,z) o W (x), (1.2)

where ¢ denotes the Wick product, which, in this case, coincides with the Skorokhod
integral in the sense of Malliavin calculus. A surprising discovery made in [9] was
that the spatial regularity of the solution of equation (1.2) is better than in the case
of similar equation driven by the space-time white noise.

2. Stochastic Poisson equations in random medium:
V(A (z) o Vu (z)) = f(2), (1.3)

where A, () := <a(x) +eW (x)) , a(z) is a deterministic positive-definite
matrix, and ¢ is a positive number. (Note that a(z) ¢ Vu (z) = a(x)Vu (x)).

3. Heat equation in random medium:

0 (t, ) =V (A (x) o Vo (t, ) + g(t, x). (1.4)

Note that the matrix A. in equations (1.3) and (1.4) is not necessarily positive definite;
only its expectation a (z) is.

Equations (1.3) and (1.4) are random perturbation of the deterministic Poisson and
Heat equations. An important feature of these type of perturbation is that the result-
ing equations are unbiased in that they preserve the mean dynamics: the functions
uo (z) := Eu (x) and vy := Ev (¢, ) solve the deterministic Poisson equation,
Y (a() Vg (1,2)) = Ef (x)

and the deterministic Heat equation

bo (t, ) = V (a(z) vy (£, 7)) + Eg(t, z),
respectively.

The objective of this paper is to develop a systematic approach to bilinear SPDEs
driven by purely spatial Gaussian noise. More specifically, we will investigate bilinear
parabolic equations
ov(t, )
ot

and elliptic equations

= Au(t,z) + Mo(t,z) o W(z) — f(z) (1.5)

Au(z) + Mu(z) o W(z) = f(z). (1.6)
for a wide range of operators A and M.

Purely spatial white noise is an important type of stationary perturbations. However,
except for elliptic equations with additive random forcing [5, 22, 26], SPDEs driven
by spatial noise have not been investigated nearly as extensively as those driven by
strictly temporal or space-time noise.

In the case of spatial white noise, there is no natural and convenient filtration, es-
pecially in the dimension d > 2. Therefore, it makes sense to consider anticipative
solutions. This rules out Ito calculus and makes it necessary to rely on more nuanced
techniques provided by Malliavin calculus.



STOCHASTIC EQUATIONS WITH SPATIAL NOISE 3

In this paper, we deal with broad classes of operators A and M that were investigated
previously for causal (nonanticipating) solutions of the equation (1.1) driven by space-
time white noise.

The notion of ellipticity for SPDEs is more restrictive then in deterministic theory.
Traditionally, nonanticipating solutions of equation (1.1) were studied under the fol-
lowing assumptions:

(1) The operator A — %MM* is “elliptic” (possibly degenerate coercive) operator.

Of course, this assumption does not hold for equation (1.4) and other equations in
which the operators A and M have the same order. Therefore, it is important to
study equations (1.6) and (1.5) under weaker assumptions, for example

(ii) The operator A is coercive and ord (M) < ord (A).

In 1981, it was shown by Krylov and Rozovskii [15] that, unless assumption (i) holds,
equation (1.1) has no solutions in the space Lo(£2; X) of square integrable (in prob-
ability) solutions in any reasonable functional space X. The same effect holds for
bilinear SPDEs driven by space only white noise.

Numerous attempts to investigate solutions of stochastic PDEs violating the sto-
chastic ellipticity conditions were made since then. In particular it was shown in
[19, 21, 25] that if the operator A is coercive ("elliptic”) and ord (M) is strictly less
then ord (A) then there there exists a unique generalized (Wiener Chaos) nonantici-
pative solution of equation (1.1). This generalized solution is a formal Wiener Chaos
series u = ), Ua&a, Where {{a}, ., is the Cameron-Martin orthonormal basis
in the space Lo(2). Regularity of this solution is determined by system of positive
weights {ra}, <. and a function space X such that

2 2
||u||7zx = Z ra ||Ua||L2((0,T);X) < o0. (L.7)

|a]<oo

The stochastic Fourier coefficients u,, satisfy a lower-triangular system of deterministic
PDEs. This system, called propagator, is uniquely determined by the underlying
equation (1.1).

Stochastic spaces equipped with the norms similar to (1.7) have been known for quite
some time; see, e.g. [11, 12, 25]. For historical remarks regarding other types of
generalized solutions and applications to SPDEs see the review paper [18] and the
references therein.

The Wiener Chaos is a bona fide generalization of the classical Ito solution: if exists,
a non-antisipating square integrable It6 solution coincides with the Wiener Chaos
solution.

In this paper, we establish existence and uniqueness of Wiener Chaos solutions for
stationary (elliptic) equations of the type (1.6) and evolution (parabolic) equations
of the type (1.5). These results are proved under assumption (ii) that allows us in
particular to deal with equations like (1.3) and (1.4). In many cases we are able to
find optimal or near-optimal systems of weights {ra}|a| <o that guarantee (1.7)
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Finally, we establish the convergence, as t — 400, of the solution of the evolution
equation to the solution of the related stationary equation.

The structure of the paper is as follows. Section 2 reviews the definition of the Sko-
rokhod integral in the framework of the Malliavin calculus and shows how to compute
the integral using Wiener chaos. Sections 3 and 4 deal with existence and uniqueness
of solutions to abstract evolution and stationary equations, respectively, driven by a
general (not necessarily white) spatial Gaussian noise; Section 4 describes also the
limiting behavior of the solution of the evolution equation; Section 5 illustrates the
general results for bilinear SPDEs driven by purely spatial white noise.

2. WEIGHTED WIENER CHAOS AND MALLIAVIN CALCULUS

Let F = (2, F,P) be a complete probability space, and U, a real separable Hilbert
space with inner product (-, )y;. On F, consider a zero-mean Gaussian family

W= {W(h), he u}
so that
E (W(hl) W(hg)) — (hy, ha)u.

It suffice, for our purposes, to assume that F is the o-algebra generated by W. Given
a real separable Hilbert space X, we denote by Lo(F; X) the Hilbert space of square-
integrable F-measurable X-valued random elements f. In particular,

(fa g)%g(F,X) = E(f? g)%(
When X = R, we write Ly(FF) instead of Lo(F;R).

Definition 2.1. A formal series

W = ZW(uk) U, (2.1)
k

where {ug, k > 1} is a complete orthonormal basis in U, is called (Gaussian) white
noise on U.

The white noise on U = Ly (G), where G is a domain in R?, is usually referred to
as a spatial or space white noise (on L (G)). The space white noise is of central
importance for this paper.

Below, we will introduce a class of spaces that are convenient for treating nonlinear
functionals of white noise, in particular, solutions of SPDEs driven by white noise.

