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ON THE GREEN’S MATRICES OF STRONGLY PARABOLIC
SYSTEMS OF SECOND ORDER

SUNGWON CHO, HONGJIE DONG, AND SEICK KIM

ABSTRACT. We establish existence and various estimates of fundamental ma-
trices and Green’s matrices for divergence form, second order strongly par-
abolic systems in arbitrary cylindrical domains under the assumption that
solutions of the systems satisfy an interior Holder continuity estimate. We
present a unified approach valid for both the scalar and the vectorial cases.

1. INTRODUCTION

In this paper, we study Green’s matrices (or Green’s functions) of second order,
strongly parabolic systems of divergence form

N N n

(P) > Ly =D’ =Y Y D, (A (t,2)Dyuu’), i=1,...,N,
j=1 j=1a,B=1

in a cylindrical domain & = R x Q where 2 is an open connected set in R™ with

n > 1. By a Green’s matrix for the system (P)) in & = R x  we mean an N x N

matrix valued function I';;(¢,x,s,y) (z,y € Q and ¢,s € R) which satisfies the

following (see Theorem 271 for more precise statement):

N
Z Lijrjk('u S, y) = 5ik6(s,y)('u ')7
j=1

lim T'y;(t, x,s,-) = 8;0(-),

t—s

Lij(-,,5,9)=0 on U =R x0Q,

where d;; is the Kronecker delta symbol, (s ,)(-,-) and d,(-) are Dirac delta func-
tions. In particular, when ¢/ = R"™! the Green’s matrix (or Green’s function) is
called the fundamental matrix (or fundamental solution).

We prove that if weak solutions of (P)) satisfy an interior Holder continuity
estimate (see Section 2.5 for the precise formulation), then the Green’s matrix exists
in U and satisfies several natural growth properties; see Theorem 271 Moreover,
when &/ = R"!, we show that the fundamental matrix satisfies the semi-group
property as well as the upper Gaussian bound of Aronson [I]; see Theorem 2111
The method we use does not involve Harnack type inequalities or the maximum
principle, and works for both the scalar and the vectorial situation. Moreover, we
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do not require the base 2 of the cylinder &/ = R X €2 to be bounded or to have a
regular boundary. In the scalar case (i.e., N = 1), such an interior Holder continuity
estimate for weak solutions is a direct consequence of the celebrated theorem of Nash
[24] (see also Moser [23]), and thus, we in particular prove the existence and growth
properties of Green’s functions for the uniformly parabolic equations of divergence
form with bounded measurable coefficients in arbitrary cylindrical domains; see
Corollary Z8 If n = 2 (i.e., 2 C R?) and the coefficients Afjﬁ (t,x) of the system
(@) are independent of ¢, then we will find that the Green’s matrix exists in any
cylindrical domain and satisfies the growth properties stated in Theorem 2.7 see
Corollary 291 Also, if N > 1 and the coefficients A%ﬁ(t,x) of the system (D)) are
uniformly continuous in z and measurable in ¢ or belong to the class of VMO, then
we have the same conclusion; see Corollary 2101

Let us briefly review the history of work in this area. Fundamental solutions of
parabolic equations of divergence form with bounded measurable coefficients have
been a subject of research for many years. The first significant step in this direc-
tion was made by Nash [24] who established certain estimates of the fundamental
solutions in proving local Hélder continuity of weak solutions. Aronson [I] proved
Gaussian upper and lower bounds for the fundamental solutions by using the para-
bolic Harnack inequality of Moser [23]. Fabes and Strook [9] showed that the idea
of Nash could be used to establish Aronson’s Gaussian bounds, which consequently
gave a new proof of Moser’s parabolic Harnack inequality. In [2], Auscher gave a
new proof of Aronson’s Gaussian upper bound for the fundamental solution of para-
bolic equations with time independent coefficients, which carries over to the case of
a complex perturbation of real coefficients. Recently, it is noted in [14] that Aron-
son’s upper bound is equivalent to the local boundedness property of weak solutions
of strongly parabolic systems. Green’s functions of elliptic equations of divergence
form in bounded domains have been extensively studied by Littman, Stampacchia,
and Weinberger [20] and Griiter and Widman [12], whereas the Green’s matrices of
the elliptic systems with continuous coefficients in bounded C'! domains have been
discussed by Fuchs [1I] and Dolzmann and Miiller [5]. Very recently, Hofmann
and Kim [I3] gave a unified approach in studying Green’s functions/matrices in
arbitrary domains valid for both scalar equations and systems of elliptic type by
considering a class of operators L such that weak solutions of Lu = 0 satisfy an
interior Holder estimate. Some parts of the present article may be considered as a
natural follow-up of their work in the parabolic setting. Readers interested in the
construction of fundamental matrices for parabolic systems in nondivergence form
with Holder continuous coefficients are asked to refer to Eidel'man [6], Friedman
[10], or LadyZzenskaja et al. [20]. Also, we would like to bring attention to a paper
by Escauriaza [7] on the fundamental solutions of elliptic and parabolic equations
in nondivergence form.

The organization of this paper is as follows. In Section Bl we define the property
(PH) for parabolic systems in terms of Morrey-Campanato type Holder estimates
for weak solutions. As we mentioned earlier, in the scalar case, such a property is
a direct consequence of the interior Holder continuity estimates by Nash [24] and
Moser [23]. We also present some other examples of parabolic systems satisfying
the property (PH), including the almost diagonal systems and the systems with co-
efficients from the class VMO, (see below for the definitions). We close the section



GREEN’S MATRICES 3

by presenting our main theorems. In Theorem 2.7l we state the existence, unique-
ness, and properties of Green’s matrices in an arbitrary cylindrical domain for the
parabolic systems satisfying the property (PH). Theorem 211l establishes Gauss-
ian bounds and semi-group properties for the fundamental matrices of parabolic
systems satisfying the property (PH). In Section Bl we prove Theorem 27 in the
entire space assuming that the property (PH) holds globally. In Section @ we give
the proof for Theorem 2.7 in the general setting. Finally, we prove Theorem 2.11]
in Section [Al

2. PRELIMINARIES AND MAIN RESULTS

2.1. Basic Notations. We use X = (t,7) to denote a point in R"*! = R x R"
withn > 1; ¢ = (21, ..., zy,) will always be a point in R™. We also write Y = (s, y),
Xo = (to, zg), etc. We define the parabolic distance between the points X = (¢, x)
and Y = (s,y) in R"*! as

| X =Y, := max(\/|t — s/, |z — y]),

where |- | denotes the usual Euclidean norm. We usually use U to denote an open
set in R™*! and Q to denote an open set in R”. We define

B.(x)={yeR": |y —z| <r}

and use the following notations for basic cylinders in R"**:

Q- (X) = (t—r%t) x B(z),
QF(X) = (t,t+1%) x B.(x),
Qr(X) = (t—r*,t+1%) x B.(2).

Note that @,(X) = {Y e R"": |V — X|, <r}. We use 9,Q, (X) and 9,Q; (X)
to denote the parabolic forward and backward boundaries of @, (X) and Q;(X),
respectively; i.e.,

0,Q; (X) = (t — 72, t) x OB,(x) U{t — r?} x B,(v),

0,QF(X) = (t,t +7?) x OB,.(x) U{t +r?} x B,(v),
where OB,.(x) and B,(r) denote the usual boundary and closure of B, (z) in R";
ie, 0B () ={yeR": ly—z|=r}and B.(z) ={y e R": |y — x| <r}.

For a given function u = u(X) = u(t,z), we use D;u for du/dz; while we use
us (or sometimes D;u) for du/0t. We also write Du (or sometimes D, u) for the

vector (Dyu, ..., Dyu). If u is a function in a set @ C R"*! we denote
[u(X) —u(Y)]
, = —_— h € (0, 1].
(W] sz () 0 gt where p € (0,1]
X, YeQ

For a Lebesgue measurable set @ C R"™! (resp. S C R"), we write |Q| (resp. |S|)
for the Lebesgue measure of the set @ (resp. S). For u € L(Q) (resp. u € L*(S))
we use the notation f,u = ﬁ Jou (vesp. fyu= ﬁ Jsu).
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2.2. Function Spaces. We follow the notation of [20] with a slight variation. For
U C R we write U(to) for the set of all points (tg,x) in U and I(U) for the set
of all ¢ such that U(t) is nonempty. We denote

lall?; = [ DullZ 24y + esssup [ult, )72
tel(U)

For u = (u',...,u"), we write |Jul? := Zi\il llu?(|? so that

lullZ = | Dullf2qq) + esssup u(t, )72 w)-
teI(U)

In the rest of this subsection, we shall denote by @ the cylinder (a,b) x Q, where
—00 < a < b < ooand Q is an open connected (possibly unbounded) set in R"™. We
denote by W21 ’O(Q) the Hilbert space with the inner product

<u7U>W21’0(Q) :z/ uv—i—Z/ DyuDyv
k=1"¢

Q
and by W21 ’1(Q) the Hilbert space with the inner product

(u,v>W1,1(Q) ::/ uv—i—Z/ DkuDkv—i—/ UVt
’ k=17@Q Q

Q
We define V5(Q) as the Banach space consisting of all elements of W,"°(Q) having
a finite norm [lully, ) = [lullq and V,"%(Q) as the Banach space consisting of all
elements of V2(Q) that are continuous in ¢ in the norm of L?(f2), with the norm

1/2
lullo = (IDulEg) + s (e Moy )

The continuity in ¢ of a function u(¢, ) in the norm of L?(£2) means that

B [Ju(t + B, ) = u(t, )| 2 () = 0.

The space V;°(Q) is obtained by completing the set W, (Q) in the norm of Va(Q).
We write C29,(Q) for the set of all functions u € C'>° (Q) with compact supports
in [a,b] x ©Q while C°(U) denotes the set of all infinitely differentiable functions
with compact supports in U. We denote by W;*O(Q) and W211(Q) the closure
of C25,(Q) in the Hilbert spaces W,°(Q) and W, (Q), respectively. We define
Va(Q) := Va(Q)NWy°(Q) and V1 °(Q) = V,"*(Q)NW,°(Q). Tt is routine to check
that V5(Q) and V,"°(Q) are subspaces of the Banach spaces V2(Q) and V;°(Q),
respectively. By a well known embedding theorem (see e.g., [20, §I1.3]), we have

(2.1) [ull p2rarm(g) < CM)lulle  Vu e V2(Q).

