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ON UNIQUENESS OF BOUNDARY BLOW-UP SOLUTIONS OF
A CLASS OF NONLINEAR ELLIPTIC EQUATIONS

HONGJIE DONG, SEICK KIM, AND MIKHAIL SAFONOV

ABSTRACT. We study boundary blow-up solutions of semilinear elliptic equa-
tions Lu = ui with p > 1, or Lu = e** with a > 0, where L is a second order
elliptic operator with measurable coefficients. Several uniqueness theorems
and an existence theorem are obtained.

1. INTRODUCTION

Let Q be a bounded domain in R™, where n > 2, and let 92 denote its boundary.
We consider operators L of the form

62
8:1?1'8213j + (ZZ?) 821?1 B C(ZE)
whose coefficients a/, b, ¢ are assumed to be measurable functions on R” and satisfy
(1) a = a’t, Z(bi)QSK, 0<c<K

2

L=a"D;; +b'D; — c = a" ()

for some fixed constant K > 0. We also assume that the principal coefficients a*
satisfy the uniform ellipticity condition; i.e., there are constants 0 < A < A < 400
such that for all x € ), we have

(2) AP < a¥(x)6g; < A€, Ve e R

Here and throughout the article, the summation convention over repeated indices
is enforced.
In this article, we study the problem

(3) Lu(z) = f(u(z)) for ze€Q,
(4) u(r) = +oo as d(x):=dist (z,00) — 0,

where f(t) =t = {max(¢,0)}? with p > 1, or f(¢) = e*. Solutions of the problem
@), @) are called boundary blow-up solutions, or large solutions.

Problems of this type have been studied by many authors. Bieberbach (1916)
considered the equation Au = e when n = 2, in connection to a problem in
Riemannian geometry. Later, Loewner and Nirenberg (1974) studied the equation
Au = uf”)/ (n=2) (n > 2), which arises in conformal differential geometry. The
problem (B), @) is also related to probability theory. The equation Lu = v’} , 1 <
p < 2, appears in the analytical theory of a Markov processes called superdiffusions;
see e.g. Dynkin (2002). By using the potential theory, Labutin (2003) recently gave
a necessary and sufficient Wiener type condition for the existence of boundary blow-
up solutions to Au = v’} with p > 1.
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If the domain 2 is regular enough (e.g. Q) satisfies an exterior cone condition),
and if the coefficients a® are Hélder continuous in €2, then existence of classical
solutions of the problem ), @) can be established by the method of supersolutions
and subsolutions together with uniform upper bound estimates of Keller (1957) and
Osserman (1957). In fact, Keller and Osserman proved existence of boundary blow-
up solutions of Au = f(u) for a much larger class of functions f including f(t) = e
and f(t) =t with p > 1; see, e.g., the above references for the details.

The question of uniqueness of boundary blow-up solutions has been studied by
many authors. In the case when the domain € is smooth (e.g. 2 is of C?), Bandle
and Marcus (1992, 1995) and Lazer and McKenna (1994) proved uniqueness of
solutions of the problem of ([B), @) for a class of functions f including f(t) = %
with p > 1 by analyzing the asymptotic behavior of boundary blow-up solutions
near the boundary.

Uniqueness of boundary blow-up solution in non-smooth domains was also stud-
ied by several other authors. Le Gall (1994) investigated the uniqueness of boundary
blow-up solution of Au = u? in non-smooth domains by means of a probabilistic
representation. Marcus and Véron (1993) proved the uniqueness of boundary blow-
up solution of Au = uP in very general domains for all p > 1, using purely analytical
methods. Quite recently, Marcus and Véron (2006) also proved the uniqueness of
blow-up solutions for equation Au = f(u) in bounded domains Q such that 9 is
a locally continuous graph, with convex f satisfying the standard Keller-Osserman
condition.

In the main body of this article, we do not impose any regularity assumptions
on the coefficients of operators L. In Theorem [3.I] we prove that if € satisfies “the
uniform exterior ball condition” (see below for its definition), then the problem (@),
@) with f(t) = ¢! has at most one classical (or strong) solution. A similar result
holds true for f(t) = e in a special case when ( is convex. Also, in Theorem [3.4]

we show that if f(t) =t} withpe (1,1+ ﬁ), where p = A/ > 1, and if 2

satisfies 92 = 99, then the problem (@), (@) has at most one classical (or strong)
solution. For the same f(t), by assuming certain regularity of a/, in Theorem [3.5]
we prove an existence and uniqueness result with p € (1,1+ %) In a special case
L = A, the results of Theorems [3.4] and are contained in Marcus and Véron
(1997), Véron (2001).