Given an orthonormal basis 8 = {ug, k& > 1} in U, define a collection {&, k > 1}
of independent standard Gaussian random variables so that & = W (u;). Denote
by J the collection of multi-indices a with a@ = (a3, ag,...) so that each ay is a
non-negative integer and || :== ), ., ap < 0o. For a, f € J, we define

a+fB=(a1+B,as+ B, ), al=]]a

k>1
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By (0) we denote the multi-index with all zeroes. By ¢; we denote the multi-index «
with o = 1 and o; = 0 for j # <. With this notation, ne; is the multi-index o with
a; =n and a; =0 for j # 1.

Define the collection of random variables = = {&,,« € J} as follows:

=11 <Ha’“—(£’“)) , (2.2)

|
i (673

where o
Hn —(=1)" x2/2_ —302/2 2.3
() = (-1 (2.3
is Hermite polynomial of order n.
Theorem 2.2 (Cameron and Martin [1]). The collection = = {&,, o € J} is an

orthonormal basis in La(F): if n € Lo(F) and n, = E(né,), then n = Z Nala and
acJ
Enl? =3 0cs i

Expansions with respect to the Cameron-Martin basis = is usually referred to as
Wiener Chaos. Next, we introduce a modification of the Wiener Chaos expansion
which will be called weighted Wiener Chaos.

Let R be a bounded linear operator on Ly(FF) defined by RE, = ra&, for every o € 7,
where the weights {r,, o € J} are positive numbers. By Theorem 2.2, R is bounded
if and only if the weights 7, are uniformly bounded from above: r, < C for all a € J,
with C independent of . The inverse operator R! is defined by R71&, = r 1&,.

We extend R to an operator on Ly(IF; X) by defining Rf as the unique element of
Ly(F; X) so that, for all g € Ly(F; X),

E(Rf.9)x = > _ raE((f.9)x%).
acJ
Denote by RLy(F; X) the closure of Ly(IF; X') with respect to the norm

||f||32L2(]F;X) = ||Rf||%2(]F;X)'
Then the elements of RLy(F; X) can be identified with a formal series ) . fala,
where fo € X and Y ;|| fallkx72 < c0.

We define the space R Ly(F; X) as the dual of RLy(F; X) relative to the inner
product in the space Lo(R; X) :

R'Ly(F; X) = {g € Ly(F; X) : R™'g € Ly(F; X)} .
For f € RLy(F; X) and g € R~ Ly(F) we define the scalar product

(f,9) =E((Rf)(R'g) € X. (2.4)
In what follows, we will identify the operator R with the corresponding collection
(ra, a € J). Note that if u € Ry Ly(F; X) and v € RoLo(F; X), then both w and v
belong to RLs(F; X), where r, = min(ry 4, 72,). As usual, the argument X will be
omitted if X = R.



6 S. V. LOTOTSKY AND B. L. ROZOVSKII

Important particular cases of the space RLy(F; X) correspond to the following
weights:

(1)
ra=11a"
k=1

where {q, k > 1} is a non-increasing sequence of positive numbers with ¢; <1
(see [19, 25]);
(2)
ri = (a!)?(2N)"*, p <0, £ <0, where (2N)* = JJ(2k)"*. (2.5)
k>1
This set of weights defines Kondratiev’s spaces (S),.¢(X).

Now we will sketch the basics of Malliavin calculus on R Lo (F; X).

Denote by D the Malliavin derivative on Lo(F) (see e.g. [24]). In particular, if
F :RY — R is a smooth function and h; €U, i =1,... N, then

N

DFE(W(hy),... W(hy)) =) oF (W (hy),...,W(hy))h; € La(F;U). (2.6)

i=1 Oz;

It is known [24] that the domain DY?(F) of the operator D is a dense linear subspace
of LQ (F)

The adjoint of the Malliavin derivative on Ly(F) is the It6-Skorokhod integral and is
traditionally denoted by ¢ [24]. We will keep this notation for the extension of this
operator to RLy(F; X @ U).

For f € RLy(F; X @ U), we define 6(f) as the unique element of R Ly (F; X) with the
property

(0(f). o) =E(Rf R™'De) (2.7)
for every ¢ satisfying p € R™1Ly(F) and Dy € R~ Ly(F; U).

Next, we derive the expressions for the Malliavin derivative D and its adjoint ¢ in
the basis =. To begin, we compute D(&,).

Proposition 2.3. For each o € J, we have

D(fa) = Z \/Oé_kgafekuk- (2.8)

k>1

Proof. The result follows by direct computation using the property (2.6) of the
Malliavin derivative and the relation H/ (x) = nH, _;(x) for the Hermite polynomials
(cf. [24]). O

Obviously, the set J is not invariant with respect to substraction. In particular, the
expression o — ¢y, is undefined if oy, = 0. In (2.8) and everywhere below in this paper
where undefined expressions of this type appear, we use the following convention: if

ap = 0, then /o -, = 0.
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Proposition 2.4. For &, € =, h € X, and u, € U, we have

(5(£ah®uk) = h\/ o + 1£a+5k. (29)
Proof. It is enough to verify (2.7) with f = h @ u, £, and ¢ = {3, where h € X. By
(2.8),

Vag+1h, if a=0—¢,

E(f, D)y = \/EhE@O‘&’—Ek) - {0 if a# B —ep.

In other words,

E(§a b @ wy, DEg)y = RE(Vay + 1€a+46,8p)
forall g € J. O

Remark 2.5. The operator 6D is linear and unbounded on Ls(F); it follows from
Propositions 2.3 and 2.4 that the random variables &, are eigenfunctions of this op-
erator:

6(D(&)) = |aléa- (2.10)

To give an alternative characterization of the operator ¢, we define a new operation
on the elements of =.

Definition 2.6. For ,, &g from E, define the Wick product

o ©&p = <(a+m!>§a+5- (2.11)

alf!
In particular, taking in (2.6) o = ke; and 3 = ne;, and using (2.2), we get
Hi(&) © Hy(&) = Hiin(&)- (2.12)

By linearity, we define the Wick product f on for f € RLy(F; X) and n € RLy(F):
1f f - Zaej fagaa fOt e XJ and 7] = Zaejnagaa 77a E Rv then

Fon=">" fanslao&s.
a,B

Proposition 2.7. If f € RLy(F; X) and n € RLy(F), then fon is an element of
RLy(F; X) for a suitable operator R.

Proof. It follows from (2.6) that fon =} ., Foé, and

r- Y (S )

Therefore, each F,X is an element of X, because, for every a € J, there are only
finitely many multi-indices 3,7 satisfying 5 + v = «a. It is known [18, Proposition
7.1] that
D (2N)* < oo if and only if g < —1. (2.13)
acd
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Therefore, fon € RLy(F; X), where the operator R can be defined using the weights
o = (2N)72/ (1 + || Fall%)- O

An immediate consequence of Proposition 2.4 and Definition 2.6 is the following
identity:
d(€ah @ug) = h&y 0 &, h € X. (2.14)

Below we summarize the properties of the operator §.

