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Abstract

Two types of numerical algorithms for nonlinear filters are consid-
ered. The first is based on the Markov chain approximation method,
a powerful approach to numerical problems in stochastic control. It
yields an approximation to the weak-sense conditional density and
converges in the weak sense as the approximation parameter goes to
zero. Various forms are developed and convergence and robustness are
shown. The second type of approximation is called the assumed den-
sity approach, where one supposes that the conditional density takes a
given parametrized form, and the evolution equations for the param-
eters are developed. Most typically, this assumed density is Gaussian
(more rarely, a Gaussian mixture) and the parameters are the condi-
tional mean and covariance. The method is heuristic, but has been
shown to give good results for many problems

1 Introduction

The usefulness of the theory of nonlinear filtering is limited by the avail-
ability of good practical approaches that well approximate the quantities of
major interest, for example the conditional (weak-sense) density or the con-
ditional mean and covariance. The mathematical theory is mainly concerned
with diffusion-type models and white noise corrupted observations that are
taken continuously in time. If the observations are taken in discrete time
(as they tend to be in practical applications), then the theoretical issues
are smaller, since one only needs to approximate the (weak-sense) solution
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to the Kolmogorov forward (the Fokker-Planck) equation between obser-
vations and then use Bayes’ rule to incorporate the observations. In both
cases, the computational issues and the development of the most effective
approximation methods is still evolving. We will discuss two broad classes of
approximations that have been successfully used on various classes of very
nonlinear problems and hold considerable promise. The first approach is
the so-called Markov chain approximation method [31]. It will be applied
to both cases where the observations are taken continuously and in discrete
time. At this time it seems to be the most appropriate approach to ap-
proximating the weak-sense conditional density, at least for low-dimensional
problems. The basic idea is to use a filter for a Markov chain that approxi-
mates the diffusion, but with the actual physical observations. Convergence
theorems can be proved as the approximation parameters go to zero.

The Markov chain approximation method is a widely used approach to
the numerical solution of control and optimal control problems for general
jump-diffusion models, with or without boundary reflection, and with all of
the standard cost functions. It is the most general set of algorithms avail-
able at this time for the control problem, in terms of both construction of
the actual numerical algorithm and the convergence proofs. The basic idea
is the following. One constructs an approximating Markov chain on a finite
state space, with approximation parameter h, and that is “locally consis-
tent” with the diffusion or jump-diffusion. Then one solves for the cost or
optimal cost function for the approximating chain, and finally proves that
as h — 0, these functions converge to those for the original model. The
local consistency condition is not restrictive and should be satisfied by any
approximating process. The approximating chains should be constructed so
that the associated numerical problem is reasonable. Getting such construc-
tions is straightforward, as can be seen in [31]. The same chains can be used
for the filtering problem. Due to the growth of the size of the required state
space as the dimension increases, at this time the method would be difficult
to use if the dimension were greater than four.

Numerical methods for the approximate evaluation of the conditional
distribution were given in [27] and related methods are in [9, 13, 15]. Ro-
bustness (locally Lipschitz continuity) of the numerical approximations with
respect to the observation process was shown in [28] and this property is sat-
isfied by the algorithm that is to be described. Extensions, including point
process observations, are in [10, 14].

As noted, the Markov chain approximation method is used for the ap-
proximation of the conditional weak-sense density and can be “computa-
tionally intensive.” Often one is interested in just the first few conditional



moments. Since, for nonlinear problems, a finite set of conditional moments
will define the conditional distribution only under very restrictive conditions,
one must resort to a heuristic procedure. The second method to be consid-
ered is the so-called “assumed form of the conditional density” approach,
first proposed in [25] and developed and used in various ways since then
[1, 8, 20, 38]. With this method, one assumes that the conditional density
takes a particular parametrized form, and then approximates the evolution
of the parameters, under this assumption. Most commonly, the assumed
density is Gaussian (or a Gaussian mixture), where the parameters are the
conditional mean and covariance. The numerical issues center about the
approximation of integrals with respect to Gaussian kernels. With guidance
from the literature on the numerical evaluation of integrals, there are many
ways of doing this, and some methods of current interest will be discussed.
Numerical data lend support to the value of the approach. The original
observation that led to this method was the realization that the extended
Kalman filter was equivalent to the assumption of a conditional “density”
that could have negative values, and this was a major cause of its instability
in truly nonlinear problems.

An alternative approach to filtering is that of batch processing, which
we will not discuss since we are concerned with “dynamical systems” ap-
proximations. Loosely speaking, with observation process y, = g(x,) +
observation noise, at step n one constructs a penalty function of the form

2]

n
Z |g(z:) — yi)? + penalty on the driving and observation noises

=1

and seeks to minimize it with respect to the driving and observation noises.
The approach can yield very good results, if the computation required for
the minimization is not too onerous.

Section 2 describes the system model and the basic results from the the-
ory of nonlinear filtering that will be needed. The proofs for the Markov
approximation method depend on results from the theory of weak conver-
gence, and a summary of the required results is given in Section 3. Section
4 gives a general result on the approximation of the conditional weak-sense
density. The Markov chain approximation method is discussed in Section 5.
It is applied to the filter approximation problem in Section 6, where the re-
sult of Section 4 will be crucial. The main issues in the construction concern
the coordination of the time scale of the chain with that of the physical ob-
servation process, and there are several ways of doing this. The robustness



of the approximating filter (uniformly in the approximation parameter) is
shown in Section 7. Sections 8 and 9 concern the assumed density approach
and it is illustrated by a numerical example in Section 10.

2 The System Model and Filter Representations

The system. The system will evolve in continuous time. To keep the
technicalities at a minimum, we will use the diffusion process defined by

z(t) = z(0) —I—/O b(x(s))ds—l—/o o(z(s))dw(s), (2.1)

where z(t) € R", Euclidean r-space, w(-) is a standard vector-valued Wiener
process, and b(-) and o(-) are bounded and continuous.! We suppose that
(2.1) has a unique weak-sense solution for each initial condition. Define the
matrix a(z) = {a; ;(x);i,j} = o(z)o’(x).

Notes on and extensions of the model. One can stop the process or
reinject it when it exits some bounded set. Many physical problems have
reflecting boundaries. Under the usual conditions on such boundaries and
reflection directions (see, e.g., [30, 31]) all of the subsequent results will
hold true, provided that the Markov chain approximation accounts for the
boundary. We could also treat the jump-diffusion model where the term
fg J q(z(s—),v)N(dsdv) is added to (2.1), where N(-) is a Poisson random
measure with intensity measure h(dtdy) = AdtII(dv), II(-) is a bounded mea-
sure, and ¢(+) is bounded and continuous. The extra technicalities associated
with such extensions shed little light on the problems of filter approxima-
tions, so we stay with (2.1). For expositional simplicity, we suppose that
b(-),0(-),q(-),g(-) do not depend on time. The time-dependent case is a
trivial modification.

The observations. The observations can be taken in continuous or in
discrete time. For the first case, the data at t is V; = {y(s),s < t}, where

dy(t) = g(x(t))dt + Vduwo(t), y(0) =0, y(t)eR™, (2.2)

where wy(-) is a standard Wiener process that is independent of x(-), g(-) is
bounded and continuous and the matrix V'V is positive-definite.

!As a practical matter, all the functions can be taken to be bounded. Generally in
applications, one tries to model the dynamics for state values in the range that is most
common, and the models tend to become invalid as the absolute value of the state goes
to infinity, where the model is often chosen for convenience in analysis.



The observations (2.2) are often approximated by supposing that for
small 6 > 0 they are taken at times nd,n = 1,2,..., and that at nd is either

¥ = g(z(nd))d + VIwo(nd) — wo(nd — 0)], (2.3a)

nd
= [ glalo)ds+ Vi) — wo(nd — 0) = y(nd) —y(nb —0). (23)

For (2.3a,b), let y;j 5 denote the data available at time nd. When the obser-
vations are taken at arbitrary times t,,n =1,2,..., let that at ¢,, be

Yn = gz(x(tn)) + Voo, (2.36)

where g,(-) is bounded and continuous, V,,V, is positive-definite and {v,}
are i.i.d. Gaussian vectors, independent of z(-), and with covariance matrix
the identity. Then we define ), = {y,,7 < n}, In all cases, since we lose
nothing by working with the observation process V~1y(t), without loss of
generality in what follows we will suppose that V = V; = I, the identity
matrix.

The optimal nonlinear filter for (2.1), (2.2). For ¢(-) a bounded and
measurable real-valued function, define the conditional expectation operator
E: by Eip(x(t)) = E[p(x(t))|V:]. Perhaps the key result in the theory of non-
linear filtering is the so-called representation theorem, which is a“limit” form
of Bayes’ rule. We will use it in the form that was used in the original deriva-
tion of the optimal nonlinear filter [26], which is convenient for the types of
approximation and weak convergence methods that will be used. That refer-
ence was the first to get the result for the diffusion case, and the development
is similar for the reflected-jump-diffusion model. Subsequent developments
via measure transformation and “martingale-innovations” techniques are in
[18, 34], but the representations obtained by those techniques are exactly
the same as were obtained in [26]. The case where z(-) is a continuous-time
Markov chain on a finite state space case was first derived in [36, 39].