Our uniqueness results are based on the iteration technique, which appears in
the proof of Theorem Il For operators L with “good enough” (e.g. continuous)
coefficients, one can also use another iteration method, introduced by Marcus and
Véron (1998), with further development in Marcus and Véron (2004). In particular,
they proved (Theorem 3.2 in Marcus and Véron, 2004), that there exists one and
only one solution of the problem (@), @) in the case n =2, L = A, f(t) = ¢, 00 =
0. We could not get this result by our method. Roughly speaking, we need
the estimate e"* < Ne"2 near 9f) for any blow-up solutions u; and wug, while the
method in Marcus and Véron (2004) uses a weaker estimate u; < Nug near 9S).

The remaining sections are organized in the following way. In Section 2l we
give definitions and state some preliminary lemmas. We state the main results in
Section [3] and prove them in Sections [4] and [l
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2. PRELIMINARIES

Definition 2.1. We say that ) satisfies the uniform exterior ball condition with
constants 01 € (0,1) and r; > 0, if for arbitrary 2 € 9Q and 0 < r < rq1, there
exists a ball B,(y) C By(z) \ Q with p = &;7.

Definition 2.2. We say that u € C?(Q) if u is twice continuously differentiable
in . We write u € VVfof (Q) (p > 1) if u is twice weakly differentiable and
Z\ﬁISQ fQ, }Dﬁu}p < 400 for all ¥ € Q. Here ' € Q means that ' is a bounded

open set such that its closure ' is a subset of €.

Definition 2.3. We say that u € VV;:(Q) is a solution of Lu = g if Lu = g a.e. in

Q. Similarly, if u € Wﬁ)cn(ﬂ), then Lu > g (Lu < g) in Q means Lu > g (Lu < g)
a.e. in Q.

By Sobolev imbedding theorem, we can always assume that functions in Wicn(ﬂ)
are continuous in Q.

Lemma 2.4. Let Q) C R" be a bounded domain and let f be an increasing function.
Assume that u,v € C2(Q) (or u,v € W2 (Q)) satisfy Lu > f(u) and Lv < f(v) in
Q. If liminf,_g90(v —u)(xz) > 0, then v > u in .

Proof. Suppose, to the contrary, that there exists xo € Q such that u(zg) > v(zo).
Then for sufficiently small € > 0, Q¢ = {u—v>e} # 0 and Q. C Q. The
function w := u —v —€ > 0 in €, and w = 0 on I,.. Since f is increasing,
Lw > f(u)—f(v) > 0in Q.. Then, the classical maximum principle (or Aleksandrov
maximum principle) implies w < 0 in Q; see e.g. Gilbarg and Trudinger (1983).
This contradiction proves the lemma. ([

Lemma 2.5. Let  C R be a bounded domain. If w € C2() (or w € W2 (Q))

loc

satisfies Lw > 0 in a non-empty subset ' = {x € Q : w(zx) > 0}, then I NN # (.

Proof. Otherwise, Q' C €, so that ' € Q and w = 0 on 9. Proceeding as in
the proof of Lemma 2.4 we get a contradiction. O

Lemma 2.6. Let Q@ = {z € R" : a < |z| < b}, where 0 < a < b < c0. Ifu(z) =
o(|x]) for some C? function ¢ : (a,b) — R, then, the Hessian D*u(zo) has eigen-
values ©" (r) with multiplicity 1 and @' (r)/r with multiplicity n — 1, where r = |xo|.
Therefore, if ¢" >0 and ¢’ <0, then

. — 1A
6) @ Dyuler) = (A Dulee)) 2 2e () + L)
T

for any symmetric matriz A = {a"”} whose eigenvalues belong to [\, A].

Proof. Tt is a straightforward computation. O

3. MAIN RESULTS

Our first two results are about the uniqueness of solutions under the general
assumption that the coefficients a*,b’, ¢ are measurable functions satisfying (),

@.
Theorem 3.1. Let f(t) =t with p > 1. Assume that Q is a bounded domain

satisfying the uniform exterior ball condition. Then there exists at most one C?(Q)
(or VVlQOCH(Q)) solution of the problem (3)), ().
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Theorem 3.2. Let f(t) = e* with a > 0. Assume that Q is a bounded convex
domain in R™, n > 2. Then there exists at most one C2() (or W22(Q)) solution
of the problem (@), [@).