Theorem 2.8. If f is an element of RLy(F; X @ U) so that f =3, fr @ ug, with
Je = Zaej Jraéa € RLy(F; X), then

0(f) = frok (2.15)

E>1
and

6(Fa=>_ Varfeae. (2.16)

k>1

Proof. By linearity and (2.14),

5 =D 6lafra®@u) =D frabao& = frok

k>1 aceJ k>1 acd k>1

which is (2.15). On the other hand, by (2.9),
5(f) = Z Z fk,a Vg + 1’Sa+€k = Z Z fk,afsk\/a_ké_a,

k>1 aeg k>1 aeg

and (2.16) follows. O

Remark 2.9. [t is not difficult to show that the operator § can be considered as an
extension of the Skorokhod integral to the weighted spaces RLs(F; X @ U).

One way to describe a multi-index o with || = n > 0 is by its characteristic set K,
that is, an ordered n-tuple K, = {k1,...,k,}, where k; < ky < ... <k, characterize
the locations and the values of the non-zero elements of a. More precisely, k; is
the index of the first non-zero element of «, followed by max (0, cy, — 1) of entries
with the same value. The next entry after that is the index of the second non-zero
element of «a, followed by max (0, ay, — 1) of entries with the same value, and so on.
For example, if n = 7 and o = (1,0,2,0,0,1,0,3,0,...), then the non-zero elements
of vare ay =1, a3 =2, ag = 1, ag = 3. As aresult, K, = {1,3,3,6,8,8,8}, that is,
ki =1, ky=ks=3,ky=06,ks = k¢ =k; =8.

Using the notion of the characteristic set, we now state the following analog of the
well-known result of It6 [10] connecting multiple Wiener integrals and Hermite poly-
nomials.

Proposition 2.10. Let a € J be a multi-index with || =n > 1 and characteristic
set Ko ={ki,...,k,}. Then
5/61 <>£/€2 O "ngn

ga: m

(2.17)
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Proof. This follows from (2.2) and (2.12), because by (2.12), for every ¢ and k,
Hy (&) =G0 0 &
N—_—

k times

3. EvoLuTION EQUATIONS DRIVEN BY WHITE NOISE

3.1. The setting. In this section we study anticipating solutions of stochastic evo-
lution equations driven by Gaussian white noise on a Hilbert space U.

Definition 3.1. The triple (V, H,V") of Hilbert spaces is called normal if and only
of

(1) V.— H — V' and both embeddings V' — H and H — V' are dense and
continuous;

(2) The space V' is the dual of V' relative to the inner product in H;

(3) There ezists a constant C' > 0 so that |(h,v)u| < Cllv||v||hllv: for allv e V
and h € H.

For example, the Sobolev spaces (Hs™(R?), HS(RY), H "(R%), v > 0, £ € R, form
a normal triple.

Denote by (v',v), v € V', v € V| the duality between V' and V"’ relative to the inner
product in H. The properties of the normal triple imply that |[(v",v)| < C||v||v||v||v,
and, if v € H and v € V, then (v/,v) = (v, v)n.

We will also use the following notation:
V= L2(<07 T)a V)> H= L2<<Oa T)7 H)7 V= LQ((()?T)a Vl) (31)
Given a normal triple (V,H, V'), let A:V — V' and M : V — V' ® U be bounded

linear operators.
Definition 3.2. The solution of the stochastic evolution equation
w=Au+ f+6Mu), 0 <t <T, (3.2)

with f € RLy(F; V') and uli—o = ug € RL2(F; H), is a process u € RLy(F; V) so that,
for every o satisfying ¢ € R~ Lo(F) and Dy € R™Ly(F;U), the equality

(u(®), ¢) = (uo, ) + /0 t<<AU(8) + /() +0(Mu)(s), p))ds (3.3)

holds in V'; see (2.4) for the definition of ((-,-,)).

Remark 3.3. (a) The solutions described by Definitions 3.2 and 4.1 belong to the
class of “variational solutions”, which is quite typical for partial differential equations
(see [14, 16, 17, 28], elc.)

(b) Since (u(t), o) €V and (u(t), ) € V', by the standard embedding theorem (see
e.g. [17, Section 1.2.2]) there exists a version of {(u(t),y)) € C([0,T];H). Clearly,
one could also select a version of u(t) such that (u(t),¢) € C([0,T);H). In the
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future, we will consider only this version of the solution. By doing this we ensure that
formula (3.8) which is understood as an equality in V' yields u|i—g = up € RLy(F; H).

Remark 3.4. To simplify the notations and the overall presentation, we assume that
A and M do not depend on time, even though many of the results in this paper can
easily be extended to time-dependent operators.

Fix an orthonormal basis i in U. Then, for every v € V, there exists a collection
v, € V', k> 1, so that

Mv:ka@)uk.

k>1
We therefore define the operators My, : V' — V'’ by setting Mv = v, and write

Muv = Z(Mkﬂ)) X Ug.

k>1
By (2.15), equation (3.2) becomes
w(t) = Au(t) + f(t) + Mu (t) o W, (3.4)
where
Muvo W =" (M) ¢ &. (3.5)
k>1

3.2. Equivalence Theorem. In this section we investigate stochastic Fourier rep-
resentation of equation (3.4).

Recall that every process u = u(t) from RLy(F;V) is represented by a formal series
u(t) =3 peq Ualt)éa, with u, € V and

> 2 |l < oo. (3.6)

«

Theorem 3.5. Let u =) _;uasa be an element of RLy(IF; V). The process u is a
solution of equation (3.2) if and only if the functions u, have the following properties:

(1) every ugy is an element of C([0,T]; H))
(2) the system of equalities

ta(t) = g + /0 ( Attals) + fuls) + 3 \/oz_kl\/[kua_gk(s)> is (37

k>1

holds in V' for allt € [0,T] and a € J.
Proof. Let u be a solution of (3.2) in RLy(F; V). Taking ¢ = &, in (3.3) and using
relation (2.16), we obtain equation (3.7). By Remark 3.3 u, € V(" C([0,T]; H)) .

Conversely, let {u,,a € J} be a collection of functions from V(| C ([0, 7]; H)) satis-
fying (3.6) and (3.7). Set u(t) := > ./ ua(t)éa. Then, by Theorem 2.8, equation
(3.7) yields that, for every a € 7,

(u(t), &a)) = ((uO,€a>>+/O {Au(s)+f (s) +0(Mu)(s),Ea))ds.
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By continuity, we conclude that for any ¢ € R~ Ly(F) such that Dy € R~ Ly(F; U),
equality

(u®), ) = (o, #)) + /0 t<<Au (s) +f (s) + 6(Mu)(s), p))ds

holds in V'. By Remark 3.3 ((u(t),¢)) € C([0,T]; H). O

This simple but very helpful result establishes the equivalence of the “physical” (3.4)
and the (stochastic) Fourier (3.7) forms of equation (3.2). System of equations (3.7)
is often referred in the literature as the propagator of equation (3.4). Note that the
propagator is lower-triangular and can be solved by induction on |a/.

3.3. Existence and uniqueness. Below, we will present several results on existence
and uniqueness of evolution equations driven by Gaussian white noise.