Let Z(-) be a process with the same probability law as z(-), but that is
independent of (z(-),y(-)). Define

w0 = | [ teoans) - [laoiras). e

Then we have the representation [26] for the filter for model (2.1) and ob-
servation (2.2):

E[R()o(2(1))| Y]

E:t=()) = —FRmmi

(2.5)



The form holds for the observations (2.3b), if ¢ is restricted to nd,n =
1,2,.... It also holds for (2.3a) if the sums > " | ¢’ (Z(i0))[wo (id) —wq (i16—1d)]
and (6/2) Y1, |g(@(id))|? replace the integrals.

Dynamical equations for the conditional probability density. For
the moment let us proceed purely formally. Define the differential operator
L of (2.1), acting on smooth real-valued functions f(-),

2 X
£1(0) = F2alba) + 5 a0,

The formal adjoint operator L£* is

¢4 X 2(1“(13 T
o) = - 3 BT | L5~ Pl (w)

i %,J
Suppose that there is a smooth density p(Z,t,x) of x(t) given initial con-
dition (0) = Z. This satisfies the Kolmogorov forward (or Fokker-Planck)
equation (with £* acting on the functions of z) [17, Chapter 5]

op(Z,t, x)

9 = Lp(z,t,x). (2.6)

If the density is not smooth, then use the weak-sense solution.

Consider the filtering problem with model (2.1), (2.2). Let ¢(-) be a
bounded and continuous real-valued function whose partial derivatives up
to second order are bounded and continuous. Then (recall that we are taking
V =1, the identity matrix) the conditional moments evolve as [26, 34]

d [Eegp(x(t))] = EeLo(x(t))dt
+ (Eeg(x(t)o(x(t)) — Eegl(a(t)Eed(2(1) (dy(t) — Eeg(a(t))dt).

Let m; denote the (weak-sense) conditional density of x(t) given ). Then,
purely formally, the normalized density evolves as [18, 24, 34]

(2.7)

dmy(z) = Lrmy(a)dt + my(2) (9(2) — Erg(x(t))) (dy(t) — Erg((t))dt) . (2.8)

Write the numerator of (2.5) as EY¢(z(t), the unnormalized conditional ex-
pectation. Then

d [E}¢(x(t))] = E{Lo(x(t))dt + Efg(x(t))d(x(t))dy(t).



This equation, known as the Zakai equation ([40], [18, Section 14], and [26,
Equation 15]), is simpler than (2.7), but does not seem to provide simpler
numerical algorithms. The Markov chain approximation method already
starts by computing the unnormalized density, and the assumed density
approach uses a normalized assumed density.

The optimal filter for a Markov chain signal process. Let {{,,n <
oo} be a finite-state Markov chain with one-step transition probabilities
p(z,y). Suppose that {v,,n < oo} is a sequence of mutually independent
normally distributed random variables with mean zero and covariance Vj,
and which is also independent of the {§,,n < co}. Suppose that we observe
the white noise corrupted data y0 = go(£,) + vy, at time step n, for some
bounded and measurable function go(-). Define Y0 = {49,i < n} and the
conditional distribution QY (z) = P{¢&, = z|)0}.

We now use Bayes’ rule to define a recursive formula for Q%(-). Let
P{30|¢, = z} denote the conditional (normal, with given mean go(z) and
covariance Vp) density of the observation at the value y0. Note that

Q?L($) = Zz P{fn = x,{n,1 = Z|y27y2_1}
Zz P{y2|£n = xagnfl = Z}P{gn = l'|£n71 = Z}Q2_1(2)

normalization '
(2.9)

Substituting in the conditional density function of yJ, rewrite the last ex-

pression as

>, exp [g6(@)Vg 'y — $96(x)Vy go(x)] p(z,2)QY_ (2)
normalization '

(2.10)

The normalization is the numerator summed over x and might differ from
expression to expression. Let ¢(-) be bounded, measurable and real-valued,
and let {én} have the same probability law as {&,}, but independent of
{&, yn}. Then, iterating (2.10) yields the expression

Eygo(€u) exp { Sy |96€0Ve " — bob(E)Vi '0(8)] }

normalization

Ey2¢(€n) = .
(2.11)
3 Weak Convergence

Expressions like (2.11) will be basis of the numerical approximation, but
where the 40 come from the original (2.2) or (2.3). The proofs of convergence



depend on the theory of weak convergence of probability measures [4, 19]
and we will give a brief description of the essential facts. The probability
measures of interest are those on the path space of z(-) or of the processes
to be used to approximate it.

Let S denote a metric space with metric d, with Cy(S) the bounded
continuous real-valued functions on S. Suppose that X,,n < oo, and X
are S-valued random variables, with measures P,,n < oo, and P, resp. If
Ef(X,) — Ef(X) for all f e Cy(9), then we say that P, converges weakly
to P, and this defines the weak topology on P(S), the set of measures on the
Borel sets of S. We also say that X,, converges weakly to X. If X,, converges
weakly to X, then Ef(X,) — Ef(X) for bounded measurable f(-) which
are continuous only almost everywhere with respect to P [4, Theorem 5.1].

A set {P,} C P(S) is called tight if for each £ > 0 there exists a compact
set K. C S such that inf, P,(K.) > 1 —e¢. If the P, are the measures which
induce random variables X, then we will also refer to the collection {X}
as tight. The following theorem is fundamental.

Theorem 3.1 [Prokhorov’s Theorem]| [4, 19]. If S is a complete and sep-
arable metric space, then a set {Py} C P(S) has compact closure in the
metric of weak convergence if and only if {P,} is tight.

Criterion for tightness. Let D"[0,00) denote the space of R"—valued
functions which are right-continuous and have left-hand limits, with the
Skorokhod topology. (See [4, 19] for the precise definition.) Then it is a
complete and separable metric space. The topology is weaker than that
induced by the metric of uniform convergence on bounded intervals since
it allows for discontinuities to be “shifted slightly” when measuring the
distance between functions. Also if f,,(-) converges to a continuous f(:) in
the Skorokhod topology, then the convergence is uniform on each bounded
time interval. The following criteria for tightness will be used.

Theorem 3.2. [23, Theorem 2.7b][19]. Let {z"(-)}, defined on (2, F, P),
take values in D"[0,00). Assume that for each t in a dense set in [0,00) and
each § > 0 there exist compact Ky 5 C R" such that sup,, P{z"(t) & K;s} <
d. Define F}* to be the o—algebra generated by {x™(s),s < t}. Let T} be the
set of {F]'}-stopping times which are less than or equal to T w.p.1. Then
{z"(-)} is tight if for each T € [0, 0),

;inr(l)limsup sup E (1A |z"(7 4+ 0) — 2" (7)]) = 0. (3.1)

n TeT



Since we will have need for weak convergence of functions of the approx-
imating process, with the observation taking the role of a “parameter, ” the
following extension of weak convergence will be useful

Theorem 3.3. Let X,, converge weakly to X. Suppose (w.l.o.g.) that
{Xn,n < oo} and X are defined on the same probability space, and that
Y (with measure Py) is independent of (X, X) for each n. Let f(-,-) be
a real-valued measurable function, such that for Py —almost all y, f(-,y) is
continuous with probability one with respect to the measure Px of X. Let P,
denote the measure of X,,. Suppose that for each y in a set of Py —probability
one {f(Xn,y)} is uniformly integrable. Then

/f(x,Y)Pn(dx)H/f(m,Y)PX(dx), w.p.1 (Py). (3.2)

4 Approximations to the Optimal Filter

The expression (2.5) is difficult to evaluate owing to the expectation over
Z(-). Recall that Z(-) is a copy of z(-), and is independent of y(-). For
computational purposes, one replaces Z(-) by an approximation xh() which
is selected so that the evaluation can be carried out with a reasonable amount
of work, and then one proves that the result converges to that defined by
(2.5) as the approximation parameter h — 0. We will suppose that the
path is confined to a compact set, either by its own dynamics, a reflecting
boundary, or by being stopped or reinjected on leaving a given compact set.
There is considerable flexibility in the choice of the approximating process,
as seen by the next theorem.

Let {z"(-)} be a sequence that is independent of y(-), and that converges
weakly to z(-) as h — 0. Define

R =exp | [ g6 - 5 [laoPs].
Define the operator E! by

_ Ei(al(t) RM(#)
E: R (t) '

Ef ¢(a"(1)) (4.2)

Comment. E!is not a conditional expectation of ¢(z"(t)), since z"(-) does
not have the probability law of the true signal process. But, by Theorem
4.1, (4.2) converges to (2.5).



Theorem 4.1. Let ¢(-) be a continuous real-valued function. Assume the
above conditions on z"(-),z(-),y(-), with model (2.2) for the observations.
Then, for any T < oo,

lim sup | Ef ¢(z"(t)) — Ep(z(t))| — 0 (4.3)
h—0 t<T
in the senses of probability and mean. The result holds for the observation
models (2.3a) and (2.3b) at times nd,n =1,2,....

