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COEFFICIENTS
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ABSTRACT. We consider second order parabolic and elliptic systems with lead-
ing coefficients having the property of vanishing mean oscillation (VMO) in
the spatial variables. An Ly — Ly theory is established for systems both in di-
vergence and non-divergence form. Higher order parabolic and elliptic systems
are also discussed briefly.

1. INTRODUCTION

The L, theory of second order parabolic and elliptic equations has been studied
extensively by many authors for more than fifty years. It is of particular interest not
only because of its various important applications in nonlinear equations, but also
due to its subtle links with the theory of stochastic processes. For scalar equations,
the solvability theory in L, spaces has been well established; see, for example, [7],
8], [2], [A5]-[20], [3] and references therein.

In contrary, until quite recently, there are very few results of L, theory for par-
abolic systems with discontinuous coefficients. On the other hand, quite naturally,
many evolutionary equations arising from physical and economical problems are
coupled systems instead of scalar equations, such as the Navier-Stokes equations.

In this paper we consider two types of parabolic operators

Pu= —wu + A*’Dysu+ B*D,u+ Cu, (1)
Pu=—wu + Do (AP Dgu+ B®u) + B*Dyu+ Cu (2)
acting on (column) vector-valued functions u = (u',--- ,u™)? given on

R* = {(t,z): t e R,z = (21,...,24) € R},
Here, we have used the notations

Dau:u;ca7 Daﬁu:u:caxg (a,ﬁ:l,...,d)
and the usual summation conventions over repeated indices are assumed. The
coefficients A*%, B B*, and C are m x m matrix-valued functions given on R%*1;
ie., AY = [A?f(t,a;)]mx,n, etc. When the coefficients A*?, B, B® and C® are
independent of ¢, we also define and consider elliptic operators in divergence and
non-divergence form

Lu= A*’D,su+ B*D,u+ Cu, (3)
Lu= Dy (A%’ Dgu+ B®u) + B*Dou+ Cu (4)
acting on vector valued functions w = (u',---,u™)T given on R

H. Dong was partially supported by a start-up funding from the Division of Applied Mathe-
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We note that a similar problem is treated in a recent paper [I4], where the au-
thors considered higher order parabolic systems in non-divergence form. Under the
assumption that leading coefficients are bounded, time-independent, and VMO in
the spatial variables, the solvability is established in L,(L,) spaces with A, Muck-
enhoupt weights, by using estimates of integral operators of Calderon-Zygmund
type and related commutators with BMO functions.

It turns out that, until recently, [I4] is one of the few results on the L,, solvability
of parabolic systems with discontinuous coefficients. With continuous leading coef-
ficients, similar results can be found in an earlier paper [9]. For local L, estimates
of elliptic systems in non-divergence form with VMO coefficients, we refer inter-
ested readers to [25]. We also would like to bring attention to an interesting paper
[4], in which the authors obtain WP solvability of a conormal derivative problem
of elliptic systems in divergence form with VMO coefficients in domains satisfying
a mild geometric condition. For other regularity results for elliptic and parabolic
systems, see [26], [5], [, [I3], 0], [22], [23], [24], [6] and references therein.

In this paper we consider parabolic and elliptic operators both in divergence
and non-divergence form with leading coeflicients merely measurable in the time
variable and VMO in the spatial variables. This is the same class of coefficients used
in [19] and [20], and is denoted as VMO, (see the definition in Section [3)), which
is strictly larger than those considered in [23] and [14]. Moreover, we assume that
the leading coefficients satisfy the Legendre-Hadamard condition, which is weaker
and more natural than the usual strong ellipticity condition (see Assumption [2.1)).

Under these assumptions, we establish L,(L,) solvability of both divergence
and non-divergence form parabolic systems (cf. Theorem and extending
the corresponding results for scalar equations in [20]. As a corollary, we obtain
L, solvability for divergence and non-divergence form elliptic systems as well (see
Theorem and .