Before proceeding with general existence-uniqueness problems, we will introduce two
simple examples that indicate the limits of the “quality” of solutions of bi-linear
SPDESs driven by general Gaussian white noise.

Example 3.6. Consider equation

u(t) = ¢+ /0 (bu(s) o & — Au(s))ds, (3.8)

where ¢, X are real numbers, b is a complex number, and & is a standard Gauss-
tan random variable. In other words & is Gaussian white noise on U = R. With
only one Gaussian random variable &, the set J becomes {0,1,2,...} so that u(t) =
S om0 Uiy (O H () /0!, where H,, is Hermite polynomial of order n (2.3). According
to (3.7),

t t
U(n)(t) = ¢ln—o) —/ )\u(n)(s)ds —I—/ b\/ﬁu(n_l)(s)ds.

0 0

bt)"
It follows that u)(t) = ¢e™ and then, by induction, ug,(t) = qb(\/l' e Asa
n!

result,

u@) M <¢ + Z (b;!)an(g)) _ ¢67At+(bt§f|b|2t2/2)'

n>1

Obviously, the solution of the equation is square integrable on any fixed time interval.
However, as the next example indicates, the solutions of SPDEs driven by stationary
noise are much more intricate then the non-anticipating, or adapted, solutions of
SPDEs driven by space-time white noise.

Example 3.7. With £ as in the previous erxamples, consider a partial differential
equation

u(t, ) = aug, (t, ) + (Bu (t, ) + oug (t, ) 0 &, t >0, z € R, (3.9)
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with some initial condition uy € Lo(R). By taking the Fourier transform and using

the results of Example 3.6 with ¢ = 1g(y), A = —ay?, b = B+ /—1lyo, we find

Wyt y) = —yPai (t) + (B + V—=Tyo) i (t,y) o &
u(t,y) = to(y) exp (—tay2 + (02y2 — 52) t2/2 + /—1poyt* + (\/—_10y + ﬂ) t§) )

If 0 =0, i.e. the “diffusion” operator in equation (3.9) is of order zero, then the
solution belongs to Lo(F; La(R)) for all t. However, if o > 0, then the solution u(t,-)
will, in general, belong to Ly(F; Lo(R)) only for t < 2a/o?. This blow-up in finite
time is in sharp contrast with the solution of the equation

Up = AUgy + OUy O W, (3.10)

driven by the standard one-dimensional white noise w (t) = O,W (t), where W (t) is
the one-dimensional Brownian motion; a more familiar way of writing (3.10) is in
the Ito form

du = aug.dt + ou,dW (t). (3.11)

It is well known (see, for example, [28]) that the solution of (3.11) belongs to
Ly(F; Lo(R)) for every t > 0 as long as ug € Lo(R) and

a—o*/2>0. (3.12)

The existence of a square integrable (global) solution of an 1t6’s SPDE with square
integrable initial condition hinges on the parabolic condition which in the case of
equation (3.10) is given by (3.12). Example 3.7 shows that this condition is not in
any way sufficient for SPDEs involving a Skorokhod-type integral. The next theorem
provides sufficient conditions for the existence and uniqueness of a solution to equation
(3.4) in the space RLy(FF; V), which appears to be a reasonable extension of the class
of square integrable solutions.

Firstly, we introduce an additional assumption on the operator A that will be used
throughout this section:

(A): For every Uy € H and F € V' := Ly((0,T); V'), there exists a function U € V
that solve the deterministic equation

oU(t) =AU(t)+ F(t), U(0) = Uy, (3.13)
and there ezists a constant C = C' (A, T) so that
101l < CAT)(ITsll + [[Fllv)- (3.14)

Remark 3.8. Assumption (A) implies that a solution of equation (3.13) is unique
and belongs to C ((0,T); H) (cf. Remark 3.3). The assumption also implies that the
operator A generates a semi-group ® = &, t > 0, and, for everyv € V,

i

with numbers Cy, independent of v.

2

dt < G2 o3 (3.15)

t
/ O, Mo (s)ds
0 v
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Remark 3.9. There are various types of assumptions on the operator A that yield
the statement of the assumption (A). In particular, (A) holds if the operator A is
coercive in (V,H,V'):

(Av,v) +7lvlly, < Clloly
for everyv € V, where v > 0 and C' € R are both independent of v.
Theorem 3.10. Assume(A). Consider equation (3.4) in which uy € RLo(F; H),

f € RLy(F; V') for some operator R, and each My, is a bounded linear operator from
Vito V.

Then there exist an operator R and a unique solution u € RLs(F; V) of (3.4).

Proof. By Theorem 3.5, it suffices to prove that the propagator (3.7) has a unique so-
lution (uq (t)),e s such that for each o, uq € V(YC([0,T]; H) and u := )~ o ; tuaa €

For a = (0), that is, when |a| = 0, equation (3.7) reduces to

u(o)(t) = wo,(0) + / (Au) + fr0)) (s)ds.
0
By (A), this equation has a unique solution and
lug)llv < C(ALT) ([[uo,o)lla + 1 foyllvr) -

Using assumption (A), it follows by induction on |« that, for every o € J, equation
Orta (1) = At (£) + fo (1) + Y v/ Mitigs, (t), tta (0) = tgq (3.16)
k>1

has a unique solution in V(" C([0,7]; H). Moreover, by (3.14),

lually < C(A,M,T) (Huo,aHH t fal + ) x/OékHuaskHv> :

k>1

Since only finitely many of «y, are different from 0, we conclude that ||u,|ly < oo for
all v € J.

Define the operator R on Ly(F) using the weights

| (_ (QN)iﬁa >
e = min | 7o, ————— | ,
1+ [Jually

where k > 1/2 (cf. (2.5)). Then u(t) := ) s ua(t)&s is a solution of (3.4) and, by
(2.13), belongs to RLy(F; V). O

While Theorem 3.10 establishes that under very broad assumptions one can find an
operator R such that equation (3.4) has a unique solution in RLy(F; V), the choice
of the operator R is not sufficiently explicit (because of the presence of ||u,|y) and
is not necessarily optimal.