Proof. We will neglect the |g|? terms in (4.1), since they are easy to deal
with. First, some preliminary computations. Let (;(-), ¢ = 1,2, and ((-)
be bounded processes that are independent of the standard Wiener process
w1 (+) of the same dimension. The analysis will make use of an estimate of

W = Esup
t<T

oo | [ dan)] -ew | [ Game][. @

We will use the inequality, for real numbers A and B,

‘eA—eB‘§|A—B|(eA—|—eB). (4.5)
For any real-valued submartingale N(-) [16, Chapter VII,Thm. 3.4],
Esup N?(t) < 4EN?(T). (4.6)
t<T

The inequality (4.5) and Schwarz’s inequality applied to (4.4) yield

w2 < E;@gg /Ot (¢1(s) — ¢5(s)) dwi(s) 2
= . . 9 (4.7)
<Bsup oy [ / <1<s>dw1<s>] T exp [ / <§<s>dw1<s>}

By (4.6) the first factor in (4.7) is bounded by 4E [ [¢1(s) — Ca(s)[* ds. To
bound the second factor, use the fact that

so | [ )] <Bow | [ icoasr2]

for any bounded process ((-) that is independent of w(-), together with (4.6)
and the fact that the exp] fot C!(s)dw(s)] are submartingales. Finally, for a
constant C; that depends on 7" and on the bounds on the (;(-), we have

T
w2 < clu-z/o 1C1(s) — Ca(s)[* ds. (4.8)

10



It suffices to show that sup,<p [Erg(a" (1)) R"(t) — Es¢(2(t))R(t)| — 0 in
probability for each bounded and continuous ¢(-). The above computations
imply that, for each T' < oo,

E sup[R"(t)]> + Esup[R(t)]* < oco. (4.9)
s<T s<T
By the Skorokhod representation [19, Theorem 3.1.8.], w.l.o.g, we can sup-
pose that all of the processes 2(-), Z(-), z(-),y(-) are defined on the same
probability space and that the convergence z"(-) — #(:) is w.p.1 in the
topologies of the paths. We have, where C5 is a bound on ¢(-),

sup B¢ [0(a" (1)) R (1) — 6(2(1) R()|

t<T
< sup By |o(a" (1)) — o(#(1))| R"(1) + CasupBe | R"(¢) — R(1).

t<T t<T
(4.10)
The first term on the right goes to zero as h — 0 by the weak convergence of
2"(-) to #(-), the boundedness of these processes and (4.9). The convergence
of the second term of (4.10) follows from the weak convergence and the
inequality (4.8). B

Comments on numerical approximations. It is important to keep in
mind that all approximations to the nonlinear filtering problem are actu-
ally approximations to some representation of Bayes’ rule, and (2.5) is the
fundamental Bayes’ rule formula. Except for a few special cases such as the
classical Kalman-Bucy form or where z(-) is a finite-state Markov chain, the
evaluation of (2.5) is not a finite calculation.

Theorem 4.1 provides an approach to the computation of the conditional
density for nonlinear problems. The key to computational effectiveness is
the choice of the approximating process x"(-). There are many possibilities,
but it will always be a Markov chain. One could consider a discrete-time
approximation of (2.1) such as (for small § > 0)

X(nd+9) = X(nd) +0b(X(nd)) + o(X(nd))[w(nd +0) —w(nd)]. (4.11)

While the form is simple, the state space would have to be discretized and the
transition functions (as a function of the initial and final values) computed.
Then it will turn out to be a version of the Markov chain approximation
method. Further comments are in Section 6.2.

If the observations are of the discrete-time form (2.3c), then the filtering
problem is simple to describe. Suppose that - (), the conditional weak-
sense density just before the nth observation is taken, is available at time

11



tn. Then use Bayes’ rule to compute the conditional distribution 7, (-),
taking the new observation into account. Then continue, starting with the
density 7, (+), compute the weak-sense density 7rt;+1(-) at time 41, just
before the next observation is takem, etc. While the procedure is simple in
principle, the actual computations can be difficult. Getting 7rt;+1(~) from

7, (+) involves approximating the solution of the (weak-sense) form of the
Kolmogorov forward equation and the integrals involved in incorporating
the observations will need to be suitably approximated.

5 The Markov Chain Approximation

From the perspective of the types of computation that is involved in com-
puting the approximation to the conditional density, the simplest form of
the Markov chain approximation method is analogous to methods for solving
parabolic PDE’s by finite differences or finite elements. If the computations
are to be finite then the path must be confined to a bounded set, which
might depend on time. Boundedness is often a consequence of the dynamics
of (2.1). If z(-) is not bounded on the time interval of concern, then some
type of truncation is needed. This can be done either by introducing a re-
flecting or stopping boundary. However, for expositional simplicity, we will
generally ignore the boundedness issue since it will not affect the main ideas.
The actual numerical approximating filter will be that for a Markov chain
that approximates the diffusion, but with the actual physical observations
(2.2) or (2.3) being used. The approximations to the conditional densities
will converge to the weak-sense conditional density as the approximation
parameters go to zero. The overall development is based on the methods in
[27, 31].

The basis of the approximation is a discrete-time finite-state Markov
chain whose “local properties” are “consistent” with those of (2.1), as de-
scribed below. This chain will be interpolated into a continuous-time pro-
cess that will be a good approximation to (2.1) in the sense to be described.
For simplicity, let the approximation parameter h > 0 be real-valued, al-
though a vector-valued parameter could be used as well [31]. For each h,
let {¢!',n < oo} be a discrete-parameter Markov chain on a discrete state
space G, C R", with finitely many points, and with transition probabilities

Pz, &).

Local consistency: Diffusion case. Define A&l = fﬁﬂ — &M Let E!

(resp. Egn) denote the the conditional expectation given all data to step n

12



(and in addition that &* = x, resp.). Define the martingale difference g =
Agh — EPAER. Suppose that the following “local consistency” conditions
holds in G2

IEQRA{Z = b () At () = b(z)Ath(z) 4 o( At (z)),

covarl, ,[AE} — E} [, AEH] = ap(2)At"(z) = a(z)Ath (z) + o(Ath(2)),
Supn,w |€?}’IL+1 - 5;” ﬁ) 07
(5.1)

for some function At"(z) > 0, that we call an “interpolation interval.” We
assume that limj, o sup,cq, At"(z) = 0, but infyeq, At"(z) > 0 for each
h > 0. Define Ath = At"(¢!). The local consistency (5.1) is essentially
all that is required of the approximating chain, together with analogous
conditions for the reflecting boundary, if any.3

The reference [31, Chapter 5] describes many convenient methods for
constructing chains that satisfy the required properties. By (5.1), the chain
has the local conditional drift and covariance properties of (2.1). With
all of the usual methods for constructing the ph(:r,i:), the interpolation
intervals are obtained automatically as a byproduct [31, Chapter 5]. There
is considerable flexibility; local consistency need not hold everywhere, as
seen in [31, Section 5.5].

The simplest example is the one-dimensional model dz = b(z)dt+o(z)dw
where o2(x) > h|b(z)| for all z, and the state space is G}, = {0, £h, +2h,...}.
Then

p(x,z + h) = (0(z) £ hb(z))/20%(z) and Ath(z) = h?/o?(z)  (5.2)

yield a locally consistent chain, where each state communicates only with
its nearest neighbors.

Constant interpolation interval. For the numerical approximation of
the general control problem as in [31], the possible dependence of At (z) on
x is an advantage from the point of view of computation. But it complicates
the computations for the filtering problem where the approximating chain
must be able to “track real time.” Having a constant At"(z) can then be
useful. A chain with a constant interpolation interval is easily obtained
from any locally consistent chain for which p”(z,z) = 0 for all 2,* and

2(5.1) defines the functions by, (-) and a(-).

3If there is a jump component, then at each step, the chain is locally consistent with the
diffusion (2.1), with conditional probability (1 — AA#"(2)), and with the jump component
with conditional probability AAt"(z). See [31, Section 5.6].

“This is the usual case, using the methods of [31].

13



the modified transition probabilities p"(z, %) and interpolation interval A"
are readily obtained. Define A = infeeq, At"(€). The possibility that

A < At"(z) at some point x is compensated for by allowing the state x
to communicate with itself. Conditioned on the event that a state does not
communicate with itself, the transition probabilities are the p”(-). Thus, the
general formula for getting p"(x, ) from the p”(-) is ([31, Section 7.7])

P(2,8) = (2, 8) (1 - '(2,2)),  forz £ 4,

A (5.3)
z,z)=1— AtAh(x)

Continuous-time interpolations and convergence proofs. The nu-
merical algorithms use the Markov chain, but the proofs of convergence are
based on continuous-time interpolations of the chain. The simplest inter-
polation, called ¢"(-), uses the intervals At! = At"(¢") and is defined as
follows. With ! = 30" At! define £"(t) = &, t € [th,t" ). Although &/
is a Markov chain, £"(-) is not.