When U is an infinite cylinder (i.e., (a,00) x Q, (—00,b) X Q, or (—o00,00) X ), we
say that u € Va(U) if uw € Va(Ur) for all T > 0, where Uy :=UN(-T,T) x R", and
lulls < oc. Similarly, we say that u € Vo) (resp. Vy"°(U), Vo' (U)) if u € Va(Ur)
(resp. Vo ' (Ur), Vi ° (Ur)) for all T > 0 and [Julyy < oo. Also, we write u € ces,U)
if u € O, (Ur) for all T > 0. For a sequence {uy,},—, in Va(U), we say that up, — u
“very weakly” in Va(U) for some u € Va(U) if uj, — u weakly in Wy*(Ur) for all
T > 0. If {uz};2, is a bounded sequence in Va(U) (resp. Va(Ud)), then there exists
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a subsequence {ug; }22; C {ux}e; and u € Va(U) (resp. Va(U)) such that Uk, = U
“very weakly” in Va(U) (see Appendix for the proof).

The space W14(U) (1 < g < 0o) denotes the Banach space consisting of functions
u € LI(U) with weak derivatives Dou € L1(U) (o =1,...,n) with the norm

||U||W;’Q(u) = ||UHLq(z,{) + ||D“||Lq(u)

We write v € L2 (U) if uw € L*°(U) has a compact support in U.
2.3. Strongly parabolic systems. Throughout this article, the summation con-
vention over repeated indices are assumed. Let £L = 0; — L be a second or-

der parabolic operator of divergence type acting on vector valued functions uw =
(ul,...,uM)T (N > 1) defined on an open subset of R"*! in the following way:

(2.2) Lu=u; — Lu = u; — Doy(A*P Dgu),

where A% (o, 8 =1,...,n) are N by N matrix valued functions with components
(Aaﬁ )i, defined on R”“ satisfying the strong parabolicity condition, i.e., there
is a number A > 0 such that

N

(2.3) AP (X)Ehel > A€ = Z Z €L VX e R

We also assume that Af‘-ﬁ are bounded, i.e., there is a number A > 0 such that
(2.4) Z Z |AZP (X)) < A? VX e R
i,j=1a,8=1
If we write (Z2) component-wise, then we have
(Lu)' = uj — Do (A’ Dgu?) Vi=1,...,N.
The transpose operator 'L of £ is defined by
Cu=—u; — 'Lu:=—us — Da(tAo‘ﬁDﬁu),

where ‘A% = (AP (ie., tA%—B = Aff‘). Note that the coefficients tAfjﬁ also
satisfy (23) and (24) with the same constants A, A.

2.4. Weak solutions. For f,g, € L}, (U)" (o = 1,...,n), we say that u is a
weak solution of Lu = f + D,g, in U if u € Vo(U)YN and satisfies

@)~ [woi+ [ 4D = [ fi6' - [ gDt veeczw®

Similarly, we say that u is a weak solution of ‘Lu = f + Dag,, in U if u € Vo(U)N
and satisfies

(2.6) / u'pl + / 'AY Dgw! Dod' = / fig' — / giDod' Ve e CUNN
u u u u
By a weak solution in V;"((a,b) x Q)N (=00 < a < b < 00) of the problem

@7) { ﬁztaz)i g
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we mean a function w(t, ) that belongs to V,"((a,b) x Q)Y and satisfying for all
t1 in [a, b] the identity

/Q a (b1, )6 () — / /Q Wi+ / /Q A Dy Do

tl . . . .
(2.8) = [[ 1o+ [ o) voe @b <N,
a JQ Q
Similarly, by a weak solution in V,"%((a,b) x Q)N of the (backward) problem
YLCu=f
2.9

we mean a function w(t, z) that belongs to V,%((a,b) x Q)N and satisfies for all ¢,
in [a,b] the identity

b b
i D bt . [PY) tAqﬂ j i
[ e >+/t1/9u¢t+/tl [ 4 Dy DL
b . . . .
(2.10) — / figi+ / Gi(b) Ve O ((a,b) x Q)V.
t1JQ Q

We say that u is a weak solution in V;*°((a,00) x Q)N of the problem 7)) if
w is a weak solution in V;"°((a,b) x ) of the problem (7)) for all b > a and
llwll(a,00)x 2 < 00. Similarly, we say that w is a weak solution in V30 (=00, b) x Q)N
of the problem ([Z3) if u is a weak solution in V;**((a,b) x Q) of the problem (Z9)
for all a < b and [Juf](—oopyx0 < 0.

Lemma 2.1. Assume that Q is an open connected set in R", f € LZ(R x Q)V,
and g € L*(Q)N. Then, there exists a unique weak solution in Vy°((a,00) x Q)N

(resp. Vi2((—00,b) x Q)N ) of the problem 1) (resp. Z9)).

Proof. See e.g., [20, §I11.4] for the existence and |20} §111.3] for the uniqueness. We
point out that the proof does not require the boundedness of Q. O

2.5. Property (PH). We say that the operator £ satisfies the property (PH) if
there exist pg € (0,1], R, € (0,00], and Cy > 0 such that all weak solutions u of
Lu=01in Q = Qx(Xo) with R < R, satisfy

n+2u
(2.11) / \Duf® < Gy (g) / \Dul> Yo<p<r<R.
Qp Qr

Similarly, we say that the operator ‘L satisfies the property (PH) if all weak solutions
wof 'Lu =0 in Qf = Q}(Xo) with R < R, satisfy

n+2p
(2.12) / |Dul? < Cy (3) °/ |Dul> Y0<p<r<R.
QF r Qt

Now, we present examples of strongly parabolic systems satisfying the property
(PH). Lemma 22 states that almost diagonal parabolic systems satisfy the property
(PH) with R, = oo and Lemma shows that parabolic systems with coefficients
which belong to VMO, (see below for the definition) satisfy the property (PH) for
some R. < oo. In [18], it is shown that if n = 2 and the coefficients of £ are
independent of ¢, then £ and L satisfy the property (PH) with R, = oco.
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Lemma 2.2. Let (ao‘ﬁ(X))Zﬁzl be coefficients satisfying the following conditions:
There are constants Ao, Ag > 0 such that for all X € R*+!

« n - (0% 2
a“?(X)Epta > Mo lEF VEER™ Y [a®P(X)]” < A3
a,B=1
Then, there exists g = eo(n, Ao, Ag) > 0 such that if

Z Z ‘Aaﬁ (X35 2

i,5=1 a,Bf=1

<& VX eR"M,

where §;; is the Kronecker delta symbol, then the operator L associated with the coef-
ficients A?jﬁ and its transpose 'L satisfy the property (PH) with po = po(n, Ao, Ag),
CQ = Co(’n,N, )\0,A0), and Rc = 0.

Proof. See e.g., [14, Proposition 2.1]. O

For a measurable function f = f(X) = f(t,z) defined on R"*!, we set

ws(f) = sup SUPW/F 2/3 ( )’f(y,s) —fww(s)’ dyds Yo >0,

X—(t z)ERnHL r<d

where f ,( fB . We say that f belongs to VMO, if lims_.qws(f) =

0. Note that VMOm 1s a strlctly larger class than the classical VMO space. In
particular, VMO, contains all functions uniformly continuous in x and measurable
in ¢; see [19).

Lemma 2.3. Let the coefficients of the operator L in ([22)) satisfy the conditions

@Z3) and Z4). If the coefficients belong to VMO, then the operators L and ‘L
satisfy the property (PH).

Proof. Let u be a weak solution of Lu = 0 in Qx(Xo) with R < R., where R,
is to be chosen later. First, note that as a weak solution of a linear strongly
parabolic system, u satisfies the following improved integrability estimates for some
p=p(n, A\, A) > 2 (see [I7, Theorem 2.1]):

2/p
(2.13) <]l |Du|p> < c]l \Dul> V< R/2.
Qr (Xo) Q5,.(Xo)

For a given r < R/2, denote AP, = ASP (t) fB AO‘B t,-). We decompose
u = v + w, where w is the weak solution in V;"°(Q; (XO)) satisfying
(2.14) w; — Do (AP Dgw) = Do ((A* — AP \Dgu)  in Q; (Xo)

with zero boundary condition on 9,Q; (Xo). By using w itself as a test function
in (2I4) and then using Holder’s inequality, (Z4]), and ZI3]), we derive

2/q 2/p
/ |Dw|2 <C (/ ’A - Amo,r’q> (/ |Du|p>
Qr (Xo) Qr(Xo) ~ (Xo)

(2.15) < CAQ(qfl)/qu(A)Q/q/ |Du|®>, where ¢ =2p/(p — 2).
Q5,.(Xo)
Observe that v = u — w is a weak solution of

v, = Do (A),()Dgv) =0 in Q; (Xo).

xro,T
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Since v is a weak solution of a strongly parabolic system with coefficients indepen-
dent of the spatial variables, v possesses the following interior estimate:

n+2
(2.16) / |Dv|)* < C (B) / |Dv|* Vp<r,
Q; (Xo) r Q7 (Xo)

for some constants C = C(n, N, A\, A) (see Appendix). Then, by combining (2.15)
and (2I0), we see that for all p < r < R/2, we have

n+2
/ Duf < (2) / |\Duf? + ch(A)Wq/ \Du?.
Qp (Xo) r Q3,(Xo) Q3,(Xo)

If we choose R, sufficiently small so that Cwr_(A)%/? is small, then by a well-known
iteration argument we obtain (2I1)) (see e.g., [15, Lemma 2.1, p. 86]). Therefore,
we have proved that £ satisfies (PH). The proof that 'L also satisfies (PH) is similar
and left to the reader. g

2.6. Some preliminary lemmas.
Lemma 2.4. There ezists a constant C = C(n, N,A) > 0 such that if w is a weak
solution of Lu = f in Qp = Qr(Xo), then

_ 92 2 —n 2
/7 lu — g gcz#/i [Dul” + CR* ™" ||fl 2 q-) »

R R

where ug = fo w. Similarly, if u is a weak solution of ‘Lu = f in QE, then
R

— 2 2 —n 2
[ lu-an <o [ |Duf+ CR £ g
QR QR
where g = JCQ* u.
R
Proof. See e.g., [27, Lemma 3]. O

Lemma 2.5. Letu € L*(Q55(X0))N and suppose that there exist positive constants
w € (0,1] and No such that

/ 0 lu —ax, > < NZrt22n vX e Qp(Xo) Vre (0,R),
Qr (X

where ux , = J(Q*(X) w. Then, u is Holder continuous in Q}}(Xo) and
[w]cinnrz g (x0)) < Cns N, ) No.