Consider equation (3.4) with non-random f and wg. In this situation, it is possible
to find more constructive expression for r, and to derive explicit formulas, both for
Ru and for each individual wu,,.
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Theorem 3.11. If ug and f are non-random, then the following holds:

(1) the coefficient u,, corresponding to the multi-index o with || = n > 1 and
characteristic set K, = {ky,...,k,}, is given by

1 t Sn S92
Ug (t) = —= / / / Do My oDy My u) (s1) dsy ... dsp,
\/aaezpn 0o Jo 0 o e @0

(3.17)
where
e P, is the permutation group of the set (1,...,n);
o O, is the semigroup generated by A;
o uy(t) = Ppup + fot O, f(s)ds.
(2) the weights r, can be taken in the form
To = _a where ¢* = qu‘k (3.18)
¢ 2lel /ol ko '

k=1

and the numbers qy., k > 1, are chosen so that 3, -, qik*>C} < 1, with Cy, from
(3.15).
(3) With qx and 1, from (3.18), we have

t Sn S92
Z “ua(t)é = / / : / Dy 0(M®,, s 0(...6(Mu))...)ds1 .. .ds,—1dsy,
0 Jo 0

|al=n
_ (3.19)
where M = (1M1, oMo, .. .), and

Ru(t) = U(O) (t)

0o 1 /t/sn /sz o o
+ D, o, (M, 5 6(...0(Mug(sy)))...)dsy...ds,—1ds,.
2y Jyoody T (- 0(Mug(s1)) - Jdsa - dss
(3.20)

Proof. If uy and f are deterministic, then equation (3.7) becomes
wo(t) = ug + /Ot Augy(s)ds + /Otf(s)ds, ] = 0; (3.21)
ua(t) = / Aug(s)ds 1+ Y var / Myt (5)ds, [0 > 0. (322)
0 =1 0
Define %, = vValu,. Then %) = u () and, for |a| > 0, (3.22) implies

T (t) = /0 A (s)ds + 3 /0 o Moo, (5)ds

E>1
or

t t
Tult) =Y o /0 D0 Myt oy (5)ds = 3 /0 By Myt ., (s)ds.

k>1 keKq
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By induction on n,

Z// / O My, Py My uoydsy - . dsi,

0€Pn
and (3.17) follows.

Since (3.20) follows directly from (3.19), it remains to establish (3.19). To this end,
define

t) = Z ¢ “Ua(t)n, n > 0.

|a|=n
Let us first show that, for each n > 1, U,, € Ly(F; V). Indeed, for a = (0), u4(0) = o,
fo=f and
t
u(o)(t) = Prup + / O, f(s)ds
0
By (3.14), we have
lu@lly < C(AT) ([[uolle + [1f1[v) - (3.23)
When |o| > 1, f, =0 and the solution of (3.22) is given by

Z\/—/ O, My, ., (s)ds. (3.24)

k>1

By (3.17), together with (3.14), (3.23), and (3.15), we have

ol < A1) S (gl + 1713,) TLC2 (3.25)

k>1

By Lemma A.1 in Appendix,
la|! < a!(2N)*; (3.26)

2N)2a — 22|Oé‘ H kQO‘k.

recall that

k>1
Then
> lually < AT (luollzy + 115027 0t D> T [(RCrar)*™
|oe|=n |o]=n k>1
= C52*" n! <Z kQC,fq,3> < 00,
k>1

because of the selection of g, and so U,, € Ly(F; V). Moreover, if the weights r, are
defined by (3.18), then

St =YY 2t < S (z mqk) .

acJ n>0 |a|=n n>1 \k>1

because of the assumption ), -, kK*CRqp < 1.
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Next, the definition of U, (t) and (3.24) imply that (3.19) is equivalent to
t
Un(t) = / ®,_,0(MU,_,(s))ds, n > 1. (3.27)
0

Accordingly, we will prove (3.27). For n = 1, we have

Ui(s) = Z Qe (1) = Z/o Qe Pi— s My )§rdt = /0 ®;_s0(MUy(s))ds,

E>1 k>1

where the last equality follows from (2.15). More generally, for n > 1 we have by
definition of U,, that

(U)alt) = {qa“a@% if o] = n,

0, otherwise.

From the equation

¢ t
q“ua(t) = / Aquy(s)ds + Z/ Qe o Miq® Fug_c, (5)ds
0 0

k>1
we find
¢
Z\/aqu/ D, Myq® Fug—_c, (s)ds, if |of =n,
(Un(t))a = E>1 0
0, otherwise.
t
=Y v [ B MU (),
k>1 0
and then (3.27) follows from (2.16). Theorem 4.5 is proved. O

Formula (3.19) is similar to the multiple Wiener integral representation of the solution
of a stochastic parabolic equation driven by the Wiener process; see [19, Theorem 3.8].

Example 3.12. Consider the equation

¢ t
u(t, ) = up(x) —i—/ Uz (S, x)ds + Z/ Oz (8, ) © Eds. (3.28)
0 =10
With no loss of generality assume that o # 0 for all k. Standard properties of the
heat kernel imply assumption (A) and inequality (3.15) with C, = oi. Then the
conclusions of Theorem 3.11 hold, and we can take ¢ = k=247%(1+02)=*. Note that
Theorem 3.11 covers equation (3.28) with no restrictions on the numbers oy.

In the existing literature on the subject, equations of the type (3.4) are considered
only under the assumption

(H): each My, is a bounded linear operators from V to H.
Obviously this assumption rules out equation (3.28) but still covers equation (3.9).

Of course, Theorem 3.11 does not rule out a possibility of a better-behaving solution
under additional assumptions on the operators M. Indeed, it was shown in [18] that
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if (H) is assumed and the space-only Gaussian noise in equation (3.4) is replaced by
the space-time white noise, then a more delicate analysis of equation (3.4) is possible.
In particular, the solution can belong to a much smaller Wiener chaos space even if
up and f are not deterministic.

If the operators My are bounded in H (see e.g. equation (3.9) with ¢ = 0), then, as
the following theorem shows, the solutions can be square integrable (cf. [9]).

Theorem 3.13. Assume that the operator A satisfies
(Av,v) + s|vlli, < Callvly (3.29)

for everyv € V, with k > 0, C'4 € R independent of v, and assume that each M, is
a bounded operator on H so that |Mg||p—ug < ¢ and

Cy =Y ¢ < . (3.30)
k>1

If f €V and uy € H are non-random, then there exists a unique solution u of (3.4)
so that u(t) € Lo(IF; H) for every t and

Ellu(t)[ < C(Ca, Car, ,) ( [ 1R s + ||uo||%1) | (3:31)

Proof. Existence and uniqueness of the solution follow from Theorem 3.10 and
Remark 3.9, and it remains to establish (3.31).

It follows from (3.7) that

|

1 t
Ug = ﬁ Z /0 D, Mg, (s)ds, (3.32)
" keKa

where ® is the semi-group generated by A and K, is the characteristic set of a.
Assumption (3.29) implies that ||| g—n < €’ for some p € R. A straightforward
calculation using relation (3.32) and induction on |a| shows that

tlole
[ua(@)lir < e —=Ilu)lla; (3.33)

Va!
where ¢* = [], ¢;* and u(t) = Pyuo + fot O, . f(s)ds. Assumption (3.29) implies
that [lu)||7 < C(Ca,k,t) (fo Il f(s)|I3ds + HUOH%{) To establish (3.31), it remans
to observe that

20042|
C t _ 601\/1t2

ol
aeJ

Theorem 3.13 is proved. 0

Remark 3.14. Tuking Myu = cyu shows that, in general, bound (3.33) cannot be
improved. When condition (3.30) does not hold, a bound similar to (3.31) can be
established in a weighted space RLs(F; H), for example with ro, = q%, where q =
1/(28(1 + ¢1)). For special operators My, a more delicate analysis might be possible;
see, for example, [9].
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If f and up are not deterministic, then the solution of (3.4) might not satisfy

t
Ellu(t)[% < C(Ca, Car, 1, ) ( JR: e +E||uo||%,)
0

even if all other conditions of Theorem 3.13 are fulfilled. An example can be con-
structed similar to Example 9.7 in [18]: an interested reader can verify that the solu-

tion of the equation u(t) = ug+ fot u(s)o& ds, where £ is a standard Gaussian random

H, 1
variable and uy = Z anﬁ, satisfies Eu?(1) > — Z a2eV™. For equations with
n>0 \/m 10 n>1

random input, one possibility is to use the spaces (S)_1,4; see (2.5). Examples of the
corresponding results are Theorems 4.6 and 5.1 below and Theorem 9.8 in [18].