The proofs are facilitated by using an interpolation ¢"(-) that is a
continuous-time Markov chain, asymptotically equivalent to £*(-), and con-
structed as follows. Let {1,} be random variables that are independent
of {¢"}, mutually independent and identically distributed, and with v, be-
ing exponentially distributed with mean unity Using A7l = Atlv, and

= Y ATl define ¢t (t) = £ on [} Tn_H) ¢h() is a continuous-
tlme Markov cham, whose holding times A7”, given £/ are exponentially
distributed with mean At",

We can decompose " (-) in terms of a compensator and martingale as
() = 2(0) + fg’ br(v"(s)))ds + BI(t), where the martingale B”(t) has

t
quadratic variation process / an(¥"(s))ds. Tt can be shown that ([31,
0

Section 10.4.1]) there is a martingale w"(-) (with respect to the filtration

generated by the path and control processes, possibly augmented by an “in-
dependent” Wiener process) such that

h = tO' hS 'LUhS: tO' hS 'LUhS Gh
BT<t>—/O W((s))dut(s) /0 (" (5))dwh (5) + (1),

where o;,(-)[on(-)] = an(-), w"(-) has quadratic variation process It and
converges weakly to a standard Wiener process. The martingale €”(-) is due
to the difference between o(z) and oy, (z) and

hm Esup |¢"(s)]> = 0 (5.4)
s<t
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for each t. Thus
YM(t) = 2(0) —i—/o /Ubh(wh(s))ds —|—/0 o(P"(s))dw"(s) + "(t).  (5.5)

By Theorem 3.1, ¥"(-) is tight. The weak-sense limit is (2.1). The same
result holds if there is a jump term. See [31, Chapter 10] for more detail.
Define t"(-) and 7"(-) by t"(s) = t? on [t!,t" ) and 7"(s) = 7/ on
[Tﬁj, lel 1) By Theorem 5.1, both converge to the process with value ¢ at time
t. Hence the interpolations ¢(-) and " (-) are asymptotically equivalent.

Discretizing time. A modification that allows us to keep track of the
elapsed real time when the At"(z) are not constant augments the chain {£"}
by adding a (random) discretization of time. This is a simplified version of
the “implicit” approximation in [31] and will allow us to use the original
intervals At"(z). Let § > sup, At"(z) denote the discretization level for
the time variable, whose value at step n we denote by gblﬁ’&. The spatial
components satisfy (5.1). So one needs only determine the probability that
the time variable advances, conditioned on the current values fﬁ =x, gzﬁﬁ"; =
10. This is obtained by a “local consistency” argument and no matter how
the p"(-) were derived, the conditional probability that the time variable
advances is

p0(i6,i6 + 8)z) = At (x) /6. (5.6)

Define the martingale difference ﬁg ’g = (gbﬁle — Z’6> — At!, whose condi-

tional covariance is At!(§ — Ath). We can write

h,o h,0 h,0 h,d
¢n+1: n +Atn +50,n‘ (57)

An alternative approximating chain. There is an alternative way of
interpolating the 5:2’6 which looks at the process only at those times that
the time variable ngZ’(s advances. Define vg 9 — 0 and for n > 0 define

ol = minfi > o0 M0 — ¢ = 6}, (5.8)

n n—1 " 7%

Then define 52’5 = h,’f(;. By Theorem 5.1, the interpolation fh"s(-) (intervals
oy

§) and &"(-) are asymptotically (as h — 0, then § — 0) equivalent.

Asymptotic equivalence of the time scales. Define the continuous-
parameter interpolation ¢™°(t) = ¢ for t € [t!, t2+1). Define the stopping
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times
d"(t) = min {n : ZAt? =th > t} ., d"(t) = min {n crh > t} . (5.9)
=0

Theorem 5.1. For each t > 0,

d"(s)
lim E |su ATl Ath =0. 5.10
i SSI; ; (AT, i) (5.10)

Ash — 0 andd — 0, ¢™9() converges weakly and in mean square (uniformly
on any finite time interval) to the process with value t at time t.

Proof. By the mutual independence of the exponentially distributed ran-
dom variables {1y} and their independence of {€" ¢/°}, the process A" =
Z?:o(ATih — Atl) is a martingale. By Doob’s inequality for martingales,
the expectation of the bracketed term in (5.10), conditioned on {At}, is
bounded by

" (s) 9
E sup Z [ATZh — Atﬂ

s<t =0

Ath, i < oo

-
<4E | [Afﬁ - At?]z ‘At?,i < o0
0

~

7=
" (1)
4 " [Ath)? < A(t + sup At?) sup At! o,
i=0 " "

which yields (5.10). To prove the assertions concerning the asymptotic be-
havior of ¢"°(-) define d"(t) = max {n YAt =1 < t} and write

dh9(t)—1 dh9(t)—1

Sin= S Al S aS
=0 1=0

The first sum equals ¢, modulo sup,, Atﬁ’é. The variance of the martingale
term is bounded by dt, modulo d+sup,, Atﬁ’a, and the term converges weakly
to the zero process. This yields the last assertion of the theorem. B
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6 Approximating Filters

6.1 A Filter Based on the Chain {¢"}

Let us first define the optimal filter for the process (. ) Wlth Ath( ) =AM,
a constant. Define the observation process y"( fo ))ds + wo(t )
and y = y"(nA") — y"(nAP — A") where g(-) and wop(-) are as in (2.2). Set
Vi ={y"(s),s < t}, and Q}i(z) = P{&; = 2[Y}5,}. Define

1 _
RMa, ) = exp |g(x)'y) — §Ig(:v)|2Ah :

Then (2.10) becomes
> s B (@, yp)p" (&, 2) Q1 ()

normalization

Qn(z) =

; (6.1)

where Qg’é(x) is the probability that & = z. Let £"(-) have the law of )
but be independent of it and wo(-). Iterating (6.1) yields, for ¢t = nA”,

n_ ES(E" (1) explfy o' (€(s))dy"(s) = [y l9(€"(5)[*ds/2]
Eythgb(gn) N normahzatlon - (6:2)
The unnormalized form of (6.1) is
= R'x,ym)p" (& @)@ _1(%). (6.3)

(6.3) can be split into two steps: First update the effects of the dynamics as

th(jam)qg—l(j)a (6'4)

x
and then incorporate the observation by multiplying by R"(z,y").

The approximation to the optimal filter for x(-) and continuous-
time observations. The most direct numerical approximation to the opti-
mal filter (2.5) is either (6. 1) (6.2), or (6.3) with the actual physical observa-
tions y(-) used in place of y h(.). Both (6.1) and (6.3) are recursive formulas.
The initial condition QO( ) is any approximation to the weak-sense density
of 2(0) and which converges weakly to that density as h — 0.

In summary, redefine

R (#) = exp [/ (€ (s)) /|g (S s)Psf2]
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Then
h h

Theorem 4.1 yields the convergence to E[¢p(x(t))|):]. One can use the obser-
vation 3 = g(z(nA")) A+ [wo(nA") —wo(nAM — AM)] with the same result.
To simplify the computation, one need not introduce the observation at each
step, but treat them as discrete-time observations with small interval A, as
below.

(6.5)

Discrete-time observations. The continuous-time filter was dealt with
since it has been of great theoretical interest, although discrete-time obser-
vations are of greater practical interest. Suppose that the observations are
taken in discrete time as in (2.3c). Then between observations, we can get a
weak-sense approximation to the solution of the Kolmogorov forward equa-
tion for the weak-sense density by iterating (6.4). This computation can be
simplified considerably. If the intervals between observations are constant
and the state space does not change, then one can precompute the multi-
step transition probability between those times. In general, one would not
iterate at each step, but use increasing powers of the one-step transition
probability. For At"(z) = A", and A the interval between observations, the
complexity is less than N3log(A/A"), and depends on the sparseness of the
matrices. If the state space is too large or changes in time as the system
evolves, then for practical algorithms, one must control its size. The best
approach is heavily dependent on the problem. The dominant effects might
be diffusion or a strong drift, or the observations might skew the shape sig-
nificantly. One looks for regions with good geometry (for convenience in
programming) and whose conditional probability is close to unity. For ex-
ample, one might use a 30 ellipse centered at the conditional mean, or an
analogous rectangle.

Comments. If the same system is to be used frequently, then one is
tempted to optimize the grid that defines the state space of the approx-
imating chain. Some such results are in [35], which were derived for the
control problem. The various functions b(-),o(-), g(-) need not be continu-
ous, provided that the time (on any finite interval) that the limit process
spends in an e-neighborhood of the discontinuities goes to zero as e — 0 [31,
pages 275, 295]. The robustness of the behavior of the approximate filters
over a very long time interval to uncertainties in the dynamics, signal, and
observation noise processes is of interest, and is shown to be the case in
[5, 6, 7].
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6.2 Alternative Filter Approximations

6.2.1 Using The Process é:‘l"s

Recall the process {fﬁ"s} with interpolation £9(-) (intervals 6) defined below
(5.8). Let 6 > max, At"(z). Then £"9(-) can be used in (4.1) and (4.2)
whether or not At"(z) is constant. When £" = z, the probability of an
advance in the time variable is just At"(z)/§, with the mean increment
being At"(z). The main computational problem is getting the one-step
transition probability P (z, %) of {£"}.

Define the matrix P1h’6 = {p"(z, %) At"(x)/8;x, &}, the matrix of prob-
abilities of going from x to Z in one step and with time advancing. Define
the matrix PSL"; = {p"(z,2)(1 — At"(x)/6); x, %}, the set of probabilities of
going from x to T in one step, with time not advancing. Then the transition
probability for the chain {éﬁé} is

(o)
—1
PSSR = 1= B0 P, (6.6)

n=0

If § = max, At"(z), then the number of steps that are required until the
jump in the time variable will be small and the sum will converge rapidly. If
this form is used for continuous-time observations, where the observations
are taken to be either (2.3a) or (2.3b), with V' = I, then A would be a small
multiple of é.