The same is true with QT in place of Q= everywhere.

Proof. See e.g., |21, Lemma 4.3]. O

Lemma 2.6. Assume that the operator L satisfies the property (PH). Then, all
weak solutions u of Lu =0 in Qp = Qr(Xo) with R < R. satisfy

1/2
(2.17) el i (x <C ]l W]
L(Qp,4(X0)) e

where C'= C(n, N, \, A, ug, Co) > 0. Moreover, all weak solutions u of Lu =0 in
Qr = Qr(Xo) with R < R. satisfy
Chp

(218) ||u||L°°(Q;) S (R _ ,r)(n+2)/p

||u||LP(QE) vre (0,R) Vp>0,
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where Cp, = Cp(n, N, X\, A, po, Co) > 0. A similar statement is also true for 'L with
Q™ replaced by QT everywhere.

Proof. Let u be a weak solution of Lu = 0 in Q(Xo), where R < R.. For any
X e QE/Q(XO) and r < R/4, it follows from Lemma 24 property (PH), and the
energy inequality (see e.g., [20, §II1.2]) that

/ = P < cﬁ/ Dul? < Cr2(r/R)"+2“°/ Dul?
Qr (%) Qr (%) Qpya(X)
SCm%W“”W/ fuf?
Q. a(X)
(2.19) < Oyt p=2mo ][ lul®.
Qz(Xo)

Note that ([Z.19)) also holds for any X € Qg2 (Xo) and any r € [R/4, R/2), because

[oowmelfs [ sl
Qr (X) Qr (X) Qr(Xo)

Therefore, by Lemma 25, we obtain

2 —2po 2
(220) [u]CMO‘MO/z(Q§/2(X0)) S CR %QR(XO) |u| .

Then, (2.17) is an easy consequence of (220 and a well known averaging argument
(see e.g., [14]). We point out that it actually follows from (2.19)

2.21 ul? _ < CR2_2”0][ Dul*.
(2.21) | ]C“O’“O/“’(QR/z(Xo)) - QE(X0)| |
For the proof that (ZI7) implies (2I8), we refer to [I6, pp. 80-82]. O

2.7. Main results. We now state our main theorems.

Theorem 2.7. Let U = R x Q, where (1 is an open connected set in R™. Denote
dx = dist(X,0U) = dist(x,00) for X = (t,z) € U; we set dx = oo if Q@ = R".
Assume that operators L and 'L satisfy the property (PH). Then, there exists a
unique Green’s matric T'(X,Y) = T'(t,z,s,y) on U x U which is continuous in
{(X,Y)elU xU: X £Y}, satisfies T'(t,x,s,y) =0 fort < s, and has the property
that T'(X,-) is locally integrable in U for all X € U and that for all f € C=U)N,
the function w given by

(2.22) w(X) = /Mr(x, Y)F(Y)dY

belongs to ‘0/21’0(7/1)1\[ and satisfies Lu = f in the sense of (ZI). Moreover, T
satisfies

(2.23) /M (“Tit (- Y)dh + A5 DaDju(-, Y)Dad' ) = (V) Vo € C2U)™

and for all n € C°(U) satisfying n =1 on Q.(Y) for some r < dy, we have
(224) (1T Y) € VRO NN,
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Furthermore, for all g € L*(Q)Y, the function u(t,x) given by

(2.25) u(t,z) = / I'(t,x,s,v)9(y)dy VeeQ Vt>s
Q
is the unique weak solution in ‘0/'21’0((5, o00) x Q)N of the Cauchy problem
Lu=0
2.26
( ) { ’LL(S, ) =g,
and if g is continuous at xy € ) in addition, then
(2.27) lim / T'(t,z,s,9)9(y)dy = g(zg).
(tvm)_’(sxwo) Q
zEQ, t>s
Denote dx := min(dx, R.) for X € U. Then, T satisfies the following estimates:
(228) TGVl e vy + ITC V) g, vy < Cr ™2 v < dy,
(229) T goromang, o0 + T g, oo < Cr /2 vr < dx,
(2.30) ITC,Y) [ mr(@uvyy < Cpr T2/ e < dy Wp € [1, 282,
(2.31) IT(X, )| e xy) < Cpr TPy < dy Wp e [1, 222,

(2.32)  HX elU:|D(X,Y)| >7} <Cr~FD/m wr > (dy/2)™ VY el,
(2.33)  {Y eU:|D(X,Y)| > 7} <Cr~FD/m wr s (dy/2)™" VX e,

(2.34) IDL(,Y) || 1o, (vy) < Cpr " HHF2/P e < 4y Wp € [1, 242,

+1
(2.35)  [IDT(X, )|, (x)) < Cor " TP yr < dx Vp e 1,22,
(2.36)  |{X €U :|D,T(X,Y)| >} <Cr " ¥r>(dy/2)™ VY €U,
(2.37)  {Y €U :|D,T(X,Y)| > 7} <Cr v ¥r> (dx/2)" VX €U,
(2.38) DX, V)| <CIX -Y[," if 0<|X—Y]|, < 3max(dx,dy),

where C' = C(n, N, \, A, o, Co) > 0 and Cp, = Cp(n, N, A\, A, p19,Co,p) > 0.

Corollary 2.8. If N =1 or if N > 1 and the coefficients of L satisfies the as-
sumption of Lemmal2.2, then there exists a unique Green’s function in a cylindrical
domain satisfying the properties in Theorem [2_7 with R, = cc.

Proof. See Lemma O

Corollary 2.9. If n =2 and the coefficients of L are independent of t, then there
exists a unique Green’s matriz in a cylindrical domain satisfying the properties in

Theorem [2.7] with R, = occ.
Proof. See [18] for the proof that £ and ‘L satisfy the property (PH). O
Corollary 2.10. If N > 1 and the coefficients of L belong to VMO, (e.g. the

coefficients are uniformly continuous in x and measurable in t or belong to VMO ),
then there exists a unique Green’s matriz in a cylindrical domain satisfying the
properties in Theorem [2.7 with R. > 0.

Proof. See Lemma 23] O
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Theorem 2.11. Assume that operators L and 'L satisfy the property (PH) and let
L(t,x,s,y) be the fundamental matriz for £ in U = R"* as given in Theorem[2.7]
Then, we have for allt > s and x,y € R"

(239)  [T(t,2,5,9),, < C(t—s) " exp{—rlz —y[*/(t — 5) +7(t — 5)/ B2},
where C = C(n, N, A\, A, po, Co), 6 = k(A A),y = v(n, N, A, o, Co) > 0, and

E |Op denotes the operator norm. In particular, when R, = co, we have the following
usual Gaussian bound for allt > s and z,y € R™:

(2.40) IT(t,2,5,)|,, < Ot —5)"/ exp{—rlz —y*/(t — )}.

Moreover, fort > s the following identities hold:

(2.41) L(t,x,s, ):/ L(t,x,r,2)T(r,z,s,y)dz Vz,y € R" Vr e (s,t),

(2.42) / L(t,z,s,y)dy=1 VYxeR",

where I is the N by N identity matriz.
Remark 2.12. In fact, (Z41]) also holds for € # R™; see Section

3. PROOF OF THEOREM [2.7t WHEN Q = R"™ AND R, = o0

In this section we shall prove Theorem[2.7lunder the assumption that Q = R™ and
that the operators £ and L satisfy the property (PH) with R. = co. Consequently,
we have i = R"*! and dx = dx = oo for all X € R**!. Throughout this section,
we employ the letter C' to denote a constant depending on n, N, A, A, ug, Co, and
sometimes on an exponent p characterizing Lebesgue classes.

3.1. Averaged fundamental matrix. Our approach here is an adaptation of
that in Hofmann-Kim [13], which in turn is partly based on the method by Griiter
and Widman [12]. Let Y = (s,y) € R*" and 1 < k < N be fixed. For each p > 0,
fix so € (—00, s — p?). We consider the problem

_ 1
(3.1) £ = ;7 aron ek
u(sg,-) =0,

where ey, is the k-th unit vector. By Lemma 2] we find that the problem (B1])
has a unique weak solution v, = v,,y,; in ‘0/21’0((50, o) x R")¥. Moreover, by the
uniqueness, we find that v, does not depend on the particular choice of 5o and we
may extend v, to the entire R™! by setting

(3.2) v, =0 on (—o0,5—p*) xR™

Then v, € 10/21’0 (R™ 1N and satisfies for all ¢; > s the identity

(3.3) / vidi(t, ) — / / v+ / / AP Dy Dyt = ][ o
R™ — 00 n — 00 n Q;(Y)

for all ¢ € Cg,%(anLl)N, We define the averaged fundamental matriz TP(-,Y) =
(ng(" Y));Ykzl for £ by

F?k(v Y) = ’UZ = vf};Y,k:'
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Next, for each f € L°(R" 1)V let us fix to such that f = 0 on [tg, 00) x R™.
We consider the backward problem

YLu=f
(3.4) {u@m)_Q

Again, by Lemma [ZT] we obtain a unique weak solution u in V;*°((—o0, to) x R™)N
of the problem (34 and we may extend w to the entire R”*! by setting u = 0 on
(to,00) x R™. Then, u € V;"°(R"*1)N and satisfies for all ; the identity

(3.5) /ui¢>i(t1,.)+/ / ui¢3;+/ / tA%ﬁDgujDaqﬁi:/ fig
R tl n tl n tl R

for all ¢ € O, (R™1).
Lemma 3.1. For v, and u constructed above, we have

(3.6) ool < ClQ, (V)| #57,

lellrss < CIF ot

(3.8) / v, f= u®.
Rn+1 Q, (V)

Proof. The energy inequality (see e.g., [20 §II1.2]) together with (21I) yields (B6)
and B.7). The identity B8] follows from B3] and (B3) accompanied by standard
approximation techniques (see e.g., [20, §II1.2] or [21], §VI.1] for details). O

3.2. L estimate for averaged fundamental matrix. Let u € %I’O(R"“)N be
constructed as above with f € L>®°(R"*1)V. Fix X, € R"*!, R > 0, X € Q£ (Xo),
and r € (0, R]. We decompose u = u; + ug, where us is the unique weak solution
in V;"°(Q;f (X)) of YLuy = f in Q; (X)) with zero boundary condition on 8,Q; (X).
Then, u; = u — uy satisfies ‘Lu; = 0 in Q7 (X), and thus, for 0 < § < 7,

/ﬁ |Dqu2/ |DmF+2/' | Dus?
QI (X) QY (X) QF (X)

gC@ﬁW”W/‘ |DmF+2/' | Dus?
QF(X) QF (X)

(3.9) < C(8/r)mH2ro /

QF(X)
For a given p > (n + 2)/2, choose py € ((n + 2)/2,p) such that

|DuF+C/‘ | Dusl? .
QF(X)

pr=2—=(n+2)/po < po.
As in @), we have

(310) /Q+(X) |D’Ll,2|2 S C Hin2:++44 (Qi(X)) S C'r'n+2#1 ||f||iP0(fo(X)) .