4. STATIONARY EQUATIONS

4.1. Definitions and Analysis. The objective of this section is to study stationary
stochastic equation

Au+0(Mu) = f. (4.1)

Definition 4.1. The solution of equation (4.1) with f € RLy(F; V'), is a random
element u € RLy(F; V) so that, for every ¢ satisfying ¢ € R 1Ly(F) and Dy €
R Ly(F;U), the equality

(Au, @) + (6(Mu), p)) = (f, ) (4.2)
holds in V.

As with evolution equations, we fix an orthonormal basis 4 in U and use (2.15) to
rewrite (4.1) as

Au+ (Mu) oW = f, (4.3)
where _
Mu oW = Myuo&. (4.4)
k>1

Taking ¢ = &, in (4.2) and using relation (2.16) we conclude, as in Theorem 3.5, that
U= ,c7Uaba is a solution of equation (4.1) if and only if u, satisfies

Au, + Z Voi Myug—., = fa (4.5)
k>1

in the normal triple (V, H,V'). This system of equation is lower-triangular and can
be solved by induction on |af.

The following example illucidates the limitations on the “quality” of the solution of
equation (4.1).

Example 4.2. Consider equation
u=1+uo&. (4.6)

Similar to Example 5.6, we write u = ) Uy H,(€)/V/n), where H, is Hermite
polynomial of order n (2.3). Then (4.5) implies @y = In=o) + VNU@_1) o1 u@) =1,
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U(n) = vnl,n>1, oru=1+ > st Hu(§). Clearly, the series does not converge in
Ly(F), but does converge in (S)_1,4 for every g < 0 (see (2.5)). As a result, even a
simple stationary equation (4.6) can be solved only in weighted spaces.

Theorem 4.3. Consider equation (4.3) in which f € RLy(F; V') for some R.

Assume that the deterministic equation AU = F is uniquely solvable in the normal
triple (V, H, V"), that is, for every F' € V', there exists a unique solution U = A™'F €
V' so that ||U||v < Cal|F||lv:. Assume also that each My, is a bounded linear operator
from V to V' so that, for allv €V

A" Myolly < Crllollv, (4.7)
with Cy independent of v.
Then there exists an operator R and a unique solution u € RLs(F; V') of (3.4).

Proof. The argument is identical to the proof of Theorem 3.10. 0

Remark 4.4. The assumption of the theorem about solvability of the deterministic
equation holds if the operator A satisfies (Av,v) > k||v||?, for everyv € V, with k > 0
independent of v.

An analog of Theorem 3.11 exists if f is non-random. With no time variable, we
introduce the following notation to write multiple integrals in the time-independent
setting:

o () =, 05" (n) = (B35~ " (n)), 1 € RLy(F;V),
where B is a bounded linear operator from V to V @ U.

Theorem 4.5. Under the assumptions of Theorem 4.3, if f is non-random, then the
following holds:

(1) the coefficient u,, corresponding to the multi-index o with || = n > 1 and
the characteristic set Ko = {ky,...,k,}, is given by

1
Uy = —\/a Z Bka(n> e Bka(l)u(o), (4.8)

: O'epn
where
e P, is the permutation group of the set (1,...,n);
L4 Bk = _A-_le;'
® U = Ailf.

(2) the operator R can be defined by the weights r, in the form

where ¢* = H ar, (4.9)
k=1

qOé
" Gl Jall

where the numbers qi, k > 1 are chosen so that Zkzl Gk*C? < 1, and Cy, are
defined in (4.7).
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(3) With ro and q defined by (4.9),

S uaba = S (A7), (4.10)
|al=n
where B = —(qiA7"M;, A" "M, .. .), and
Ru=A 1f+z ‘E 1), (4.11)

Proof. While the proofs of Theorems 3.11 and 4.5 are similar, the complete absence
of time makes equation (4.3) different from either (3.4) or anything considered in [19].
Accordingly, we present a complete proof.

Define U, = Vol u,. If f is deterministic, then Uy = A~ f and, for |a| > 1,

Al + ) My, =0,

k>1
or
ﬂa = ZakBkﬂafsk = Z Bkﬂafskv
k>1 kEKa
where K, = {ki,...,k,} is the characteristic set of @ and n = |a|. By induction on
n?

Uy = Z Bka(n) U Bka(l)u(o)’

O'Epn

and (4.8) follows.

Next, define
= Z q“unn, n > 0.
|a|=n
Let us first show that, for each n > 1, U,, € Ly(F; V). By (4.8) we have
(|a| )? o
lually < C3 Il TT e (4.12)
k>1
By (3.26),
> 0 llually < €2l 3 ] [(kCran)*™ = CR2°" n! (Z ’f202q;3> < o0,
|a|=n |a|=n k>1 k>1

because of the selection of gy, and so U, € Ly(IF; V). If the weights r,, are defined by
(4.9), then

Sttt - XX ol < 43 (Sectt) <
aed n>0 |a|=n n>0 \k>1
because of the assumption »°, ., K*Cig; < 1.

Since (4.11) follows directly from (4.10), it remains to establish (4.10), that is,
U, = 65(Un_1), n > 1. (4.13)



STOCHASTIC EQUATIONS WITH SPATIAL NOISE 21

For n = 1 we have

U= g, = Y _ Bruée = 5(Uh),

k>1 k>1

where the last equality follows from (2.15). More generally, for n > 1 we have by

definition of U,, that
q“Uqy, if |a] = n,
(Un)a - .
0, otherwise.

From the equation

quua + Z qr/ Ok quaiskuafsk =0

k>1

we find

> AV aBig® Hug o, it [a] = n,

(Un>a - k>1
0, otherwise.
- Z vV Ek(Un—l)a—Ekv
k>1

and then (4.13) follows from (2.16). Theorem 4.5 is proved. O

Here is another result about solvability of (4.3), this time with random f. We use
the space (S),,q, defined by the weights (2.5).