Suppose that the form is used for discrete-time observations with interval
A between observations, where A/§ is a large integer. Then the transition
probability between observations is [P"9)2/%. The times at which the ob-
servations are incorporated are random, after each successive A/ increases
in the time variable. By Theorem 5.1, as h — 0 and § — 0, these intervals
converge to the constant A. A computational advantage of this procedure
is that the original intervals At"(z) can be used. The computation of (6.6)
should be helped by the tendency (in many problems) of the path to move
from points with small At"(x) (fast dynamics or large diffusion) to those
with a larger interval (small dynamics and small diffusion).

6.2.2 Discrete Time and Other Forms

The general approach covers a large family of approximations, but for nu-
merical purposes we need to restrict the domain of any approximation to
a finite set of points. For example, one could base the Markov chain ap-
proximation on (4.11), and we describe one possible approach to getting the
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desired transition probabilities for the dynamical update step. First, for
x € G, let S"(x) be the set of closest points on the grid to x 4 db(x) in
whose convex hull +3b(x) lies. Then randomize among the points in S”(z),
so that the correct mean increment db(x) is attained. The assigned weights
are the transition probabilities for this first step. Now, add the noise. For
each z € S"(x), construct an approximation that is locally consistent with
o(z)[w(nd + 0) — w(nd)]. This two-step process yields the transition prob-
abilities for the point x. A two-step procedure was described for simplicity
of explanation. If it is not too difficult, it would be preferable to approxi-
mate the transitions in one step. If the observations are taken continuously,
then the form based on (4.11) can still be used, where the observations are
incorporated at intervals that go to zero as § — 0.

The simplest Markov chain approximation is that where the transitions
are local, such as that given by (5.2), which were designed for the control
problem. If At"(-) is the constant A", then iterating the one-step transition
probability §/A" times yields an approximation to that of (4.11). A more
direct use of (4.11) could simplify the computations, depending on how it
is carried out. One would try to precompute as much as possible, keeping
in mind the tradeoff between accuracy of the approximation and the com-
putational and coding requirements. The use of smaller values of § and h
would yield a better approximation to the solution of the Kolmogorov for-
ward equation, but owing to the “corrective” effects of the observations, the
filtering algorithms are often forgiving of the use of cruder models for the
dynamics.

7 Robustness of the Approximating Filters

The mathematical theory of nonlinear filtering with continuous-time obser-
vations depends on the fact that the observation noise is “white—Gaussian.”
Even if the physical observation noise is a wide-bandwidth process, due to
its simplicity and to the fact that the probability law of the true observation
noise process might not be known, one is tempted to use a form of the filter
that is derived under the white noise assumption. Such a filter is appealing
since it yields a reasonable algorithm, even if it is not optimal. The inter-
pretation of the result and whether “correction” terms are needed depends
on the type of approximation that is used, and many of the important issues
are discussed in [29, 32]. The form (6.5) is continuous in y(-) (uniformly in
each bounded set, in the sup norm sense on any bounded interval), since for
each h, £"(.) is piecewise constant. But the uniformity of the continuity in
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h is not a priori evident. To be of genuine value, the continuity should be
uniform in h.

Let us return to (2.5) and suppose that the first and second order partial
derivatives of g(-) are bounded and continuous. Then, with probability one,
(2.5) can be rewritten as

Eip(x(t))
_ Ep(a(1) exply'(H)g(2(1)) — 0 ¥ (wdg(#(w) = § fy |g (@ (u Qdu]'
Eq exply' (1)9(2(1) — Jo v/ (u)dg(i(u)) — 2fo |9(%(w))|*du] )

Clark [11] showed that (7.1) is locally Lipschitz continuous in y(-) at each
y(-) € C™[0,T], for each T' < oo, and gave a PDE whose solution is the right
side of (7.1) for any continuous y(-). Since this solution is (2.5) (with prob-
ability one) if y(-) were defined by (2.2), we would then have a continuous
function of y(-) which can be said to be an approximation to the optimal
filter, even if wy(+) is only an “approximation” to a Wiener process, and the
filter might be far from optimal under the actual observation noise. It is of
greater interest to know whether the numerical approximations are robust
in the observation noise. This will be seen to be true and the continuity will
be uniform in the approximation parameter.

Return to the form (4.2), suppose that g(x"(-)) has a well-defined differ-
ential, and that that by a partial integration, we can write (4.2) as

F (6,y()) = B ¢("(t))
_ Ep(a" (1)) exply (g (=" (1)) — ( )dg( 2 5 Jo lg(a" () Pdu]
Eq exply' (1) g(a"() — [ ¢/ U)) — 3 Jo lo(a(u ))IQdU]

(7.2)

The partial integration can be done if 2" (+) is piecewise constant for each h.
Decompose the bounded point process g(z"(-)) into the sum of a bounded
martingale and predictable projection processes as g(z"(t)) = M"(t)+T"(¢).
Assume the following conditions, which will be seen to hold for g(£"(-)).
Suppose that, for each T' < oo, there are C;(T) < oo such that for all h > 0

E )Mh(T)‘Q <C\T), E [/Ot ‘dl‘h(s)‘r < Oy(T). (7.3a)

Further, suppose that for each bounded set S of functions ¢(-) € C™[0, T,
there are C;(S,T) < oo such that, for all h and t < T,

Eexp [ /0 t q/(s)th(s)} +Eexp [ /0 t q’(s)dfh(s)] < C3(S,T).  (7.3b)
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Instead of (7.3b) we could use, for all h and t < T,

E exp [ /0 t q'(s)dg(xh(s))} < C4(S,T). (7.3¢)

Define ||y||r = sup;<r |y(t)|. The theorem implies that the convergence in
Theorem 4.1 is w.p.1.

Theorem 7.1. For each T > 0 and bounded set S C C™][0,T] there is
K(S,T) < oo which does not depend on h or ¢(-) (for all ¢(-) bounded by
the same constant) such that, for f(-) and f(-) € S andt < T,

6, £() = Fro. fO) < K1) [r0 = F0)| - )

Proof. We only need to show that there is K71(S,T) < oo, depending only
on S and T, such that, forall A >0 and t < T,

appa><<» /f<> —(/W Wt
exp [0 /f )= [ lota )P
< K((5,T) Hf

E

(7.5)
We can drop the —3 fo lg(x"(u))|?du term, since g(-) is bounded. Then,
using the inequality (4 5), we have the following upper bound for (7.5):

EHﬂw—fwyﬁﬂu»—éﬁﬂw—fwﬂdmﬂw»
« [e[f/(t)g(zh(t))*f(f Fiwdg(a"w)] 4 o[F (D" ( )=y F'(w)dg(a h(ﬂ))]} )

To prove (7.5) using the above bound, we need only show (7.6) and (7.7),
where h is small and ¢(-) € S’, an arbitrary bounded set in C™[0, T

2

sup B / ¢ (u)dg(a"(w))| < Ka(T)lla()l[7, K2(T) < oo, (7.6)
t<T 0
t
sup sup Eexp [/ q’(u)dg(mh(u))] < K3(T,S") < cc. (7.7)
q()es t<T 0
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It is sufficient to let ¢(-) be real-valued. (7.7) follows from either (7.3b) or

(7.3¢). The inequality (7.6) will be verified by using
t T 2 t
h I? " (u u h(u
/0 q(u)dg (" (u)) §2||q()”TE|:/O |l ( )I] +2IE‘/O q(u)dM ((; :

By the martingale calculus [18, 22], the second term on the right is bounded
by 8]lq(-)||>-E[M"(T)]?. Then use (7.3a) to complete the proof. B

2 2

E

Verification of the conditions for the Markov chain approxima-
tions. Theorem 7.1 holds for all of the forms that were discussed in the
previous section We will work with ¢"(-) with (5.1) holding and where
At"(z) = A", a constant, which will be seen to assure (7.3). For simplicity,
let g(-) be real-valued. The proof in the other cases is similar, including
the case with jumps. Suppose that g(-) is bounded and continuous, together
with its partial derivatives up to second order.

The process £"(-) is right-continuous and we have the decomposition
into a martingale and predictable projection: g(¢"(nAh)) = M"(nA") +
I'(nA"). By the definition of the predictable projection,

I (A" + A — DA = 37 9@ - g(€h)| P (€0 7). (79)

T

A Taylor series expansion and (5.1) shows that (7.9) is O(A"). Hence (7.3a)
holds for the predictable projection. We have

M"(nA" + A"y — MM (nAM)
= [o€h0 — 9] = X [s@ - g et T

T

That (7.3a) holds for the martingale term follows from this form and (5.1).
To prove (7.3c), it is sufficient to work with real-valued ¢(-) and

[t/AM -1
E J[ eaMloi-oe], (7.11)
n=0

Let Eﬁ = expectation given the data up to and including step n. We have
n h h
Eheand otehD-9en] <1 + q(nAMED [g(¢h ) — g(M)]

+o*(nAMEL [g(¢ly1) — g }iﬂl |\T||g<>|ul—2' (7.12)

=2
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A second-order Taylor expansion of [g(¢",,) — g(¢P)] and (5.1) yields that

(7.12) is bounded by eA"C for some constant C which is bounded on each
bounded ¢(-)-set. Using this estimate recursively in (7.11) yields (7.3c).