Remark 3.3. Notice that if u is a solution to Lu = ¢** in §, then v(z) := au(z/+/a)
is a solution to
ELijDijv +b'Djv—cv=¢€" inaf,
where
a'(z) = a(x/Va), b(x)="b(z/Va)/Va, &x)=-clz/Va)/a.

Therefore, without loss of generality, we shall always assume a = 1 in the sequel.

In the next two results, we treat the problem @), @) with f(¢) = t” in more
general bounded domains €2 C R™. In the case L = A, these results are known
from Marcus and Véron (1997), Véron (2001).

Theorem 3.4. Ifp e (1,14 W), where 1 = A/X > 1, and 02 = 9Q, then
there exists at most one C%(Q) (or Wﬁ)cn(ﬂ)) solution of the problem (@), ).

Theorem 3.5. Suppose that p € (1,00) whenn =2, and p € (1, 25) when n > 3.
i) If a¥(x) are uniformly continuous in a neighborhood of 9S), and 9Q = 9,
then there exists at most one solution of the problem (Bl), ).
i) If ¥ are Holder continuous in Q, i.e. a” € CP(Q) for some 3 € (0,1), then

there exists at least one solution of the problem (B), ).

Remark 3.6. One can see from the proofs in the following two sections, that the
boundedness assumption of b*(z) and ¢(z) can be replaced by
' (2)] = o(d ™" ()), 0 < e(x) = o(d(x)).

Also, the uniform ellipticity of the principal coefficients a¥ is required only near
the boundary 012, as long as the weak maximum principle is valid in the entire
domain . Furthermore, if the boundary is smooth (say C?), it suffices to have L
to be nondegenerate only in the normal direction near the boundary, i.e. there is
a § > 0 such that for any xg € 002 we have aijuil/j > X in Bj(xg), where v is the
unit normal direction of 9 at xg.

Remark 3.7. Without much more work, Theorem [3.1] 3.2 and 3.4l can be extended to
fully nonlinear elliptic equations Flu] = v’} (or €*), where F[u] = F(x, u, Du, D*u)
and F(z,u,p,q) is a function defined on the set

:'=R" xR xR" x S".
Here S™ is the set of all symmetric n X n matrices, and F' satisfies the following
natural assumptions
MeP* < Fw,up,q+6€7) = Flx,u,p,q) < AJgP,
|F(x,u,p,q) — F(z,u,p1,9)| < K[p—pil,
—Ks< F(I,U+ Svpaq) - F(I,U,p,q) < 05 F(I,0,0,0) = Oa

for any (z,u,p,q) €T, s >0, p1 € R" and £ € R™. In particular, elliptic Bellman
equations supﬁ{Lﬁu} = uf (or ") belong to this class, where linear operators

LP = aff (x)Dy; + bjy()D; — cp(x)
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satisfy (1) and (2)) with same constants K, A\, A for all 5. Indeed, it suffices to notice
that under the assumptions above for any two given C? functions u,v, we have

Flu] — Flv] = L*"(u — v),
for some linear operator L*" = a% D;; +b'D; — ¢ satisfying assumptions (I]) and (2
(see, for example, Lemma 1.1 in Safonov, 1988). In particular, by choosing v = 0,
we get Flu] = L"u for some linear operator L.

4. PROOF OF THEOREMS [3.1] AND

Recall the notation d(z) := dist (x, 0Q). The following theorem is the main tool
of this article in obtaining the uniqueness results.

Theorem 4.1. Assume f(t) = t& with p > 1, or f(t) =e'. Let 8 =2p/(p— 1) if
ft) =t withp > 1, and B = 2 if f(t) = €. If ur,uz are C*(Q) (or W2 ()
solutions of the problem @Bl), @), both satisfying (i =1,2)

(6) Nid™P < flu)) < Nod™® in A, = {2 €Q:d(x) <p}
for some constants N1, No,p > 0, then uy = us in .

Proof. We first consider the case f(t) = ¢! with p > 1. Set v = 2/(p — 1) so that
B =~p=r~+2. Let ui, up be two different C2(€2) (or W2 ()) solutions of the

loc

problem @), @). By Lemma[24] they must be different in A,, and we may assume
that

(7) u2(zo)/u1(zo) >k for some xz9€ A, and k>ky>1.
Note that
L(ug — kuy) = f(u2) — kf(u1) > f(uz) — f(ku1) >0 in Q= {us > kuy}.