Our approach is based on a method from [19] and [20]. Unlike the arguments in
7, 8], [14], [25] and [22]-[24], which are based on certain estimates of Calderon-
Zygmund theorem and the Coifman-Rochberg-Weiss commutator theorem, our
proofs rely mainly on pointwise estimates of sharp functions of second spatial deriva-
tives of solutions to systems as in [19], [20]; see also [16] and [I7].

Roughly speaking, there are three steps in the proofs of our main theorems.
In the first step, we consider the systems with coefficients depending on the time
variable only. By using the Fourier transform methods, we prove the solvability in
L> space, from which we establish an estimate for sharp functions of derivatives
of solutions to systems. Applying the Fefferman-Stein theorem on sharp functions
and the Hardy-Littlewood maximal function theorem, we get the solvability in L,
spaces for p > 2, and then in L, spaces for p < 2 via a duality argument. We
also get another sharp function estimate from this solvability theorem. In the
second step, we employ the sharp function estimate obtained in the previous step
and a perturbation argument to obtain the L, solvability of systems with leading
coefficients in VMO,,. Finally in the third step, adapting an approach suggested in
[18], we arrive at the L,(L,) solvability for ¢ > p in the non-divergence form and
without this restriction in the divergence form.

To the best of our knowledge, the question of the Ly(L,) solvability in the non-
divergence form for ¢ < p with VMO, coefficients is still open even for scalar
equations. We remark that such restriction is not imposed in [I4]. However, our
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results are not covered by those in [I4] because the coefficients are assumed to be
time-independent in [14].

The paper is organized as follows. The main results, Theorem and
[2.6] are stated in the next section. First we consider systems in non-divergence form.
Section 3 is devoted to some preliminary estimates including Theorem which
may be considered a preliminary version of Theorem [2.3] Theorem [3.1]is about the
solvability of parabolic systems with coefficients independent of the spatial variables
and is proved in Section 4. Next, Theorem is proved in Section 5 as another
special case of Theorem When p = q (see also Remark. The main tool of the
proof is a pointwise estimate of the sharp function of second derivatives (Lemma
5.3)). With these preparations, we are able to prove Theorem in Section 6. In
the remaining part of the paper, we turn to consider systems in divergence form. In
Section 7, we state and prove Theorem which is a special case of Theorem
when p = ¢, and is a counterpart of Theorem Then Theorem is proved in
Section 8. Finally, the results of L, theory of elliptic systems, i.e., Theorem and
are derived in Section 9 by using Theorem and Higher order elliptic
and parabolic systems are also discussed without many details at the end of this
paper.

We finish the section by introducing some notation. Throughout the paper, we al-
ways assume that 1 < p, ¢ < oo unless explicitly specified otherwise. By N(d,p,...)
we mean that N is a constant depending only on the prescribed quantities d, p, . . ..
For a (matrix-valued) function F(¢,z) in R we set

1
(F)D:@/DF(t,m)dxdt:][DF(t,x)da:dt,

where D is an open subset in R%*! and |D| is the d + 1-dimensional Lebesgue
measure of D. For —oco < § < T < oo, we set

LQ»P((Sv T) X Rd) = Lq((S’ T)aLp(Rd))v
ie., F(t,r) € Ly,((S,T) x R?) if

T q/p 1/q
Pre—— (/ F(t,x>|pdx) it) <.
S R4

quﬁ((S, T) x RY) = {w: u,us, Du, D*u € Ly ,((S,T) x Rd)}7
W2((S,T) x R = W)2((S,T) x RY),
HL((S,T) x RY) = (1 — A)V2WH2((S,T) x RY),
HL((S,T) x RY) = HL_((S,T) x RY),
H, (S, T) x RY) = (1 — A)Y?Lg,((S,T) x RY),

-1 d -1 d
H, ((8,T) xR?) = IHIp,p((S7 T) x RY).
For any T € (—o0, 00|, we denote

Ry = (—00,T), R&ET =Ry xR
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2. MAIN RESULTS
Assumption 2.1. The matrices A*?, B®, B* and C satisfy
AP <K, [Bo(La) <K, |B(La) <K, |C(ta) <K,
APt 2) 600" > 0112 [9)?
for all (¢t,z) € R¥*! ¢ € RY, 9 € R™, for some constants 0 < § < 1 and K > 0.