Theorem 4.6. In addition to the assumptions of Theorem 4.3, let C'y < 1 and
Cp <1 forall k. If f € (S)—1,-¢(V') for some ¢ > 1, then there exists a unique
solution u € (8)_1,—¢—4(V') of (4.3) and

lulls)_1—eaevy S CONFll(s)_r_evr)- (4.14)

Proof. Denote by u(g;7v), v € J, g € V', the solution of (4.3) with f, = gl(a=r),
and define 1, = (a!)~2u,. Clearly, u.(g,7) = 0 if |a| < || and so

D NualfsDlra = D as (Fi) s, (4.15)
N4 acd
It follows from (4.5) that
Uatry(f237) = Ta (£, (7)) 7Y%5(0)). (4.16)

Now we use (4.12) to conclude that
_ la|!
[tair (fr3 M lv < Vol
Coming back to (4.15) with 72 = (a!)7'(2N)(==%< and using inequality (3.26) we

find:
£ [l
(2N)(€/2)'y fy!’

£ {lv- (4.17)

Hu(f“/; 7) H (S)-1,—e—a(V) < C(E) <2N)72’y
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) 1/2
g M (_6_4)0‘ .
c) (z;(w)<m> ) ,

(2.13) and (3.26) imply C'(¢) < oo. Then (4.14) follows by the triangle inequality
after summing over all v and using the Cauchy-Schwartz inequality. OJ

where

Remark 4.7. Ezample 4.2, in which f € (S)oo and u € (S)-14, ¢ < 0, shows that,
while the results of Theorem 4.6 are not sharp, a bound of the type ||ul/(s),, ) <
Cll fll(s),.e(v7) 18, in general, impossible if p > —1 or g > £.

poa(

4.2. Convergence to Stationary Solution. Let (V) H,V’) be a normal triple of
Hilbert spaces. Consider equation

u(t) = (Au(t) + f(t)) + Myu(t) © &, (4.18)
where the operators A and M, do not depend on time, and assume that there exists
an f* € RLy(F; H) such that limy_.o || f(t) — f*||rLom;m) = 0. The objective of this
section is to study convergence, as t — 400, of the solution of (4.18) to the solution
u* of the stationary equation
Theorem 4.8. Assume that

(C1) Each My, is a bounded linear operator from H to H, and A is a bounded linear
operator from V to V' with the property
(Av,v) + slvlli < —cllvll3; (4.20)
for every v € V, with k > 0 and ¢ > 0 both independent of v.
(C2) f € RLy(F;H) and there exists an f* € RLy(F; H) such that
my oo | F(E) = f* | RLo ) -

Then, for every ug € RLo(F; H), there exists an operator R so that

(1) There exists a unique solution uw € RLy(IF; V) of (4.18),
(2) There exists a unique solution u* € RLy(F; V) of (4.19), and
(3) The following convergence holds:

lim_[u(t) — 0" |roaem = 0. (4.21)

t——+o00

Proof (1) Existence and uniqueness of the solution of (4.18) follow from Theorem
3.10 and Remark 3.9.

(2) Existence and uniqueness of the solution of (4.19) follow from Theorem 4.3 and
Remark 4.4.

(3) The proof of (4.21) is based on the following result.

Lemma 4.9. Assume that the operator A satisfies (4.20) and F' = F(t) is a de-
terministic function such that limy_ o ||F(t)||g = 0. Then, for every Uy € H, the
solution U = U(t) of the equation U(t) = Uy + fg AU(s)ds + fot F(s)ds satisfies
limy oo U ()] g = 0.
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Proof. If & = @, is the semi-group generated by the operator A (which exists because
of (4.20)), then

¢
U(t) = .Uy + / O, F(s)ds.
0

Condition (4.20) implies ||®Up||ly < e™||Usl|z, and then

t
WUl < el Toll + / &) | F(s)] .
0

The convergence of ||U(t)|| i to zero now follows from the Toeplitz lemma (see Lemma
A.2 in Appendix). Lemma 4.9 is proved. OJ

To complete the proof of Theorem 4.8, we define v, (t) = u,(t) — v}, and note that
/l}a(t> = Ava<t) + (fa(t) - fa*) + Z vV O Mkvafsk-
k

By Theorem 4.3, u}, € V and so v,(0) € H for every o € J. By Lemma 4.9,
limy 4 0 ||v(0)(t)||z = 0. Using induction on || and the inequality ||[Myva—c, (¢)||a <
Ck||Va—e, ()|, we conclude that limy ;o [|va(t)||g = 0 for every a € J. Since
ve € C((0,7); H) for every T, it follows that sup,q||va(t)||lz < oo. Define the
operator R on Ly(F) so that RE, = ra&,, where -

_ ey
L+ sup [|va(6)] s
t>0

«

Then (4.21) follows by the dominated convergence theorem.

Theorem 4.8 is proved. UJ

5. BILINEAR PARABOLIC AND ELLIPTIC SPDES

Let G be a smooth bounded domain in R? and {hy, k > 1}, an orthonormal basis in
Ly(G). We assume that

sup |he(z)| < ¢, k> 1. (5.1)
zeG

A space white noise on Ly(G) is a formal series
W(x) = hi(x)&, (5.2)
k>1

where &, k > 1, are independent standard Gaussian random variables.

5.1. Dirichlet Problem for parabolic SPDE of the Second Order. Consider
the following equation:

u(t, x) = a;;(x)D;Dju(t, ) + b(x) Dyu(t, x) + c(z)u(t, x) + f(t, x)
+ (o3(z) Dyu(t, x) + v(z)u(t,z) + g(t,z)) o W(z), 0 <t < T, z € G,

with zero boundary conditions and some initial condition u(0,x) = ug(z); the func-
tions a;j, b;, ¢, f, 04, v, g, and g are non-random. In (5.3) and in similar expressions
below we assume summation over the repeated indices. Let (V, H, V) be the normal

(5.3)
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triple with V = HY(G), H = Lao(G), V' = Hy Y(G). In view of (5.2), equation (5.3) is
a particular case of equation (3.4) so that

Au=a;j(x)D;Dju+ bi(x)Diu+ c(x)u, Myu = (0;(x)Diu + v(x)u)hy(z), (5.4)
and f(t,z) 4 g(t,z) o W(x) is the free term.

We make the following assumptions about the coefficients:

D1 The functions a;; are Lipschitz continuous in the closure G' of G, and the
functions b;, ¢, 0;, v are bounded and measurable in G.

D2 There exist positive numbers Ay, Ay so that A;|y|* < a;;(x)yy; < As|y|* for
all z € G and y € R%.

Given a T' > 0, recall the notation V = Ly((0,7"); V) and similarly for H and V' (see
(3.1)).

Theorem 5.1. Under the assumptions D1 and D2, if f € V', g € H, uy € H,
then there exists an £ > 1 and a number C' > 0, both independent of ug, f, g, so that
u € RLy(F; V) and

lullrro@Ev) < C - (luolla + 1 fllv + llgllw), (5.5)
where the operator R is defined by the weights
ro = c (o) EN)THe (5.6)

and c® =[], c*, with ¢, from (5.1); the number £ in general depends on T

Proof. We derive the result from Theorem 3.11. Consider the deterministic equation

U(t) = AU(t)+F. Assumptions D1 and D2 imply that there exists a unique solution
of this equation in the normal triple (V, H, V'), and the solution satisfies

sup U@l + 1Uly < C - (10O + [ Flh), (5.7)
0<t<T

where the number C' depends on T' and the operator A. Moreover, (5.1) implies
that (3.15) holds with Cy = Cycy for some positive number Cj independent of k, but
possibly depending on T

To proceed, let us assume first that ¢ = 0. Then the statement of the theorem follows
directly from Theorem 3.11 if we take in (3.18) qx = ¢~ (2k) " with sufficiently large
l.