8 Assumed Form of the Conditional Density

In this and in the next section, a very different approach to the approxi-
mate nonlinear filter is taken. We are no longer interested in convergent
approximations to the conditional density. Interest is confined to heuristic
approximations of the first few conditional moments only. This is done by
assuming a parametrized form for the conditional density and, with this
form, evaluating the evolution of the parameters. Most typically one sup-
poses that the conditional density is Gaussian, and under this assumption
the equations of evolution of the conditional means and covariances are ob-
tained. The approach originated in [25] and has been in common use since
then.® See, for example, the references in [1, 8, 20], The procedure is intu-
itively reasonable, although here is no mathematical justification for it. But
numerous examples have shown that it can be a powerful tool for obtaining
good nonlinear filters.

Observations taken continuously in time. Let us first consider the

model (2.1), (2.2), so that we are observing continuously in time, and wish

to estimate the moments continuously in time. Define m;(t) = E.x;(t),

mij(t) = Ee(zi(t) — mi(t))(z;(t) —m;(t)), and let m(-) and M(-) denote the

vector and matrix, resp, of the components. Equation (2.7) yields
dm;(t) = Eb;(x(t))dt

+ (Eeai(t)g(x(t)) — Eeg(a(t))mi(t)) (dy(t) — Erg(x(t))dt).

Letting £ now denote the differential operator of the pair (z(-),m(:)), the
equations for the m;;(-) are

dimis(£) = BoL(ai(t) — my () (a;(£) — my (£))
+ (GY(t) = Eug(a(t))mi; (1)) (dy(t) — Erg(a(t))dt) ,

where GO)(t) = Ex(w:(t) — ma (1)) (x;(t) — my(0)g(x(1))-
5The main motivations for the use of Gaussian approximating densities are the relative

numerical simplicity, that it captures the main effects in many problems, the guidance
supplied by the linear problem, and that it “works” in applications.

(8.1)

(8.2)
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An assumed Gaussian form for the conditional density. The (condi-
tional expectations in (8.1) and (8.2) are with respect to the true conditional
distribution, which we do not know and the computation of which we wish to
avoid. So we make the purely heuristic assumption that it has a particular
parametrized form, and then estimate the parameters under this assump-
tion. In principle any density can be used, provided that it is determined
by a finite number of parameters. The simplest and most widely used form
is that of a Gaussian distribution, even though it is not in general the form
of the true conditional density,

Let IN(m, M)(-) denote the Gaussian density with mean m and covari-
ance M. Define the operator E; by E;f(z(t)) = [ f(z t), M(t))(x)dz.
Then (8.1) and (8.2) are replaced by the followmg heurlstlc approximations:

dm;(t) = Ebi(x(t))dt + (Gi(t) — G(t)mi(t)) (dy(t) — G(t)dt),  (8.3)
where

G(t) = Exg(x(t), Gilt) = Eai(t)g(x(t)). (8.4)

Recalling that £ now denotes the differential operator of the pair (z(-), m(-)),
the approximating equations for the m;;(-) are

dmi;(t) = EeL(xi(t) —mi(1))(x;(t) — my;(t))dt
+(Gij(t) — G(t)my; (1)) (dy(t) — G(t)dt).
Gij(t) = Ev(xi(t) — mi(t))(z;(t) — m;(t))g(z(1)). (8.6)
An alternative to the use of the Gaussian distribution is to assume that

the conditional density has the form of a Gaussian mixture of fixed finite
order such as

(8.5)

K

1 /
Zai (@n)/2 W2 1L exp|[—(z —my) M;~! (x —m;)] Zal =1,0; > 0.
i=1 i

Updating the {m;, M;} is straightforward since one works with each compo-
nent at a time. Updating the weights {a;} is more complicated. In principle
it would seem preferable to use such an assumed density that allows for
greater flexibility, although at this time the class of problems for which the
greater numerical complexity is justified by clearly better results is not clear.
The Gaussian mixture form is discussed in [1, 20] and in some of their ref-
erences, where methods for updating the weights are given. The reader is
referred to these references for further information.
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Example where an exact integration is possible. The integrals in
(8.3)—(8.6) need to be evaluated. This can sometimes be done exactly, with-
out approximation; for example, where b(-),a(:) and g(-) are polynomials.
This was the case for the example in [25], where the signal process was
defined by the noiseless Van der Pol equation:

dxy = xodt, dro = —x1+ exa(l — :U%)a € >0,

dy(t) = x1(t)dt + dwo(t).

The example was selected since the dynamics have both fast and slow parts
and provided a good illustration of the quality of the method. Since the odd
central moments of a Gaussian distribution are zero, we have

G(t) = mi (t), Gj (t) = mlj (t) + mq (t)mj (t), Gij (t) = mi (t)mij (t),

E L (t) = bi(z(t)) = ma(t),

E\Ls(t) = Epbo(z(t)) =
—my(t) + ema(t) — € [2mq () mia(t) + ma(t) (ma1(t) + mi(t))] .

The filter is

dmy = madt + my1(dy — mydt),
dmo = Etb2($(t))dt + mlg(dy — mldt),

. 2
mi1 = —mj; + 2mq2,

. 2

miz = —M11Mmi2 + Moz — M1 — € (*m12 + mi112 + migmy + 2m11m1m2) )
. 2 2

Moy = —Miy — 2m12 — 2¢ (—m22 + my122 + mimaa + 2m1m2m12) .

By the Gaussian assumption, the higher moments are
mi122(t) = mi1(t)maz(t) + 2maz(t), mini2(t) = 3mai(t)maa(t).

In this example, the observation terms in the equations for the second mo-
ments turn out to be zero, due the fact that the third central moments are
zero (due to the Gaussian assumption) and g(z) = ;.

The differential equations for the approximations would have to be solved
numerically. When there is an observation term, as in the equations for the
m;(+), one would have to use one of the pathwise approximation methods
of [21]. Generally we can use the simplest one, the discrete-time (Euler)
scheme. Numerical data is given in [25], where it is seen that the tracking is
good. For such examples, the extended Kalman filter performs very poorly.
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Observations at discrete times. If the observations are taken at times
tiyi = 1,2,..., then between the observations use (8.3)—(8.6) with the ob-
servation term deleted. Methods of incorporating the observation will be
discussed below.

Numerical evaluation of the integrals with respect to the Gaussian
kernels. The integrals (i.e., the moments) in the above example could be
evaluated exactly since the dynamical and signal functions were all polyno-
mials. If an exact evaluation is not possible, then some form of numerical
quadrature is required. Owing to the Gaussian assumption the most natural
form is based on the Gauss-Hermite quadrature formulas, and a brief review
of this method will be given next.

Numerical quadrature formulas. The theory of Gauss-Hermite quadra-
ture is concerned with the numerical approximation of integrals of real-
valued functions of a real variable with respect to a Gaussian kernel of the

type

L /OO f(x)e_IQ/gdx = zﬂ:w-f(t') + error (8.7)
Vo | = 2w | |

For each order p, the points {t;,i < u} and weights {w;,i < u} are chosen
such that the integral is exact if f(-) is any polynomial of degree < 2u — 1.
The points {t;} are symmetric about the origin and the weights satisfy
w; > 0,>, w; = 1. They are equal for ¢ and —t.

In lieu of (8.7), the numerical analysis literature uses the form

0o 1
/ f(z)eiﬁdz ~ Z fzw, (8.8)
o i=1

in which case the z; are the zeros of the uth order Hermite polynomial H,,(-)
(with leading coefficient 2#) [12] and the weights are

wi = 2/ [ Hy (20)].
With the form (8.8) and u = 3, the z; and w) are [33, page 508]
{(z1,w))} = {(0, 1.1816), (£1.2247, .2954)}.
For p = 5 they are

{(z;,w))} = {(0,.9453), (+.9586, .3936), (+2.02,.01954)}.
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Furthermore, if f(-) is a function with continuous derivatives up to order
2u, then the error for the form (8.8) is bounded by
p/T
20 (2u)!
To adapt the published formulas and values to the form of the Gaussian
kernel that is used in (8.7), we need do a linear transformation to get
t; = V22, w; = w!/\/7. In what follows, (8.7) will be used to approximate
integrals of functions with respect to Gaussian kernels.
Now suppose that z is vector-valued, of dimension r > 1. Then the
simplest procedure is to use the product formula

1
2m)/? Jrr

),  some £ € (—00,00). (8.9)

Iz Iz
(113)6_|x|2/2d[13 ~ Z co Z Wiy -+ wirf(tilv ‘e -tir)~ (810)
=1 =1
The formula is exact for polynomials that are of order at most 2u — 1 in
each variable. An error bound can be obtained from (8.9). More efficient
approximations for functions that are well represented (in the region of most
mass of the kernel function) by polynomials whose total order is < 2u — 1
and that are not based on product rules can be found in [37]. The product
rule (8.10) will suffice for our purposes.
Now, for 3 positive definite and symmetric, consider the integral

1 Nl
—(z—2)'% (m—x)/Qd 811

Factor ¥~! = §'S and define z = S(x — z), yielding the equivalent form

1 1L, Ay a—|2?)2 -1 ~
1yeeelr
(8.12)
The choice of factorization method depends on the problem, with accuracy
vs computational time being the main considerations. See [3] for a discussion
of various factorization methods.

Evaluating the integrals in (8.3)-(8.6). Suppose that the observations
are taken at the discrete times ¢;,% = 1,.... Then, if an exact evaluation is
not possible, for a discretization interval §, between observations one could
use the discrete-time approximation®

Es¢(x(l6 4 6)) = Eisd(x(15)) + 0Ers Lo(2(16)). (8.13)

5This is the simplest method for approximating the solution of a differential equation.
Higher order methods could be used whenever the results are worth the extra computa-
tional requirements.
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If the observations are taken in continuous time, then one could partition
the updating procedure by first updating the effects of the dynamics as in
(8.13), and then incorporating the observation (2.3a) by one of the methods
in the next section.