Combining (39) with BI0), we get for all 6 < r < R,

2 n+2p0 2 n+2p1 2
< + .
/Q;(X) |Dul” < C(§/r) /Qi(x) |Dul” + Cr £ zr0 (0 (x))
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Then, by a well known iteration argument (see e.g., [I5 Lemma 2.1, p. 86]),

(3.11) / \Dul? < C(r/R)"“’“/
QF(X)

QR(X)
By Lemma 24 (3I1]), and Holder’s inequality, we get

i |2 n —n— 2 2
‘/QJF(X) |U — ’U,T| < Cr2+ +2p1 (R 241 ||Du||L2(Q;(X)) + ||f||Lpo(Q;(X))> .
Then, from Lemma 25 and ), it follows that

[l G120y < € (an*z)“l 1D 7o gy + ”f“im(R"“))

2 n 2
[Dul? + O [ £12,, o (1 -

(3.12) <C<R_" 1 g +||f||ipo<w+1)>.

By Hoélder’s inequality, (2.1]), and (3.1),
2
(313) ||u||L2(Q£(Xo)) < CR2 ||f|| 2" 4

T (Rn+1)
By (312), 313), and a standard averaging method (see e.g., [14]), we obtain

2 21 2
||u||Lo<>(Q;/2(X0 < CR™[u]

—n—2 2
crmmr@fxon T ORIl

+ CR* (| £ 7 mo (gn 1y -

In the remaining part of this subsection, we shall assume that f is supported in
Q1% (Xo). Recall that p > (n + 2)/2. We apply Hélder’s inequality in (314) to get

2—(n+2
(3.15) el Lot o xon < CRZ P Fll ot x0)) -

IfQ,(Y)cC QR/2( 0), then [B8) together with (BI9) yields

Joe,
QL (Xo)

for any p > (n +2)/2. By duality, it follows that if Q, (Y) C QR/Q( 0), then

(Xo0))

(3.14) < CR™"|f|?2

L™ +4 (R7+1)

< ul <CR*™ Y f Lo
]{W)| | 11 o cxon

(3.16) 10ll oo xoy) < CR™™ 42/ g e 1, (n+2)/n).

Consequently, we obtain the following pointwise estimate for the averaged funda-
mental matrices, which is the main result of this subsection.

Lemma 3.2. Let X = (t,z), Y = (s,y), and assume X #Y. Then
(3.17) DX, V) < CIX —YT" Vo< X~ Y], /3

Proof. Denote d = |X — Y| and let Xo = (s — 4d?%,y), r = d/3, and R = 20r. It is
easy to see that (recall p <r)

Q, (V) € Qfp(X0), Qr (X) C Qf(Xo).

Moreover, by B3), v, = v,,v,; is a weak solution of Lu = 0 in @, (X). Therefore,
by Lemma 2.6l and (B.16]), we have

v, (X)] < Cr7"2 ||”p||L1(Q;(X)) <COrn? ||/UP||L1(Q£(XU)) <COr™.

The lemma is proved. ([l
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3.3. Construction of the fundamental matrix. In next two lemmas, we derive
LP estimates uniform in p > 0 for averaged fundamental matrices I'’(-, Y") and their
spatial derivatives DT (-, Y).

Lemma 3.3. For any Y € R"™ and any p > 0, we have
(3.18) {X e R™1:|D,T?(X,Y)| > r}| < Cr " ¥r >0,

i.e., |DTP(-,Y)| has a weak-L"+2/ (0 estimate in R™. Moreover, for any
R > 0, the following uniform LP estimate for DT (-, Y") holds:

(319) DT’ Y )l o(guery < GBI p >0 Wpe 1, 12).
Proof. We claim that for all R > 0, we have

(3.20) <CR™ VYp>0.

|||vp |||]§n+1 \QR (V)

To prove the claim ([B20), we only need to consider the case R > 6p. Indeed, if
R < 6p, then (36) yields

"l'vp"l]%gn+1\§R(y) < |||vp|"]12§"+1 <Cp "< CR™.
Fix a cut-off function ¢ € C*(Qr(Y)) such that
CElOD QR/Q(Y)7 OSCSL |D<|§CR717 |Ct| SCR?Q'

By following a standard proof of the energy inequality (see e.g., [20, §I11.2]), we

derive from BI]) and (3I7) that
sup [ (1= 0P ot + [ (=02 0w,

teR

<c [ (IDeP+10-0al) o

Rn+1

(3.21) < CR—2/ X —Y[;*"dX <CR™.
{R/2<|X-Y|,<R}

So, we have proved the claim ([B.20). Note that we also obtain from (B.21])
(3.22) 11 = Ooplens < CR™ Vp>0.

Now, let A, = {X € R"*!: |Dv?(X)| > 7} and choose R = 7~1/("+1) Then,

[A-\ Qr(Y)| < 7'72/ |D’vp|2 < Crfz_ﬁ
A\QR(Y)

and |4, NQr(Y)| < CR"*? = Cr~#+ . We have thus proved BI8). To show
BI9), we first note that, for any 7 > 0, we have

[ el= Do, "+ | D
Qr(Y) Qr(Y)N{|Dvr|<T} Qr(Y)N{|DvP|>7}

(3.23) < 1Qal+ [ Do, .
{|Dvr|>7}
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By using (BI8) and the assumption p € [1, 2£2), we estimate

/ Do, | = / ptP~1{|Dv?| > max(t, 7)}| dt
{|Dvr|>7} 0
< CT*Z—ﬁ /T ptpfl dt + C/OO ptpflf(nJrZ)/(nJrl) dt
0 T

(3.24) =C (1 —p/(p— Z_ﬁ)) = (n+2)/(n+1)

By setting 7 = R~ in 323) and B:24), we get

/ |D,Up|p < CR—(n+l)p+n+2,
Qr(Y)

from which (B19) follows. The lemma is proved. O
Lemma 3.4. For any Y € R"*! and any p > 0, we have
(3.25) HX e R T/(X,Y)| > 7}| < Cr T2/ vwr >0,

i.e., |T?(-,Y)| has a weak-L"+t?/™ estimate. Moreover, for any R > 0, the follow-
ing uniform LP estimate for TP (-, Y") holds:

(326) TV oy < CoRHE Wp 0 Wpe 1, mE2),
Proof. From [B22)) and (1)) it follows that
||(1 - C)'Up||L2+4/n(Rn+1) < |||(1 - C)'Up|||R"+1 < CR™™2,

Since ¢ € C°(Qr(Y)), we then find that for all R > 0, we have
(3.27) / lv,| 24" < CR™™2 Vp>0.
Rr+1\Q R (V)

Let A; = {X € R"*!: [vP(X)| > 7} and set R =771/, Then

_ 2n+44 2n+4 n+42 n+2
n

14\ Qr(Y)] < 725 / o 2HI/n < Op B2 _ o
ANQR(Y)

+

and |[A; N Qr(Y)| < CR"?2 = Cr~"+*. We have proved (3.25). Next, by utilizing
BZ9) instead of (BI]) and proceeding as in the proof of Lemma B.3] we obtain

/ |vp|17 S Canp+n+27
Qr(Y)
from which ([320]) follows. The lemma is proved. O

Let us fix ¢ € (1, Z—ﬁ) By (3:20) and (319), we have

P (.
1;?)?%(]\] ||Fij( aY)HWmlvq(Q;(y)) < C(R) <oo Vp>0.

By a diagonalization process, we obtain a sequence { p#},‘j":1 tending to zero and a
function I'(-,Y"), which we shall call a fundamental matrix for £, such that

(3.28) TP (., Y) = T(,Y) weakly in Wh(Qr(Y)V*N VR > 0.
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Then, for any ¢ € C°(R" 1N it follows from (B3]
- [ Tatisi+ [ AP DI YIDLS
Rn+1 n+

=— lim T2 (-, Y)p: + lim AP DT (1Y) Do’
BH—=0 Jrn+1 P00 JRn+1
(3.29) = lim o = ¢*(YV).

B0 J Q. (Y)

Let v, be the k-th column of I'”(-,y) as before, and let v be the corresponding k-th
column of T'(+,y). Then, for any g € LZ(Qr(Y))", (B:20) yields

[ S A
r(Y) Qr(Y)

where p denotes the conjugate exponent of p € [1, 22). Therefore, we obtain

= lim
p—00

(3.30) < CRTIP gl L o nivy

(3.31) ITCY) ey < Cp BT wp e [1,252),
By a similar reasoning, we also have by (B19)
(3.32) IDT ()| oy < Cp BT yp e [1, 222,
With the aid of (827)), we also obtain

2 —-n
(3.33) ITC YY) p2tarm@ning vy < COR

Also, by [322), Lemma 6.1l in Appendix, and the assumption ¢ € C*(Qr(Y)), we
find (by passing to a subsequence in ([.28) if necessary)

(3.34) It (-, )|||Rn+1\Q vy S CR™.

Moreover, arguing as in the proof of Lemma [3.4] and Lemma [B.3] we see that the
estimates (B.33)) and ([B.34) imply that for all Y € R"*!, we have

(3.35) {X e R T(X,Y)| > r}| < Cr ™5,
(3.36) [{X eR™: |D,D(X,Y)| > 7}| < Cr 3,

Next, we prove ([Z24)) in Theorem 271 Let n € C>°(R"*!) be such that n = 1 on
Q. (Y) for some r > 0. Following the derivation of [B.22)), we find

(3.37) (L =n)T?(,Y)|[gn+r < C(n) < oo uniformly in p > 0.

Therefore, by passing to a subsequence if necessary, we may assume that there is a
function T'(-,Y) in Vo(R™*+1)N*N guch that

(3.38) (1= (-,Y) =T(,Y) “very weakly” in Vp(R"H1)N*N,
Note that (B.38) in particular implies that

lim (1=, Y)p = T(,Y)p V¢e CXRHY

H—00 R"+l Rn+1

On the other hand, by (B.28) we find for all ¢ € C°(R"THN

lim (1 =n)T?(-,Y)¢p = lim ree( YY1 —n)o

H—00 JRn+1 H—00 Jpn+1

B /R e Y)A-ne= (1-n)T(,Y)e.