By Lemma applied to w =: ug — kuy, we have Q' N 9N # (. Therefore, xy can
be chosen arbitrary close to J€), and we may assume that

(8) B.(z9) €A, and K(2r+7r?) <A, wherer :=d(zg)/2.
The set Qo := {uz — kus > 0} N B, (z0) € Q. In N, we have r < d(z) < 3r, and
Lug — kup) = ub — ku? > (kP — k)u? > (kB™" = 1)ku? > cokr™?,
where ¢y 1= (kg_l — 1)37#N; > 0. On the other hand, the function
(9) w(z) = crkr P (r? = |z — x0|%), where ¢1 == co/(3nA),
satisfies
Lw > —clkr_5(2nA +2Kr + K’I”Q) > —cokr™® in B, (z0) D Qo.

Then the function wq := us — kuq +w sitisﬁes Lw > 0in g, and by the maximum
principle, it attains its maximum on )y at some point z; € 9. Note that x;
cannot belong to B, (xg), because on the set (0y) N B,(xp), we must have ugy =
kuy, which in turn implies w; = w < w(zg) < wi(xg) < wi(xy). Therefore,
x1 € 0By (x0), so that w(x1) =0, and
(10) (ug — kuy)(z1) = wi (z1) > wy(x0) > w(zo) = crkr? P = c1kr™.

Since d(z1) > r, from (@) it follows

fur(z1)) = ub(21) < Nod P (21) < Nor™P = Nor™ 7.
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This estimate together with (@), (I0) implies
ug(x1) > (1 + co)ku(xy), where ¢g := clNgl/p > 0.

Again, replacing x; by another point near 0f) if necessary, we may assume that
@, @) hold with (1 + ¢1)k,z1,r1 := d(x1)/2 in place of k,xzg, r respectively. By
iterating, we obtain a sequence {z; };’;0 C A, such that ua(x;)/ui(z;) > (1+c2) ko,
which tends to infinity. However, () implies ua/u; < (No/N1)Y/P in A,. This
contradiction proves that u; = us in Q.

Now we consider the case f(t) = e'. We proceed similarly as above. Let uy,us
be two different solutions of the problem (@), {@)). We may assume that

u2(zo) —u1(xo) >k for some zp€ A, and k>ky>0.

By Lemma applied to w := us — u1 — k, we may also assume that xq is chosen
such that (&) holds. Then

L(ug —up — k) > e"2 — et > (¥ — 1)e"t > czkr™2
on the set Qg := {ug — u1 > k} N B.(x0), where ¢3 := N1/9. On the other hand,

the function

2

w(z) = cakr 2(r? — |z — xo|?), where ¢4 := c3/(3nA) > 0,

satisfies Lw > —cskr=2 in Qy. Then the function_w1 = ug — u1 — k + w satisfies

Lw, > 0in Qg, hence it attains its maximum on £y at some point x; € 9€, which
cannot belong to B,.(zo). Therefore, 21 € 9B, (z0), w(z1) =0, and

ug(x1) —ur(z1) — k = wi(x1) > wi(zo) > w(xg) = cak.

As before, by iterating this process, we obtain a sequence {x; }?’;0 C A, such that
ua(w;) — ui(zj) > (1 + c4)7ko, which tends to infinity. However, (6) implies that
us —ug < In(Ny/Nyp) in A,. Again, this contradiction leads to the conclusion that
u1 = uz in 2. The theorem is proved. [l

Remark 4.2. By easy modifications of the proof above, one can see that Theorem
[£T] can be extended to any locally Lipschitz, increasing function f, which is equal
to et in (N1, 00), or f which is equal to t? in (N1, 00), for some Nj > 0, and satisfies
the additional condition f(ut) > pf(t) for any p > 1 and t € R.

We derive a lower and upper bounds in the following two lemmas.

Lemma 4.3. Let f(t), 8, and A, be as in Theorem [{1. If u is a C*(Q) (or
Wﬁ)cn(ﬂ)) solution of the problem (@), [@), then we have

(11) /Ny < f(u) inQ, f(u) < NodP inAy:={zecQ: dx) <1}
Here N1, No are positive constants depending only on n, A\, A, K, and p if f(t) =t
with p > 1; N1 may also depend on diam €.