The general approach for updating the approximations of the moments
between observations is the following. The observations taken at times ¢;,7 =
1,2,..., where the t; are assumed to be integral multiples of § > 0 and have
the form

Yn = g(x(tn)) + v (8.14)

where the {v,} are iid, normal, with covariance I and independent of ().
Between observations, update the means and covariances by using

Mmses = mys + 0 / b(x)N(mys, Mis)(x)dx, (8.15)

Misis = /[96 + 0(x)d — mysis][x + b(2)d — mysys) N(mysys, Mis)(x)da

(
+5 [ a)N s 5, Mis) ()

(8.16)
with the Gauss-Hermite quadrature rule (8.12) used if the integrals cannot
be evaluated exactly. This is the form used in [25] and [20] and is alge-
braically equivalent to the form in [1]. If some of the components of b(-)
or o(-) are either constant or linear in z, then the integrals can be partly
precomputed.

9 The Observation Step

From a numerical perspective, incorporating the observation is more difficult
than the updating between observations. Two approaches will be discussed.
The first uses quadrature rules directly to evaluate the Bayes’ rule formula,
and the second is based on a type of local linear approximation, with a least
squares estimate of the coefficients. W.l.o.g, and for notational simplicity, we
continue to suppose that the covariance matrix of the observation noise is the
identity. Let m,,, M, denote the values of the estimates of the conditional
mean and covariance just before the nth observation y, is taken, where y,
is defined by (8.14). Define the (unnormalized) Gaussian density function

In(z) = expl~|yn — g(2)[*/2]. (9-1)
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Given the new observation y,,, we would like to compute the updated values
of the approximations to the mean and covariance, which we write as

my = 1 /:c[n(:c)N(m;,MJ)(x)d:c,

Cn

M, = — /(aj —mp)(z —my) I (x)N(m,, , M, )(x)dx,

Cn

(9.2)

where ¢,, is the normalizing constant

%:/M@mewwx

Approach 1. An iterative centering method for the Gaussian
quadrature. A potential difficulty arises when the center point of the
kernel I,,(x) is not close to m, . For example, consider a two-dimensional
case where g(z) has the form go(z1 — z2), and which is illustrated in Fig-
ure 1. The upper ellipsoidal contours are those of N(m,, , M, )(-), the lower
ellipsoid lines approximate the contours of I,,(-), so that there is not much
“overlap” in the parts of greatest mass of the two densities. When applied
directly, the numerical quadrature formulas might give poor results unless
the degree p is large. The problem can be partially alleviated by the fol-
lowing iterative centering procedure which attempts to alter the kernels to
improve the centering, and which worked very well in the examples in [8].

=

Figure 1: An example of poor alignment of the prior and observation kernels.

We seek a good centering kernel N(py,, P,)(+), with which we rewrite (9.2)

I(x) f(2)N(m,, , M, )(x)
/ [ N(pn, Pn)(z) N(pn, Po)()dz, (9.3)

for appropriate f(-). The form (9.3) will be used to evaluate (9.2). In (9.3)
the term in brackets is the function whose integral with respect to the kernel
N(pn, Py)(z) is to be evaluated. Since the integral will not be evaluated

as
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exactly, but the quadrature rules will be used, the two N(p,,, P,,)(x) will not
necessarily cancel each other. The analogous remark holds for the forms
(9.4) below.

The values of the p,, P, in the centering kernel will be obtained by an
iterative procedure. Start by defining ¢, 0 = ¢n, pno = m,,, Pno = M,, . and
let ¢y k, Pk, Pn i denote the kth estimates, obtained from

[ [Iae)g, My ) (2) . )
Cn,k—/ |:N(pnk L nk 1)(33):| (pn,k—lupn,k—l)( )d s (94 )

_ [ [In(z)2N(m,, M) (x) e
Pn,k—/[N(pnk L Por 1)(x)] N(pn k-1, Pojp—1)(x)dz, (9.4b)

Pn,k:

/ [In@cxx — pug) (& = pup) N, My
N(pn,kflv Pn,kfl)(x)

W)] N(pms_1, Pax_1)(@)da.
(9.4¢)

The integrals in (9.4) are evaluated using the Gauss-Hermite quadrature
rules. First center and diagonalize the kernel N(py k—1, Ppx—1)(z) by the
transformation z = [ank_l]l/Qt + P k—1 to get, for example,

(P2 t+ prp_1)N(ms, MY (PY2 t+ ppe
cﬂ,k—/ Ut ¥ PN )Frpst + Pui-y N(0, I)(t)dt,

N(0, I)(t)

and so forth, and then use (8.10). For the quadrature, use order g, which
might not be p. The value of ug depends on the degree to which the kernels
can be “aligned.” In the four-dimensional example in Section 10, the inte-
grations were reduced to ones in two dimensions using the precomputation
method of the next paragraph, and an 8 x 8 grid could not be much im-
proved on. The iterative method seems to be very stable and can improve
the estimates considerably. But it is a heuristic procedure. In all cases in
[8], the improvement was negligible after 4 iterations.

Simplification by precomputation. The function g(-) generally depends
on only a few of the the state components. This can be used to reduce
the dimension of the space in which the numerical integration is done, via
analytic computations of conditional expectations of Gaussian random vari-
ables. To illustrate the idea, suppose that g(-) depends on the first [ < r
components of . Then I,,(x) only depends on the first [ components of =,
and the integrations in (9.2) can be reduced to integrations over R!, which
simplifies the remaining computation via Gauss-Hermite quadrature.
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In more detail, let X = (X7, --- X,) € R" have the distribution IN (u, P)(-),
and let z be the generic point in R!. Consider the integral

/T i1 Ly () IN (p, P)(x)dx.

By taking conditional expectations it can be rewritten as

EL(X1, -, X)X = E (X1, , X)) E (X1 X, -+, X7)]
= EIn(Xl, cee ,Xl)[ale + - 'ale]

(9.5)
= /z In(z)(a121 + - - - ayz) IN (ponr, P y) (2)dz,
R

where IN(ptnr, Pny)(-) is the marginal distribution of (Xi,---,X;). The
value (a121+- - - a;2;) is the conditional expectation of X1 given (X1,..., X;)
= (z1,...,2), and ay, - - -, a, are functions of (uy, P,). In a similar manner,
all the integrals involved in (9.2) can be easily rewritten as integrals of func-
tions of z1,...,z;,

Approach 2. Least squares approximations. The approach taken
by [1] yields the same formulas as that of [20], although they are derived
slightly differently. The approximation of the updated mean and covariance
is based on the minimization of linear least squares errors, given the new
observation. Let us start by recalling a result for a linear and Gaussian
problem. Define y = Hx + v, where v and x are mutually independent and
normally distributed, with v having mean zero and nondegenerate covariance
R, and z having mean p~ and covariance P~ = P,,. Define the mean
y = Ey = Hp~. Define p = E[z|y],P = cov[z|y] and the covariances
Py, =cov(y) = HPyeH' + R, Ppy = cov(z,y) = E(x — p~ )(y —y) = PyyH'.
Then

p=p +Wy—-19),

W = Py [Py ™", (9.6)

P:mepa:y[Pyy]inggy-

This is also a minimal linear least squares estimator, given the initial mean
and covariance.

Now return to the nonlinear filtering problem and, since we are only
interested in the final formulas, consider the procedure of [20]. Let the
nth observation be y, = g(zy) + vy, where z, = z(t,), be taken at time
tn, and (before the observation is taken) let z, have conditional mean m,,
and covariance M, . For notational simplicity and consistency, let v, have
covariance I. The procedure for incorporating the observation works as
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follows. Write g, = g(x,). First approximate the conditional mean (given
the data to just before the nth observation is taken) of g, by the Gaussian
approximation

G = / g(@)N(m;, M) (x)d. (9.7)

Then approximate the covariance of g, by

Pongn = /(g(w) = 9n)(9(x) = gn)'N(m,,, M,,)) (z)d, (9-8)

and the conditional cross covariance between x,, and g, as:

Prn = [[(@ = m)o(e) = 0, Nomy M) @)z, (99)

Use the Gauss-Hermite numerical integration formula if necessary. Now use
the form (9.6) to update the conditional mean and covariance as:

My =My, + Wn(yn - gn)y
Wy = Py,g, [Pgngn + H]il ) (9.10)
M, = M;; — Py, g, [Pyrg + 17" P

Tndn'

Now, continue by computing the estimate m,, ,,, M, incorporate yn1,
etc. See the references for numerical examples.