Rn+1
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Therefore, T'(-,Y) = (1 —n)L(-,Y), and thus (1 —n)L(-,Y) € Va(R™1)N*N | Now,
we will show (1—n)L(-,Y) € V5O (R*+1)N >N To see this, let v be the k-th column
of T'(+,Y) and set u = (1 — n)v. Fix ¢y such that 7 = 0 on (—o0, tg] x R™. Observe
that for all T > to, u is a weak solution in Va((to,T) x R™)N of the problem
Lu=f+ D.g,
{ u(to,-) =0,

where f := —mv + DanAO‘Bng and g, = DgnAo‘B'v. Since n =1 on Q,(Y) and
7 is compactly supported, ([3.34) implies that f, g, € L*((to,T) x Q). Then, by
Theorem 4.2 in [20, §111.4], we have u € V;-%((to, T) x Q)N . Note that (3:37) implies
Il t9.7yxrn < C(n). Since T > tq is arbitrary, we have u € V;"%((to,00) x Q)V.
Moreover, as in Section .1} if we extend w to the entire R™*! by setting u = 0 on
(=00, to) x R™, then we have u € V;"°(R"*1)N . We have proved (Z24).

3.4. Continuity of the fundamental matrix. With the aid of ([Z21]), it follows
from ([3:29) and (3.34) that T'(-,Y) is Holder continuous in R**1\ {Y'}. In fact,
by the same reasoning, it follows from B3] and (B20) that on any compact set
K @ R"'\ {Y}, the sequence {I'”*(,Y)} 2, is equicontinuous on K. Also, by
Lemma 2.6l and [B27), we find that there are Cx < 0o and px > 0 such that

[T, Y) ||y < Ck  Vp < px for any compact K € R"™"\ {Y}.
Therefore, we may assume, by passing to a subsequence if necessary, that
(3.39) T”#(-,Y) — I'(-,Y) uniformly on K for any compact K € R"*'\ {Y}.

We will now show that T'(X, ) is also Holder continuous in R"*1\ {X}. Denote
by T7(-, X) the averaged fundamental matrix associated to !£. More precisely, for
1 <k <Nand X = (t,z) € R"™! fixed, let w, = w,.x be the unique weak
solution in V;%((—o00, to) x R™)N of the backward problem

L = arlor o
U(to, ) = 0,

where to > t + o2 is fixed but arbitrary. Then, as before, we may extend w, to

the entire R"™! by setting w, = 0 on (t + 02,00) x R" so that w, belongs to
V'Y (R™+1) and satisfies for all s, < ¢ the identity

gay [ wd'n s [ wei [ ugpaipei = f o
R S1 n S1 n Q:(X)

for all ¢ € C25,(R™)N. We define the averaged fundamental matrix T (-, X) =
(T;Tk(v X));‘Yk:l for 'L by

;k('aX) =wj, = wfy;y,k'
By a similar argument as appears in the previous subsection, we obtain a sequence

{o,},2, tending to 0 and a function T'(-, X), which we shall call a fundamental
matrix for £, such that for some ¢ > 1,

(3.41) 0o (1, X) = T(-, X) weakly in WE(Qr(X))V*N VR > 0.
Moreover, as in ([3.29), T'(-, X) satisfies
Ta(, X)6 + [

Rn+1 PAL DT (-, X) Dot = 6" (X)

Rn+1
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for all ¢ € C°(R**1)N. Also, by a similar reasoning, we find that T(-, X) satisfies
all the properties corresponding to (3.31)([B.36) and is Holder continuous in R 1\
{X}. Therefore, the following lemma will prove the claim that T'(X,-) is Holder
continuous in R**1\ {X} as well as the estimates (228)—(Z.37).

Lemma 3.5. Let T'(-,Y) and (-, X) be fundamental matrices of L and 'L, respec-
tively, as constructed above. Then

(3.42) I'(X,Y)=T(,X)" vX #Y.

Proof. Fix X,Y € R*"™ with X # Y. From the constructions of I'”(-,Y) and
(-, X), it is not hard to verify that

(3.43) ][ m-,X):]l 7 ().
Qp (V) Q¥ (X)

Let {pu},—, and {0,},;2, be approximating sequences for I'(,Y) and T(-, X),
respectively, and denote

Gy ::][ T3 (5 X) :]l T ().
Qo (Y) Qz, (X)
From the continuity of I'}*(-,Y), it follows that

lim gk, = lim (YY) =T (X,Y),

vV—00 vV—00 Q;ru (X)
and thus, by ([3.39), we obtain
lim lim gF, = #11330 T (X,Y) =Tu(X,Y).

H— 00 V—00

On the other hand, (341) yields that

lim gﬁi, = lim T (-, X) =]£2 ) (-, X),

v—00 V—00 Q;}J. )

and thus, it follows from the continuity of T (-, X') that

lim lim gf = lim Tw(, X) = Tr(Y,X).
J—00 V—00 pH—00 Qn )
We have thus shown that Ty (X,Y) = Ty (Y, X) for all X #Y. O

So far, we have seen that there is a sequence {pM}ZO:l tending to 0 such that
I« (-,Y) - T(-Y) in R"™\ {Y'}. However, by ([3.43)), we obtain for X # Y,

7 (X,Y) = lim e (,Y)= lim T (-, X)
Yo JQs, (X) vTeOJQ (Y)

:]l Tkl('aX):][ Ii(X,-).
Qp (V) Q, (Y)

Therefore, we have the following representation of the averaged fundamental matrix:
(3.44) I*(X,Y) = ]l T'(X,Z)dZ VX #Y.
Qy (V)
In particular, by using the continuity of T'( X -), we obtain
(3.45) lim I(X,Y) =T(X,Y) VX #Y,
p—
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and thus, from ([BI7) that

(3.46) IT(X,Y)|<CIX —Y[;" VX #Y.
Furthermore, due to (8:2), it also follows that
(3.47) r'(,-s,y)=0 in (—oo,s)x R"

3.5. Representation formulas. We shall prove the identity (222)). For a given
f € C (R )N fix ty such that f = 0 on (—o0,t9] x R™. Let u be the unique
weak solution in V,"%((ty, 00) x R™)N of the problem

Lu=f

U(to, ) =0.
By the uniqueness, u does not depend on the choice of ¢y and we may extend w to
R by setting u = 0 on (—o0,f) X R™ so that u € V;"*(R**1)N. Let T (-, X)
be the averaged fundamental matrix for ‘L. Then, as in ([3.8)), we have

(3.48) [orwexp=f
Rn+1 QL (X)

As in ([BI2), the property (PH) implies that w is continuous. Therefore, by taking
the limit ¥ — oo in ([B48) and then using ([3.42), we find that

/ T (X, ) = ub(X)
Rn+1

or equivalently, in terms of matrix multiplication
w(X) = / T(X,Y)f(Y)dY.
Rn+1

We have thus proved (2:22).

Next, we shall prove the identity [Z25). Let g € L*(R™)" be given and let
u be the weak solution in V;%((s,00) x R")N of the problem ([Z26). Fix X =
(t,z) € R"™! with ¢t > s and let w, = w,.x  be the k-th column of the averaged
fundamental matrix of the transpose operator £ with a pole at X. By using (3:40)
and ([Z.8) together with standard approximation techniques (see e.g., |20 §I11.2]),
we find that for o, sufficiently small,

(3.49) ]l uF = [ we,(s,9) - g(y) dy.
Qd, (%) R

Let us assume for the moment that g is compactly supported. Then, by estimates

similar to (8.39) and (B.46]),
lim [ w,, (s,y) - g(y) dy = / w(s,y) - g(y) dy,

V—00 Rn

where w is the k-th column of T'(-, X). Also, by the property (PH), we find that
u is continuous at X. Therefore, by taking the limit v — oo in ([B49), we obtain

(350) uk(X) = o trik(sa Y, t? x)gl(y) dy = /n Fki(tu z,s, y)gz(y) dy

We have thus derived (228 under the additional assumption that g is compactly
supported. For general g € L2(R™)V let {g,,}5°_; be a sequence in L°(R")V
such that limm o 9y — Gll2ny = 0. Let wy, be the unique weak solution

in 19/21’0((5,00) x RM)N of the problem (2.26) with g replaced by g,,. Then, by
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the energy inequality, we find that limy, .o [|tm — u[(s,5)xr» = 0. Therefore, by
Lemma 2:6] we conclude limy, oo [t (X) — u(X)| = 0. On the other hand, by
(224) and [B.34), we have ||T(t,z, s, )| p2gn) < C(t — 5)~"/2, and thus

lim I‘(t,:t,s,y)gm(y)dyz/ L(t,z,s,v)g(y)dy.

m—oo fpn n
This completes the proof of the representation formula (2.:25).

Next, for g € L2(R™)N, let u be the unique weak solution in V;*((—o0, t) x R™)N
of the backward problem

Lu =0
3.51
Then, by a similar reasoning as above, u has the following representation
(3.52) u(s,y) = T'(s,y,t,2)g(x) dx.
RTL

3.6. Uniqueness of fundamental matrix. We have already shown that I'(X,Y)
is continuous in {(X,Y) € R"*! x R"*! : X # Y} and satisfies I'(t,z,s,y) = 0 for
t < s. Also, we have seen that I'(X, -) is locally integrable in R"™* for all X € R"*!
and that for all £ € C°(R" )N the function u given by ([2.22) belongs to the
space %I’O(R"“)N and satisfies Lu = f in the sense of (Z5). Suppose I'(X,Y) is
another fundamental matrix satisfying all the properties stated above. Then, for a
given f € C (RN let u be defined as in ([2.22) and set

a(X) = /RM [(X,Y)f(Y)dyY.

Since T'(t,z,s,y) = f‘(t,x,s,y) =0 for t < s and f is compactly supported in
R+ we find w = @ = 0 on (—o0, ty] x R™ for some to. Therefore, v := u — 1 is in
the space ‘0/21’0((t0, o0) x R™)N and satisfies Lv = 0 in (tg, 00) x R™ and v(to, ) = 0.
By the uniqueness (see [20, §III.3]), we must have v = 0. Therefore, we find

/ (T D)X, Y)F(Y)dY =0 Vf e CRM™)N,
R+

and thus it follows that I'(X,-) = ~]?‘(X, 9 in R*T1\ {X}. Since X € R is
arbitrary, we have proved that I = T'in {(X,Y) €e R*"** x R**! : X £ Y}

3.7. Conclusion. We completed the proof of Theorem[Z.7in the case when @ = R™
and R, = oo, modulo the identity (2.27). We defer the proof of ([2.27)) to Section[d.4l

4. PROOF OF THEOREM [2.7: GENERAL CASES

In this section, we prove Theorem 2.7 under a general assumption that Q is
an arbitrary open connected set in R” and R, € (0,00]. Since we allow the case
) # R", we shall write G(X,Y) instead of I'(X,Y) for the Green’s matrix in
U = R x () to avoid confusion. To construct Green’s matrix in U, we need to adjust
arguments from the previous section a little bit.