Proof. First, we consider the case f(t) =t with p > 1. Without loss of generality,
we assume that () contains the origin. The lower bound follows from an observation
that e is a bounded subsolution if we first choose 7 sufficiently large, and then
¢ > 0 sufficiently small. It remains to get the upper bound. Fix xg € A; and
r < d(xzg) < 1. Denote

wo(z) := No(1 — |3:|2)_7, w(z) =1 Twe((x — x0) /1),
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where v := 2/(p—1) as before. If we set Ny := (27(n+27)A+2vK)7/?, then we have
Lw < wP in B, (xg) for any elliptic operator L whose coefficients satisfy (), (2). By
LemmalZ4 u(z) < w(z) in By(xg). In particular, we have u(zg) < w(xg) = Nor~7.
Therefore, we get the desired bound (III) with Ny := N} by letting r — d(xo).

The case f(t) = e’ is treated similarly. Without loss of generality, we may
assume that Q lies in the half-space {x1 > 0}. Fix positive constants 1y and 7s,
such that

A —Km — K >1, 15 >supe™™.
Q

Then the function v := e™*1 — 9, satisfies v < 0 and
Lv = (a™'n? + bln — c)e™™ +ceng > (Mnf — Ky — K)e™™ > 1> ¢

in 2. Hence u > v in 2, and the lower bound follows. For the upper bound, we fix
ro € A1 and set

wo(x) :=In Ny — 2In(1 — |z[),  w(z) :== wo((x — x0)/7) — 2Inr,
where Na := 4n(A+ K). Then Lw < e” in B,(z9). Again, Lemma 24 implies that

u(wg) < w(zo) = In(N2/r?). By letting r — d(z¢), we obtain the bound ([I]). The
lemma is proved. ([

Remark 4.4. In the previous lemma, the assumption (@) was used only for the proof
of the lower bound in (IIJ). Note that the upper bound

(12) flu(z)) < Nod P(z)  VzeQ
is valid for any C2(Q) (or W2™(Q)) solution u of ().

loc

Lemma 4.5. Let Q) be a bounded domain satisfying the uniform exterior ball condi-
tion with constants r1 and 0, (see Definition[21). Assume f(t) =t} , where p > 1,
and set 3:=2p/(p—1). Ifu is a C*(Q) (or Wﬁ)cn( )) solution of the problem (3,
@, then

(13) fw)>Nd P in A,:={xe€Q:dx)<p},
where p := min(r1,1/2), and N > 0 is a constant depending only onn, A\, A, K,p, 61,

and ry.

Proof. For a fixed point zg € A, choose zg € 9 such that |xo — 20| = ro = d(z0),
and then yo such that Bs,, (yo) C By, (20) \ Q.

Set 0 := 61/2 and r := 2ry. Observe that if m = m(K,n,d) is sufficiently large,
then v (t) := (1 — )™ satisfies

MG () + @va@ K0~ Kuolt) > 04(1), ¥ € (5,1),
(14) W) <0, Vte(s1),
1}0( ) Uo(t) >0 Vte [5, 1)

Note that or = 51T0 < r =2ry < 2p<1. Using Lemma 2.6 it is easy to check

that the function v(z) := r~Yvo(|z — yo| /r) with v := 2/(p — 1) satisfies Lv > P

in QN B, (yo). Thus, by Lemma 24 since |z¢ — yo| < (2—61)ro = (1 —d)r, we have
w(@o) > v(wo) = 277d " (w0) vo(1 - 9)

From here the desired lower bound follows with N :=277P¢{(1 —§). The lemma is

proved. O
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Now we are ready to prove Theorems [B.1] and

Proof of Theorem [3.1F It follows readily from Theorem [£.1] Lemma (4.3 and
Lemma

Proof of Theorem Fix a constant D > diam(©2). We may assume that

Qc{z=(21,...,2,) ER": 0 <21 < D}.
Note that the function vy := —2Inxz satisfies
Lvg = 2@11:1:1_2 - 2b1331_1 +2clnzy > 2/\171_2 - 2K3:1_1 —2K|Inx|
for x1 > 0. Choose constants 6 = §(A, K) € (0,1) and N = N\, K,D) > K |In )|,
such that
Lvy > )\xfz for 0<z <9,
N—cln/\+LvozAxf2 for 6 <z <D.
As in the proof of Lemma 3] take a function v := e™*1 — 1) satisfying
v<0, Lv>1 for 0<z <D.
Then the function w := Nv + In XA 4+ v satisfies
Lw>N —clnX+ Lvg > )\:101_2 =AM > oW for 0 < aq < D.
By Lemma 2.4] we must have
u>w, e*>e?’ > /\efN"23:1_2 in Q.