It now remains to consider the case g # 0 and f = ug = 0. Even though ¢ is non-
random, ¢& is, and therefore a direct application of Theorem 3.11 is not possible.
Instead, let us look more closely at the corresponding equations for u,. For o = (0),

t
u(0) (1) :/o Au)(s)ds,

which implies w(g)(t) = 0 for all ¢. For a = ¢y,

ey () = /0 tAuEk(s)ds+hk /0 t g(s)ds,
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or

t
Ue, (1) = / O, _shrg(s)ds,
0
so that
[ue, llv < Cocklglln- (5.8)
If || > 1, then
t
ua(t) = / Augy(s)ds + Z Vo Myug_,,
0 E>1

which is the same as (3.22). In particular, if |a| = 2 and {7, j} is the characteristic
set of «, then

us(t) = \/%/0 P,y (Miue, (s) + Mju.,(s)) ds.

More generally, by analogy with (3.25), if |a| =n > 2 and {ky, ..., k,} is the charac-
teristic set of «, then

1 t Sn S3
Uo(t) = Nz > /0 /0 /0 Oy My, - Puymsy M e ) (52)ds2 . . ds,,.
: O'GPn
By the triangle inequality and (5.8),
lalC) e
T Ja gl

and then (5.5) follows from (3.26) if ¢ is sufficiently large.

||ua||V S

This completes the proof of Theorem 5.1. 0
Theorem 5.2. In addition to D1 and D2, assume that

(1) 0, =0 for all i;
(2) the operator A in G with zero boundary conditions satisfies (4.20).

If there exist functions f* and g* from H so that
lim ([[f(¢) = [+ llg(t) —g*lla) =0, (5.9)

t—-4o00

then the solution u of equation (5.3) satisfies
i at) = o e = 0, (5.10)

where the operator R is defined by the weights (5.6) and u* is the solution of the
stationary equation

a;;(x)D;Dju* (x) 4 b;(z) Diw*(z) + c(x)u*(z) + f*(x)

+ (v(a)u*(z) + g*(x) o W(z) =0, = € G; ulog = 0. (5.11)

Proof. This follows from Theorem 4.8. O
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Remark 5.3. The operator A satisfies (4.20) if, for example, each a;; is twice con-
tinuously differentiable in G, each b; continuously differentiable in G, and

inf ¢(z) — sup(|D;D;a;i(x)| + |D;bi(z)]) > € > 0; (5.12)
G

zeG xE

this is verified directly using integration by parts.

5.2. Elliptic SPDEs of the full second order. Consider the following Dirichlet
problem:

—D; (aij () Dju (z) )+
Di(a (2) D; (u(2)) ) oW (2) = [ (), = € G, (5.13)
ujpc = 0,

where W is the space white noise (5.2). Assume that the functions a;j, 0y, f, and g
are non-random. Recall that according to our summation convention, in (5.13) and
in similar expressions below we assume summation over the repeated indices.

We make the following assumptions:

E1: The functions a;; = a;j(x) and 0;; = 0;;(z) are measurable and bounded in

the closure G of G.

E2: There exist positive numbers A;, Ay so that A;|y]* < ai;(2)yy; < Aslyl?
for all z € G and y € R%

E3: The functions hy in (5.2) are bounded and Lipschitz continuous.

Clearly, equation (5.13) is a particular case of equation (4.3) with
Au(z) = -D; (aij () Dju (x)) (5.14)
and
M,u(z) := hy(z) Di (aij (z) Dyu (z) ) (5.15)
Aossumptions E1 and E3 imply that each M, is a bounded linear operator from

H,'(G) to Hy'(G). Moreover, it is a standard fact that under the assumptions E1
and E2 the operator A is an isomorphism from V onto V' (see e.g. [17]). Therefore,
for every k there exists a positive number C}, such that

||A’1Mkv||v < Cylvly,, veV. (5.16)
Theorem 5.4. Under the assumptions E1 and E2, if f € Hy'(G), then there exists
a unique solution of the Dirichlet problem (5.13) u € RLy(F; HY(G)) such that
o < C I i (517)

The weights r, can be taken in the form

el s

where ¢ = H ar, (5.18)
k=1

qOé
T el

and the numbers qi, k > 1 are chosen so that Zkzl C2q@2k* < 1, with Cy, from (5.16).
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Proof. This follows from Theorem 4.5. L]

Remark 5.5. With an appropriate change of the boundary conditions, and with extra
reqularity of the basis functions hy, the results of Theorem 5.4 can be extended to
stochastic elliptic equations of order 2m. The corresponding operators are

A= (=1)" Dy Dy, (i i (2) Dy, -+ Dy u (@) ) (5.19)

and
Mku = hk(l’) Di1 tee Dim (O-Z‘lujmjln-jm (l’) Djl tee Djmu (l’) > (520)

Since G is a smooth bounded domain, reqularity of hy is not a problem: we can take
hi as the eigenfunctions of the Dirichlet Laplacian in G.
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Appendix.
A FACTORIAL INEQUALITY.

Lemma A.1. For every multi-index o € J,

la|! < a!(2N)*. (A1)

Proof. Recall that, for o« = (aq,..., 1) € J,

k k k
la| = 5 ay, Oé!:HOé[!, Na:HEC”.
=1 =1 =1

It is therefore clear that, if || = n, then it is enough to establish (A1) for a with
ap = 0 for £ > n + 1, because a shift of a multi-index entry to the right increases
the right-hand side of (A1) but does not change the left-had side. For example, if
a=(1,3,2,0,...) and 8 = (1,3,0,2,0,...), then |a| = |3], a! = 3!, but N* < Nbta,

Then
" 1 1\" lall 1
4 2(14—?4——1‘?) = E ENQO"

al+...ftapn=n

where the equality follows by the multinomial formula. Since all the term in the sum
are non-negative, we get (A2).

O
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The proof shows that inequality (A2) can be improved by observing that > k1 k=2 =
7%/6 < 2. One can also consider }_, -, k™9 for some 1 < ¢ < 2.

A VERSION OF THE TOEPLITZ LEMMA.

Lemma A.2. Assume that f = f( ) is an integrable function and lim;_ | f(t)| = 0.
Then, for every ¢ > 0, limy_, f e=t=9) f(s)ds = 0.

Proof Given e > 0, choose T so that |f(t)] < e for all ¢ > T. Then
| [ e (s)ds| < e fo | f(s)|ds + ¢ [, e~*=9)ds. Passing to the limit as

—cts

t — 400, we ﬁnd limy oo | fo ) f(s)ds| < e/c, which completes the proof.

O
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