Throughout this section, we shall use the notations U, (X) = Q. (X) NU,
UF(X) = QY (X)NU, and U,(X) = Q,(X) NU. Also, recall that we have de-
fined dx = dist(X,0U) = dist(x,9Q) and dx = min(dx, R.). As in the previous
section, we employ the letter C' to denote a constant depending on n, N, \, A, uo,
Cy, and sometimes on an exponent p characterizing Lebesgue classes.
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4.1. Averaged Green’s matrix. Let Y = (s,y) € Y and 1 < k < N be fixed.
For each p > 0, fix sg € (=00, s — p?). We consider the problem

_ 1
(4.1) U= ] s 0
’LL(S(), ) =0.

By Lemma [2.7] there is a unique weak solution v, = v,y in Vi0((s0, 00) x Q)N
of the problem ([@I). As in Section [3.2] we may extend v, to entire U/ by setting

(4.2) v, =0 on (—o0,s — p?) x O
so that v, € V" (U)N and satisfies for all ¢; > s the identity

t1 o t1 ) )
@s)  [use- [ [usi [ [ a¥Dwpas=f o
Q —0c0 JQ —0c0 JQ U, ()

P

for all ¢ € C5,(U)N. We then define the averaged Green’s matriz G°(-,Y) =
(G2 Y)Nymy for £Lin U as

G;k(a Y) = Uf) = ’Uf;;Y,k'

Next, for each f € L°(U)N, fix to such that £ = 0 on [tg,00) x  and let u
be the unique weak solution in V;°((—00,9) x Q)N of the problem (34). Again,
we may extend u to U by setting u = 0 on (tg,00) x Q so that u € 10/'21’0(7/1)1\[ and
satisfies for all ¢; the identity

(4.4) /ui¢i(t1,-)+/ /ui¢i+/ /tAgﬂD@uﬂ'Daq&iz/ fle’
Q t1 JQ t1 JQ t1 JQ

for all ¢ € CZ5,(U).
We note that Lemma .1l remains valid with Q, ¢, and U in place of R", R+,

and @, , respectively. By following a similar argument as in Section B2 we find

that if f is supported in QE(XO), where Xy € U and R < dx,, then we have
e oz oy S OB PN gn iy 0> (122,

Consequently, as in ([.I6), if we have p < /4 and Q, (V) C Q;M(Xo), then

10pll ot x0y) < CRTHMD Wg € [1, (n+2)/n).

Therefore, by following the proof of Lemma [3:2] we conclude that

(4.5) IGP(X,Y)| < CIX =Y[" Vp<[X-Y][,/3 if[X-Y],< dy /2.

4.2. Construction of the Green’s matrix. Asin ([3.20)), the estimate (3] yields

(16) 16" Y) gy S OB ¥p>0 VR <dy/2

which in turn gives the following weak-L("+2)/("+1) estimate as in (B.18):

(4.7) {X €U : |D,GP(X,Y)| > 7} < Critt  ¥r> (dy/2)"

Then, as in (BI9), we have for any p > 0,

48) DG (V) ooy S CoRTHHP VR <dy Vpe[1,25).
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Also, as in (B21) we have

(4.9) /M\Q . IG?(, Y)Y <CR™2 VYp>0 VR <dy/2
R

which gives the following weak-L("*t2)/" estimate as in (3.25):

(4.10) HX eU:|GP(X,Y)| > 7} < Cr~ D/ v > (dy/2)".
Then, as in [3.20]), we have for any p > 0

(411) NG vignry < CoRHD/P VR < dy  Wpe L, (n+2)/n).

Fix g € (1, 22) and observe that (£8)) and (@II) imply

» nt1
(4.12) |G (- Y)HWi‘q(Q&Y vy < C(dy) < oo uniformly in p > 0.
Also, fix a cut-off function
(4.13) (y € CSO(QJY/g(Y)) satisfying (y =1 on QJY/4(Y).
Then, as in (337), we find
(4.14) I1=¢)G(Y)|lu < C(¢y) < oo uniformly in p > 0.

Therefore, we conclude from (£I2) and (£I4) that there exist a sequence {pM}ZO:l
tending to 0 and functions G(-,Y) € W2 9(Qg, (Y))V*V and G(-,Y) e Va(U)N*N
such that as yu — oo,

(4.15) G (- Y) = G(-Y) weakly in W} (Qg, (Y))V N

(4.16) (1-¢)GP (1Y) = G(-Y) “very weakly” in Vo(U)V*N.

Since we must have G(-,Y) = G(-,Y) on Qay, (Y) \ Qg, j2(Y), we may extend
G(.,Y) to the entire U by setting G(-,Y) = G(-,Y) on U \ Qg, (Y). We shall call
this extended function a Green’s matrix for £ in U with a pole at Y and still denote
it by G(+,Y).

Now, we prove the identity (Z23) in Theorem 2771 Write ¢ = n¢ + (1 — 1),
where 1) € C2°(Qg, (Y)) satisfying n =1 on Qg, /2(Y). Then, by @3), ({I5), and
([£I6), we obtain

¢*(Y) = lim ne* + lim (1= n)¢"
K=oy, (v) K=Y, (v)

= 1im | (=GI(Y)Di(né') + A DGl (Y ) Dalng))

n—00 Jiy
+Jim [ (<GE V)DL = 0)e) + A DsG (V) Del(1 = 1))
- /M (_Gik('aY)Dt(n¢i) +A%ﬁDngk(',Y)Da(n¢i))
+ [ (-Gat. I =)o) + A5 DaGin (V) Dal (1L~ 1))
u

- / (_Gik(" Y)Dig' + A?jﬁDﬁGa‘k('a Y)Do@i) as desired.
u
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By proceeding similarly as in Section B3] we derive the following estimates which

correspond to (B.31)-(B30):

(4.17) IGCY ) Loguivy) < Cp BT/ VR < dy Vpe[l,282),
(4.18)  IDG(,Y) Lo(gpyy < Cp R/ WR <dy  Wpe[1,282),
(4.19) IGCY) e amangoy S CR™™ VR <dyv/2,

(4.20) IGC g, o) SCR™ VR <dy/2,

(4.21) UX eU: |GX, V)| >7} <Cr " VYr>(dy/2) ",

(4.22) {X €U :|D,GX,Y)| >} <Cr " V> (dy/2)™

Next, we prove ([2.24) in Theorem 27 Let n € C2°(U) such that n =1 on Q. (Y)
for some r < dy. Since dy < dy, we may assume that » < dy. Then, as in (3:35),
we may assume that there is a function G(-,Y) in Va(U)V*¥ such that

(4.23) (1-n)GP(-,Y) = G(-,Y) “very weakly” in Va(U)V*N.
Note that [@23) in particular implies that
Jin [(@-ne o= [ e veecw)
On the other hand,uby (#I3) and ([@I6), WLe{ find that for all ¢ € C°(U),
lim [ (1-7)G*(,Y)o

n—oo foy

= lim (/ GPM(-,Y)(1_77)¢+/ (1—CY)G”“('7Y)(1—77)¢>
#=oe\JQq, (V) U\Qq,, (Y)

~ [ etma-mer [ Ga-ne= [(1-n6HYe
Q U\Qqy (V) u

Therefore, we must have G(-,Y) = (1—n)G(-,Y), and thus (1—7)G(-,Y) € Va(U).
Then, by following a similar argument as in Section [33] we find that (1 —1)G(-,Y)
belongs to V,"°(U), which proves (Z.24).

ay (Y)

4.3. Continuity of the Green’s matrix. Proceeding as in Section 3.4 we find
that G(-,Y) is Holder continuous in & \ {Y'}. Also, we may assume that

(4.24)  G*(,Y) — G(-,Y) uniformly on K, for any compact K € Y\ {Y}.

Denote by ‘G (-, X) the averaged Green’s matrix associated to L with a pole at
X € U. More precisely, for 1 <k < N and X = (t,z) € U fixed, let we = wo.x i
be the unique weak solution in V;**((—o0,t9) x Q)N of the backward problem

|
Lu= |uj(X)|1ui(X)ek
u(to, ) = O,

where ¢ty > t + 02 is fixed but arbitrary. Then, as before, we may extend w, to the
entire U by setting w, = 0 on (t 4+ 02, 00) x Q so that w, belongs to V,*(U) and
satisfies for all s; < ¢ the identity

(4.25) / wy ' (s1,-) + / / w dy + / / ‘A3 Dyw) Dag’ = ¢
Q s1 JQ s1 JQ MI(X)
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for all ¢ € C25 (U)N. The averaged Green’s matrix 'G7 (-, X) = (‘G%,(-, X))N,._,
for 'L in U is then defined by

tG;‘Tk('v X) = wf, = wi;Y,k'
By a similar argument as appears in the previous subsection, we obtain a sequence
{o,},2, tending to 0 and functions 'G(-, X) € W} 9(Qgq, (X))V*¥ for some ¢ > 1
and 'G(-, X) € Va(U)N*N such that as v — oo
(4.26) 'G? (-, X) = 'G(-, X)) weakly in W,»9(Qg, (X))N ",
(4.27) (1-(x)'G7 (-, X) = 'G(-, X) “very weakly” in Va(U)N >V,
where (x is given similarly as in [@I3). Since we must have ‘G(-, X) = 'G(-, X) on
Qix (X)\ Qqy j2(X), we may extend 'G(-, X) to the entire U by setting ‘G(-, X) =
G(-,X) on U\ Qq, (X). We shall call this extended function a Green’s matrix for /£
in U with a pole at X and still denote it by ‘G(-, X). Then, by the same reasoning

as in the previous subsection, we find that ‘G(-, X) is Holder continuous in ¢/ \ {X }
and it satisfies

| (G001 + 45 DyGn (- X)Dat ) = 6H(X) ¥ € )
u

and all the properties corresponding to ([@LIT)-(#22). Therefore, the estimates
228)—(231) will follow once we establish the following identity, the proof of which
is essentially given in Lemma

(4.28) GX,)Y)="G(Yy,X)" vX,YeUu, X#Y.
Moreover, (A28) also implies that G(X,-) is Holder continuous in U \ {X}. Fur-
thermore, as in (3.44) and (8:45) we have

G’ (X,Y) =][ G(X,Z)dZ YX,YelU, X#Y and
Uy (v)

lim G”(X,Y) = G(X,Y) VXY €U, X #Y.
p—
Then, from (@3 and ({28]), we find

(4.29) IG(X,Y)|<CIX -Y[;" if 0<|X-Y], < 3max(dx,dy)
and also by ({2]), we obtain
(4.30) G(,sy)=0 in (—oo,s) x Q.