Finally, note that the conditions (), (2] on the coefficients of L are invariant
with respect to parallel translations and rotations in R™. Therefore, for any fixed
x = (x1,...,T,) € Q, we can always assume that zo = --- =z, =0, and z; > 0
can be made arbitraryly close to d(z) = dist (z, 9€2). This means that we have the
lower bound

e">Xe Vd7? = Nyd~? in Q.
This estimate, together with Theorem [£1] and the upper bound in Lemma 3]
yields the uniqueness.

5. PROOF OoF THEOREMS [3.4] AND

In this section, we prove the uniqueness of a solution of the problem (3]), () with
f(t) =%, in more general domains.

Proof of Theorem B2k Assume that u is a C2(Q) (or W2(2)) solution of

the problem (@), @), and set
v:=2/(p=1), Y =7((r+1A+(1-n)A).
Note that the assumption p € (1,1 + W) implies 79 > 0. Let ro € (0,1)
be such that 2(Kr3 + Kvyrg) < 4. Fix mg € A, /2 and choose zp € 9Q such
that |zg — 20| = r := d(z0). From 99 = 9Q it follows that there exists a point
Yo € By /2(20) \ Q. Using Lemma [Z6] it is easy to check that the function
v(x) :==colzr —yo| 7 —co(2r)77, where ¢g:= (70/2)"/?,

satisfies Lv > v? in N Ba,(yo). Moreover, v € C%(Q), v < +00 on (9Q) N Bay(vo),
and v = 0 on Q N 9B (yo). Therefore, by Lemma 24 w(z) > v(z) in Q. In
particular, we have

u(zo) > v(xg) > c1d "(xg), where ¢ :=(1.577 =27 7)¢o.
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Also, by Lemma 3] u(zg) < cad™V(x0) in Ay, for some co > 0 depending only on
n, A\, A, K, and p. Since w9 € A,/ is arbitrary, we have proved that

cd™ " <u<cd T in Ay .
Now the desired statement follows from Theorem 1]

Proof of Theorem We prove part ii) first. Let {Q,,},-_; be an exhausting
sequence of smooth subdomains of ; i.e., Q,, € Q11 € Q and Uﬁ:l Q. = Q.
Let u,, be the unique boundary blow-up solution of Lu = uﬂ in Q,, for each
m > 1. (For existence of such solutions u,,, see, e.g. Keller, 1957; uniqueness is a
consequence of Theorem [311) By Lemma 24 {u,,},~_, is a decreasing sequence,
and by Lemma [£3] it is bounded below by some constant 1/N7 > 0. Hence, the
limit function u exists in £ and by the standard elliptic theory, it is a solution of
Lu =uP in Q.

We claim that v is indeed a boundary blow-up solution. In order to prove this,
it suffices to show that for any yo € 092,

(15) um(z) = Nolz —yo| ™" in Ly N Bry(y0),

where v = 2/(p — 1) as before, and Ny, ro are positive constants independent of m.

We first do a linear transformation to make yo = 0, a'/ (yo) = 6%, and still use the
same notations for simplicity. Due to (), the scales in these two coordinate systems
are comparable. Therefore, we only need to verify (3] in the new coordinates. Set

vo(z) = ¢y |z| ™", where ¢, = {y(y+2—n)/2}"/%

Since @ are uniformly continuous, one can choose r; > 0 sufficiently small, such
that in Q,, N B, (0),

Luo(x) = ¢ {A(I2[77) + (a" (z) — a”(0))Di; (|77

+ U'Di(|z|77) = clz| 77}
> e {y(y+2-n)— Kyri — Kr{ + N(n,p)w(r1) } x| 7772
> (ep/27(y +2—n)|z[ 7% = o (),

where w(r1) = max; j{osconp, (0) @ }. Then the function v(x) := cplz[™7 = cpry "
satisfies Lv > oP in Q,, N B, (0), and v(x) = 0 on 9B, (0). Therefore, by
Lemma [Z74] we have u,,(z) > v(z) in Q,, N By, (0), and the desired estimate (0]
follows with No :=¢,(1 —277) and 79 :=1r1/2 .

For the proof of i), due to Theorem [A1] it suffices to get the estimate

N1d77 S u S N2d77

in a neighborhood of 9. Arguing as in the proof of Theorem B4 this estimate can
be proved by using the barrier function v(z) constructed in the proof of ii). The
details are left to the reader.

Acknowledgements The authors are thankful to Laurent Véron for very useful
discussion.
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