10 A Numerical Example

An example and data from [8] will be given to illustrate Approach 1. The
data is for the four-dimensional model

dl’l (t) = xg(t)dt + edwl(t), dxg(t) = .T4(t)dt + €dw2 (t),

drs(t) = fi(x(t))dt + edws(t), dxa(t) = f2(z(t))dt + edwa(t),

where the {w;} are mutually independent Wiener processes and

—50x; 7 7
JE ol (Valrazey Hmmstmaazop

The model is supposed to represent a ship that is confined to move in a
constrained area. The position vector (z1,x2) and the associated velocities
are (x3,x3), resp. Whenever the ship’s position exceeds a radius of nine from
the center (gets close to a shoreline), there is a large force (acceleration)

fi(z) =
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that turns it away from the shore. The observations were taken at intervals
A = .05. The role of the indicator function I, 4,4 z00,>0) 1S to assure that
the corrective force is applied only when the distance is increasing, since (in
the absence of noise) z1z3 + Taxy = d[z} + 23] /dt.
First, suppose the “bearing only ” observation, a standard test case,
where
Y1,n = arctan [x2(nA)/x1(nA)] + sv1 p,

where the vy, are mutually independent, normally distributed, with mean
zero and variance unity, and independent of x(-). The values e = .32, s = .4
are used in the plotted data. Since the angles are measured in radians, the
noise is quite large.

Since the observations depend only on the two position coordinates, the
computation for the incorporation of the observation could be reduced to
one in two dimensions. The procedure of Approach 1 was used, with four
iterations and an 8 x 8 grid used for the numerical quadrature. The sample
path (x1(:),z2(+)) and the estimates (my(-),ma(-)) for the position coordi-
nates for a typical run are plotted in Figure 2. The initial point is in the
lower left hand quadrant and the path is that for 30 units of time. The
tracking is very good. The average sample values of the mean square path
errors were close to the values of the mean of the M;;(-),i = 1,2, a further
indicator of the quality of the approach.

e =0.4,s=0.32, 8*8 grid

15 T T T I T T T]
i "Signal" -----
10 - i "Estimate" —— _|

-10 | .

-15 by ! ! | ! 1 1

Figure 2: NLF, Angle observation.

Now let us add an observation of the range, y2.,, = v/27(nA) + 23(nA)+
sv2 n,, where the {vy,,} are mutually independent, normally distributed with
mean zero and variance unity, and independent of the other processes. As
seen in the typical Figure 3, the tracking of the position coordinates is
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excellent. Comparing (via simulations) the results with those for all of the
current forms of the particle method, showed that the latter method required
so many points to get reasonable results, that it was not competitive as a
real-time procedure.

Numerical examples based on Approach 2 can be found in [1, 20]. Ap-
proach 1 uses a more direct approximation, without the intermediate “mean
square” approximation step, so that one might initially expect that it would
be better, although it involves more computation. However, to date, there
are no definitive numerical or mathematical comparisons of the two ap-
proaches. Each does well on the class of problems to which it has been
applied in the references. The versions of each of the approaches that were
discussed are only one form of the possibilities. It is important to keep in
mind that there are numerous variations of the general ideas. For all of the
examples in the references, the extended Kalman filter was unstable and
gave very poor results.

e =0.4,s=0.32, 8*8 grid

15 T T T T T T T_]
: "Signal" -----
10 . "Estimate" —

-15 ClL | | I | | 17

Figure 3: NLF, Angle-Range observation.

References

[1] I. Arasaratnam, S. Haykin, and R. J.Elliott. Discrete-time nonlinear filtering
algorithms using Gauss-Hermite quadrature. IEEE Transactions, 95:953-977,
2007.

[2] Y. Bar-Shalom and X.R. Li. Estimation and Tracking: Principles, Techniques
and Software. Artech House, Boston, 1993.

[3] G. J. Bierman. Fuactorization Methods for Discrete Sequential Estimation.
Academic Press, New York, 1977.

35



[4]
[5]

[6]

[10]

[11]

P. Billingsley. Convergence of Probability Measures. Wiley, New York, 1968.

A. Budhiraja and H.J. Kushner. Approximation and limit results for nonlinear
filters over an infinite time interval. SIAM J. Control Optim., 37:1946-1979,
1999.

A. Budhiraja and H.J. Kushner. Robustness of nonlinear filters over the infinite
time interval. SIAM J. Control Optim., 37:1618-1637, 1999.

A. Budhiraja and H.J. Kushner. Approximation and limit results for nonlinear
filters over an infinite time interval: Part II, random sampling algorithms.
SIAM J. Control Optim., 38:1874-1908, 2000.

A. Budhiraja and H.J. Kushner. A nonlinear filtering algorithm based on
an approximation of the conditional distribution. IEEE Trans. Automatic
Control, 45:580-585, 2000.

A. Calzolari and G.Nappo. A filtering problem with counting observation:
approximations with error bounds. Stochastics and Stochastics Reports, 57:71—
87, 1996.

A. Calzolari and G.Nappo. Robust approximation in a filtering problem with
real state space and counting observation. Appl. Math. and Optimization,
42:51-71, 2000.

J.M.C. Clark. The design of robust approximations to the stochastic different
equations of nonlinear filtering. In J.K. Skwirzynski, editor, Communication
Systems and Random Process Theory. Sijtoff and Noordhoff, Alphen aan der
Rihn, 1978.

P.J. Davis and P. Rabinowitz. Methods of Numerical Integration, Second FEd.
Academic Press, New York, 1984.

G.B. DiMasi and W.J. Runggaldier. Approximations and bounds for discrete
nonlinear filtering. In Lecture Notes in Control and Information Sciences,
pages 191-202. Springer-Verlag, Berlin and New York, 1982. Vol. 44.

G.B. DiMasi and W.J. Runggaldier. On robust approximation in nonlinear
filtering. In Lecture Notes in Control and Information Sciences, pages 179—
186. Springer-Verlag, Berlin and New York, 1982. Vol. 43.

G.B. DiMasi and W.J. Runggaldier. An approximation for the nonlinear fil-
tering problem, with error bound. Stochastics, 14:247-271, 1985.

J.L. Doob. Stochastic Processes. Wiley, New York, 1953.
E.B. Dynkin. Markov Processes. Springer-Verlag, Berlin and New York, 1965.

R. Elliott. Stochastic Calculus and Applications. Springer-Verlag, Berlin and
New York, 1982.

S.N. Ethier and T.G. Kurtz. Markov Processes: Characterization and Con-
vergence. Wiley, New York, 1986.

36



[20]
21]
[22]
23]
24]
[25]
26]
[27)
28]

[29]

[30]

[31]

K. TIto and K. Xiong. New gaussian filters for nonlinear filtering problems.
Submitted to IEEE Trans. Automatic Control, 1997.

P.E. Kloeden and E. Platen. Numerical Solution of Stochastic Differential
Equations. Springer-Verlag, Berlin and New York, 1992.

H. Kunita and S. Watanabe. On square integrable martingales. Nagoya Math.
J., 30:209-245, 1967.

T.G. Kurtz. Approzimation of Population Processes, volume 36 of CBMS-NSF
Regional Conf. Series in Appl. Math. STAM, Philadelphia, 1981.

H.J. Kushner. On the differential equations satisfied by conditional probability
densities of Markov processes. SIAM J. on Control, 2:106-119, 1962.

H.J. Kushner. Approximations to optimal nonlinear filters. IEEE Trans. Au-
tomatic Control, AC-12:546-556, 1967.

H.J. Kushner. Dynamical equations for nonlinear filtering. J. Differential
FEquations, 3:179-190, 1967.

H.J. Kushner. Probability Methods for Approximations in Stochastic Control
and for Elliptic Equations. Academic Press, New York, 1977.

H.J. Kushner. A robust discrete state approximation to the optimal nonlinear
filter for a diffusion. Stochastics Stochastics Rep., 3:75-83, 1979.

H.J. Kushner. Nonlinear filtering for singularly perturbed systems. In
E. Mayer-Wolfe, E. Merzbach, and A. Shwartz, editors, Stochastic Analysis,
pages 347-369. Academic Press, New York, 1991.

H.J. Kushner. Heavy Traffic Analysis of Controlled Queueing and Communi-
cation Networks. Springer-Verlag, Berlin and New York, 2001.

H.J. Kushner and P. Dupuis. Numerical Methods for Stochastic Control Prob-
lems in Continuous Time. Springer-Verlag, Berlin and New York, 1992. Second
edition, 2001.

H.J. Kushner and H. Huang. Approximation and limit results for nonlinear
filters with wide bandwidth observation noise. Stochastics Stochastics Rep.,
16:65-96, 1986.

P. K. Kythe and M.P. Schiferkotter. Handbook of Computational Methods for
Integration. Chapman and Hall, London and New York, 2004.

R. Liptser and A. N. Shiryaev. Statistics of Random Processes. Springer-
Verlag, Berlin and New York, 1977.

G. Pages, H. Pham, and J. Printems. Optimal quantization methods and
applications to numerical problems in finance. In S. T. Rachev, editor, Hand-
book of Computational and Numerical Methods in Finance, pages 253-297.
Birkhauser, Boston, 2004.

37



[36] A.N. Shiryaev. Stochastic equations of nonlinear filtering of jump Markov
processes. Problemy Peredachi Informatsii, 3:3-22, 1966.

[37] A. H. Stroud. Approzimate Calculation of Multiple Integrals. Prentice-Hall,
Englewood Cliffs, NJ, 1971.

[38] H. Tanizaki. Nonlinear Filters: Estimation and Applications. Springer Verlag,
Berlin and new York, 1996.

[39] W.M. Wonham. Some applications of stochastic differential equations to op-
timal nonlinear filtering. SIAM J. on Control, 2:347-369, 1965.

[40] M. Zakai. On optimal filtering of diffusion processes. Z. Wahrsch. verv.
Gebeite, 11:230-243, 1969.

38