4.4. Proof of the identity [227). Let g € L*(Q)" be given and let u be the
unique weak solution in V,"%((s,00) x Q)N of the problem (228). By proceeding
similarly as in Section we derive the following representation for wu(t, z):

(4.31) u(t,x):/QG(t,:E,S,y)g(y)dy.

Similarly, for g € L*(Q)%, let u be the unique weak solution in ‘0/21’0((—00, t) x QN
of the backward problem [B5]). As in [852]), u has the following representation:

(4.32) u(s,y) = /Q 'G(s,y,t,7)g(x) dx.

We need the following lemmas to prove (2.27)) of Theorem 2.7
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Lemma 4.1. Assume that g € L*(Q)N is supported in a closed set F C Q. Let u
be the weak solution in Vy°((s,00) x Q)N of the problem (2.26). Then,

(433) / |u(t,)|2 S efcdist(E,F)z/(tfs)/ |g|2 VE g Q,
E F

where dist(E, F) =inf {|z —y| : x € E,y € F} and ¢ = \/(2A?).

Proof. We may assume that dist(E, F)) > 0; otherwise [@33) is an immediate con-
sequence of the energy inequality. Let 1 be a bounded Lipschitz function on
satisfying |Dvy| <~ a.e. for some v > 0 to be fixed later. Denote

1) ;:/Qew (b, ) V> s.

By following [20, §I11.4], it is not hard to see that I is absolutely continuous on
[s,00) and that I'(t) satisfies for a.e. t > s

I'(t) = —2/QA%BD5uj(t, VDo (e2Yul(t,-))

= —2/{262wA%BDﬁuj(t, VDul(t,) — 4/Qe2wAl-ajﬁDﬁuj(t, VDotpul(t, )

IN

—2x [ Dult ) + 4y [ e Dule, )] e (e, )
Q Q

IN

A2/ [ (e, ) = (247 nPT)
Q
The above differential inequality yields
2 2(4_g
(4.34) I(t) < eGA/07°( )||ewg||%2(F).

Note that since F' is closed, the function dist(z, F) = min{|lz —y|:y € F} is a
Lipschitz function with Lipschitz constant 1 and dist(E, F) = inf,cp dist(z, F).
Therefore, if we set ¢(z) = ymin{dist(z, F'), dist(E, F)}, then by [@34), we find

[ e < exp{(02/22 (e~ 5) - 2yaise .7} [ g
E F
The lemma follows if we set v = dist(E, F)/{(2A?/)\)(t — s)}. O

Lemma 4.2. Assume that the operator L satisfies the property (PH). Let u be the
weak solution in Vy " ((s,00) x Q)N of the problem (Z.26) with g € L(Q)N. Then,
lut, )] < Cllgllpw i VE—s <dx,

where C = C(n, N, \, A, po, Co) > 0.

Proof. Let p := /f—s and assume p < dx. Denote Ay = B,(xz) and Ay, =
{y €eQ: 2y <|y—a| < 2’“;}} for kK > 1. Since g is compactly supported in €,
we see that g = EZO:O gl,, for some ky < co. Denote

uk(tax): N G(t,x,s,y)g(y)dy
k

Then, it follows from (3] that u = Zz(’zo u and that each uy is a unique weak
solution in V;%((s,00) x Q)N of the problem (Z26) with g1, in place of g. If we
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apply Lemma [l to uy, with E = B,(z) and F = Ay, we obtain
k
/| k)l dy £ Ce A gy V7 (1),
P xr

Therefore, by Lemma we estimate

ko
_ ok
ut,z)] <Y lur(t,z)] < Cze 282 | gl| oo ) < Clgll e ) -
k=0 k=1
The lemma is proved. O

Lemma 4.3. Let z9 € Q and R < & min(dist(zo, 9Q), R.) be given. Assume that
1 € C(Bag(xo)) satisfies 0 <n <1,n=114n Br(zo), and |Dn| < C/R. Then,

lim [ G(t,z,s,y)n(y)dy =1 Vz € Bgr(xo),

t—s Q

where G(t,x,s,y) is the Green’s matriz of L as constructed above and I is the N
by N identity matrix.

Proof. First, we claim that the following identity holds for all s; < ¢:

(435)  ¢(X) = / G (51,1, 2)6 (51, / / o

/ / A DG (-, X)Dad' Vo € C(UNN.

Indeed, by ({.25]), we have for all s < t,

s f e [ G+ [ [ epex
Z/le(X) s1 49
//tAaﬁD ‘G% (-, X)Dad’ Vo € C,U)N.
Q

Note that by estimates similar to (£24) and (£29), we have

lim tG;‘T]: (517 2 I)(bi(sla ) = / tGik(Sla 51, 'r)d)i(slv )

v—oo Jq Q

Then, (£38) follows from a similar argument as used in the proof of (Z23)) in
Section [42] and [@30). If we set ¢(Y) =n(y)e; and s; = s < ¢ in [@35), then

5kz:/ Gu(s, -tz 77+//tA Dﬁtng X)Dan

(4.37) Gul(t,z,s, n+// ‘A BDﬁtGJk X)Don =: I+ 1I1I.
Q

By using Holder’s inequality and (£20), we estimate

. 1/2
11| < CR™?71(t — 5)'/? (// IDtG(-,Xo)F)
sJ Br(z0)\Br/2(%0)

<CR'(t-s)'"? ifVi—s<R.
Therefore, the lemma follows by taking the limit ¢ to s in (Z.31). O
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Now, we shall prove [Z27) of Theorem 271 Assume that g € L*(Q)Y and
g is continuous at zo. Let w be the weak solution in V,"%((s,00) x Q)N of the
problem ([Z26). For a given € > 0, choose R < 3 min(dist(zo, d), R.) such that
lg(z) — g(xo)| < €/2C for all z satisfying | — xo| < 2R, where C is the constant
as appears in Lemma Let 7 be given as in Lemma [£.3] and let ug, u., and
Use be the weak solutions in V,%((s, 00) x Q)N of the problem (2.26) with ng(z),
n(g — g(xo)), and (1 — n)g in place of g, respectively. Then, by the uniqueness, we
have u = ug + u. + Us. First, note that by ([@31]), uo has the representation

(4.38) </Gtxs )dy) g(xo).

Next, we apply Lemma BTl to ue with E' = Bg/s(20) and F' = Q\ Br(zo) to find
/ |u00(7-5 y)|2 dy S efch/(‘rfs) ||g||i2(ﬂ) V7 > s.
Bry2(o)

Therefore, if p := v/t — s/2 < R/4, then by Lemma 28], we find
(4.39) oo (£, 2)| < Cp~/2e™ B0 g|| by Y € By(xo).
Finally, we estimate u. by using Lemma (4.2}

(4.40) lus(t,z)| <e/2 if VE—s < dx.

Combining (@38)), [@39), and (@40, we see that if /t — s is sufficiently small, then
for all x € B,(z), we have |u(t,z) — g(xo)| < . This completes the proof.

4.5. Conclusion. The proof of representation formulas (2:22) and (228) given in
Section as well as the proof of the uniqueness given in Section also works
for general domains Q and R, € (0, 00]. Therefore, Theorem 2.7] is now proved.

5. PROOF OF THEOREM [2.11]

5.1. Proof of the Gaussian bound (Z40). Here, we consider the case R, = oo
and prove [240). In [14], by following methods of Davies [4] and Fabes-Stroock
[9], Hofmann and Kim derived the upper Gaussian bound of Aronson [I] under
a further qualitative assumption that the coefficients of £ are smooth. For the
reader’s convenience, we reproduce their argument here, dropping the technical
assumption that the coefficients are smooth.

Let 1 be a bounded Lipschitz function on R™ satisfying |D1/)| < v a.e. for some
v > 0 to be chosen later. For t > s, we define an operator P st on L2(R™)N as
follows. For a given f € L2(R™)V, let u be the weak solution in V;*°((s, 00) x R™)N
of the problem

oy Latnteos

Then, we define P¥_, f(z) := e*@u(t,z). Note that it follows from (Z25) that
6:2)  PLf@ = [ Dlasge i@y vf e e

We denote I(t) := |le%ul(t, )||L2 gy for all t > s. Then, as in the proof of

Lemma [£.]] we find that I is absolutely continuous and satisfies for a.e. ¢t > s,
I'(t) < @A),
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The above differential inequality with the initial condition I(s) = || f ||22(Rn) yields

I(t) < e(2A% /N7 (t—5) ||f||2L2 ) vt > s.
Since I(t) = || P. —>tf||L2(]R") for ¢ > s, we have derived
(53) ||Ps—>tf||L2(R") < el/’y t=9) ||f||L2(]R") Vit > S,

where v = A%/\. By Lemma 2.6} we estimate
_ 2
POIPLf ()] = lu(t @)

t—s) n/2+1/ /B (r.y)|* dy dr

\/—(m)

—2¢(y)| p¥ 2 duy dr.
o [ [ e Py

vi—s(®)
Hence, by using (53) we find

PV f@) < Ot — 5"/ / /B FU@-2W) P £ ()2 dy dr

vi—s(@)
—n - S 2
) /“// VI PL ()| dydr
s JB s=s(z)

t
<Clt= )T [ dr

<C(t—s)” n/2 2yVt=s+20y%(t—s) ||f||L2(]R" )

We have thus derived the following L? — L*° estimate for PY

s—t*

(5.4) | P, _>tf||L°° ®n) < Ot — 8)_"/4 eV ms) ||f||L2(Rn) vVt > s.

We also define the operator Q¥ , on L2(R™)N for s < ¢ by setting Q¥_.g(y) =

e~ *Wy(s,y), where v is the weak solution in ‘0/21’0((—00, t) x R™")N of the backward
problem

(5.5) { Lo =0

v(t,-) = e¥g.
Then, by [8.52)), we find that

QY.,g(y) =e¥W [ W(s,y,t,2)e?Pg(z)dz Vg € LHR™)N
R'Vl

By a similar calculation that leads to (54]), we derive

—n — STV 2 —S
(56) QI gl < Ct—s) M VT ig|| gy Vs <L
Notice that it follows from (&) and () that (cf. (3.8) and (3:49)

| #rna=[ @t

Therefore, by duality, (5:6) implies that for any f € LS° (R")N we have
(57) || Htf||L2 R™) < C( ) n/4 e’ = S+V’Y ||f||L1 R™) Yt > s.
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Now, set r = (s 4+ t)/2 and observe that by the uniqueness, we have
PLf=P(PLLf) Ve LERHY.

Then, by noting that t —r = r — s = (t — s)/2, we obtain from (54]) and (5.7) that
for any f € L°(R™)V, we have

—n —S 1% 2 —S8
1P Fll o qany < Ot — 5) /2 VTTH7E=5) £ L0 V> s
For fixed x,y € R™ with = # y, the above estimate and (52) imply, by duality,
(5.8) eV @ =vW) |0 (¢, x, $,Y)|op < Ot — 5) /2 eV A=)t (0=9)  yp s g,

Define ¢y on [0,00) by setting

{¢0(T)=r if r <|z—y]
o(r)=lz—y| ifr>|z—y.

Let 9(z) = ~v¢o(]z — y|) where v = |r —y| /2v(t — s). Then, ¢ is a bounded
Lipschitz function satisfying |D| < « a.e., and thus (5.8)) yields

IT(t,2,5,9)],, < C(t —5) 7% exp{¢/Vov — € /4v},
where & = |z —y| /vt — s. Let Cy = Co(v) = Co(A%/N) be chosen so that
exp(¢/V2 — €/4v) < Coexp(—€?/8v)  VE € [0,00).
If we set k = 1/8v = A\/8A?, then we obtain
IT(t,2,5,9)],, < C(t —5) " exp {—rlz —y[*/(t = )},

op —

where C' = C(n, N, A\, A, po, Co) > 0. We have proved (Z40).

5.2. Proof of ([Z4I) and (239). We begin by proving the identity (241]). First

note that (Z24), 22]), and (Z29) imply that both |T'(¢,«,r, )| and |T'(r, -, s,y)]|
belong to L*(R") for all z,y € R™ and r € (s,t). Then, by the uniqueness (cf.
([Z2Z5)) and Fubini’s theorem, we have for all g € L (R™)V,

/n L't z,s,9)g9(y)dy = /n L(t,z,r 2) </ L(r, 2, sv)g(y) dy) d

- /n (/n L(t,z,r,2)T(r, 2, 8,y) dz) g(y) dy.

Since g € L (R™)Y is arbitrary, we conclude (Z4T]).
We now turn to the proof of the pointwise bound ([239). By following the proof
of ([Z40) in Section 5] it is routine to check

(5.9) IT(t,z,8,9),, < C(t— s)_"/2e_"‘lw_y|2/(t_s) if0<t—s<R2

Next, recall the identity

(5.10) P(t+s,xz—y)= / O(t,x—2)P(s,z—y)dz Vz,y e R" Vs,t >0,

n

where ®(t,z) = (4mt)~"/? exp{—|z|?/4t}. Note that (5.9) implies that
(5.11) L (t,z,5,9)],, < C(n/r)V2®((t — s)/4k,x —y) if0<t—s<R2
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Let £ be the largest integer that is strictly less than (¢t —s)/RZ%. Denote t; = s+ jR?
for j = 0,...,¢ and ty;41 = t so that tg = s and t; < t = tyy1. Note that

[t;—tj—1| < R2forallj=1,...,0+1. Then, by 4, (510), and (EIII), we have
041

IT(¢, zo+1, 8, 20)] op < / / H|I‘ ti, zj,tj—1,2j— 1)|Op dzi--- dzp

< (I Yt )t 111 — )
= O (k)2 (t — )72 exp{—k|ze41 — 20|/ (t — 5)}.
Therefore, ([239) follows if we set zo = ¥, ze41 = =, and v = In{C (7 /k)"/?}.

5.3. Proof of the identity (2.42). First, note that as in (435]), the following
identity holds for all s; < ¢:

(5.12) o (X) :/n Tir(s1,-t,)p (51, ) /1/ i,

/ [ DA X)Das v € O R

Now, let ¢ € C°(R™) be a cut-off function satisfying
¢=1in Bi(0), ¢=0outside B»(0), 0<(<1, |D¢|<2.
If we set ¢(Y) = (((y —z)/R)e; and sy = s < t in (B.12)), then
(5.13) Opl = le(s, Lt ) —x /R // tAaﬁDgTjk )Da(bi
]Rn
=I+1I
By (342), 239), and the dominated convergence theorem, we have

lim [ = lim Tri(t,z, 8,9)¢((y — x)/R) dyz/ Tri(t, z,s,y) dy.

R—o0 R—oo Jpn n

On the other hand, using Holder’s inequality we estimate I1 by

1/2
IIT| < CR™Y271(t — 5)1/2 // IpTCX)P )
BQR(I)\BR

Next, let n € C°(Bsr(x)) be such that n =1 in BQR( )\ Bgr(z),n =01in BR/2(I),
and |Dn| < C/R. From (239) and ([@23), it follows that limgq, nT( ,tr) = 0.
Note that T'(-, X) satisfies ‘Lu = 0 in {(s,y) € R""! : s <t}. Therefore, as it is
done in the proof of B21l), we derive

t t
// DT, X)) SCR‘z// (LX)
sJ Bar(z)\Br(z) s/ B3r(z)\Bgr/2(x)

If R >/t — s, then by (£28) and ([239), we estimate (cf. (321]))

t
// “T(-,X)f < Oe27(t—s)/RiR2—n.
s/ Bsr(z)\Br/2(x)

Therefore, we find that I7 is bounded by
III| < CR™}(t — 5)/2e7t=)/BE i R > \ff— s,
and thus, we obtain (2:42) by taking R — oo in (G.13)).
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6. APPENDIX

Lemma 6.1. Let {uy},-, be a sequence in Vo(U) (resp. Vo(U)), where U = R x Q
and Q is an open connected set in R™. If supy, |ukllu = M < oo, then there exist
a subsequence {ug,;}32; C {ur}il, and u € Vo(U) (resp. Va(U)) with Jully < M
such that ug; — u “very weakly” in Vo(U).

Proof. Let Ur := U N (=T,T) x R", where T > 0. We claim that for all T > 0,
there exist a subsequence {ug,}32; C {ur}i2, and u € Va(Ur) with [ully, < M
such that ug;, — u weakly in W, *(Ur). Tt will be clear from the proof below that if
{ur}re is a sequence in Va(U), then we also have u € Vy(Ur). Therefore, once we
prove the claim, the lemma will follow from a standard diagonalization argument.

Now, let us prove the claim. Notice that ||Uk||W21’O(UT) < Cllugllr < CM for
some C' = C(n, N,T) < oo. Therefore, there exist a subsequence {uy,}?2, C

{ur}52, and u € W, °(Ur) such that such that uy,; — u weakly in W, (Ur). For
simplicity, let us relabel the subsequence and assume that u; — u in W21 OUr). We
only need to show that u € Vo(Ur). Let t € (=T, T) be fixed and choose h > 0 so
small that (¢t — h,t + h) C (=T, T). Since u; — u weakly in L*(Ur), we also have
u; — u weakly in L?((t — h,t + h) x Q), and thus

1 t+h 1 t+h
= lu(r,2)|* dodr < liminf —/ u; (7, )| dodr < M2
2h Ji_wJa J—0oe t—hJQ

Therefore, by taking h — 0, we obtain esssup,e_pr) [u(t,-)||7. < M?, which

together with u € W,"°(Ur) implies that u € Va(Ur). It is clear that [ully, <
supy, |lukllu, < M. We have proved the claim, and thus the lemma. O

Lemma 6.2. Assume the coefficients A*” of the operator £ in 22) are indepen-
dent of x (i.e., A*® = A®P(t)) and satisfy the conditions Z3) and ). Then,
there exists a constant C = C(n, N, \,A) > 0 such that all weak solutions u of
Lu =0 in Qx(Xo) satisfy

2 P\t 2
(6.1) \Duf?* < C (—) Dul> Yo<p<r<R
Q, (Xo) " Qr (Xo)
and similarly, all weak solutions w of 'Lu =0 in QL(Xo) satisfy
2 p\" T2 2
(6.2) / Duf* < ¢ (2) / IDul’ W0<p<r<R
QF (Xo) r QF (X0)

Proof. First, we consider the case r = 1 and Xg = 0. Assume that w is a weak
solution of Lu = 0 in Q7 (0). Let k be the smallest integer strictly larger than n/2.
Since the coefficients A*? of the operator £ are independent of z, we obtain by
iterative applications of the energy inequalities

(6.3) [[u(t, ')HWkﬂ(Bl/z(o)) <C ||u||L2(Q;(o)) vt € (-1/4,0),
where C' = C(n, A, A). Moreover, by the Sobolev inequality (see e.g., [, §5.6.3])
(6.4) [[u(t, ')||L°°(Bl/2(0)) < Cu(t, ')”W“(Blp(o)) vt € (-1/4,0),

where C' = C(n, A\, A, B1/2(0)) = C(n, A\, A). Then, we obtain from (6.4]) and (G.3)

/Q(O) |u|2 < Cpn+2 Hu”iz(Qf(O)) Vp c (07 1/2),
o
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and thus by replacing C' by max(2"*2, C) if necessary, we have
2 n 2
(65) [ o 1 <O a0y Vo< 01

Now, we consider general case. Assume that u is a weak solution of Lu = 0 in
Q; (Xo). Then, @(t,x) = u((t — to)/r?, (x — x)/r) satisfies L& = 0 in Q7 (0),

where the coefficients £ are still independent of z and satisfies (2.3) and (2.4);
more precisely, they are given by A% (t) = A*P((t — to)/r?). Therefore, by ([B.3)

and the change of variables, we obtain
Tﬁniz/ [ul* < Clp/r)" 2 lullf2(gr (x0yy  TP € (0.1).
Q;T(XO)

The above estimate is equivalent to

2 P\t 2
(6.6) / ul* < (2) / wl? Ve (0,7).
Q5 (Xo) " Qr (Xo)
Therefore, ([G.I)) follows from (6.6) and the observation that for all k = 1,...,n,
Dju is also a weak solution of Lu =0 in Q. (Xp). O
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