Another assumption on A = [Af‘jﬂ | is that they are in the class of VMO, that

is, A?jﬁ(t, x) are measurable in t € R and VMO in 2 € R?. A precise description of
this assumption is given below using the following notations. Let

B(zx)={yeR: |z —y| <7}, Q.(t,x)=(t—1%1t)x B.(x).
Set B, = B,(0) and |B,| to be the d-dimensional volume of B,. Also set

0SCy (A%’B, Q- (t, m))

t
- T_2|BT|_2 / /
t—r? Jy,2€B,(x)

Aﬁ = sup sup Z Z 0SCy (A%B,QT(t,x)) .

d
(t,x)ER +1r<Raﬁ 14,j=1

In case A is independent of ¢, naturally we set

0sc (A” » Br(x )) = 1B /y,zeBr(z)

d m

Aﬁ = sup sup Z Z osc (Af;ﬁ, (x)) )

TERITSR o p=14,j=1

Assumption 2.2. There is an increasing continuous function w(r) defined on
[0, 00) such that w(0) = 0 and A% < w(R).

af af
A7 (s,y) — A (s,z)‘ dydzds

and

af af
A5 () = A7 (2)| dydz,

Now we state our main results. In Theorem - we use the notations
f: (fl7.'.7fm)T7g:(g(){), ga:(g(]:[7"'7ggl)T7a:1""7d'
Theorem 2.3. Let1 < p < g < oo, 0 <T < o0, and the coefficient matrices of

P satisfy Assumption and. Then for any f€ L, ,((0,T) x RY), there exists
a unique u € W22((0,T) x RY) such that Pu = fin (0,T) x R and u(0,-) = 0.
Furthermore, there is a constant N, depending only on d, m, p, q, 0, K, T, and
the function w, such that

HUHW;p?((o T)xRd) = N||PulL, ,(0,1)xr)
Jor any we WE2((0,T) x R?) satisfying u(0,-) = 0.
Theorem 2.4. Let p,q € (1,00), T € (0,00), and the coefficient matrices of P
satisfy Assumption and|2.4 Then for any f, g, € Ly, ((0,T) x RY), there exists
a unique u € H},((0,T) x R?) such that Pu = f+ Dag, in (0,T) x R? and

u(0,-) = 0. Furthermore, there is a constant N, depending only on d, m, p, q, ¢,
K, T, and the function w, such that

lulse (omyxnn) < NIz, o)k + 19012, 0. xBe)-
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Theorem 2.5. Letp € (1,00), and the coefficient matrices of L satisfy Assumption
[2.3 Then there exist constants Ao > 0 and N, depending only on d, m, p, J,
K, and the function w, such that

AMullz, ey + \f/\”Du”L,,(Rd') + ||D2U||L,,(Rd) < N|[Lu— Aul| L, g (5)
holds for any u € Wg(Rd) and \ > \g. Moreover, for any A > X\ and f€ L,(R?),
there exists a unique u € sz(]Rd) satisfying
Lu—Mu=f in R%L

Theorem 2.6. Let p € (1,00) and the coefficient matrices of L satisfy Assumption
and[223. Then there exist constants Ao > 0 and N, depending only on d, m, p,
6, K, the function w, such that

Alullr, ®ay + VA Dullp, may < N(VA+1)||Lu— Aullyy 1 (ga (6)
holds for any u € Wpl(Rd) and X\ > Xo. Moreover, for any f, g, € L,(R?) and
A > Ao, there exists a unique w € W}(R?) such that

Lu—Au=f+D,g, in R%
3. PRELIMINARY RESULTS
Throughout this section we set
Pu=—u; + A*’Dypu, (7)

where the entries of coefficient matrices A%? are measurable functions of only ¢ € R,
ie., A%ﬁ = A%ﬁ (t), satisfying Assumption With this operator P we have the
following theorem, which is proved in section [l first for the case p = 2, and then
for the general case 1 < p < oo.

Theorem 3.1. Let u € WI}’Z(R%H), T € (—o0,00]. Then there exists a constant
N = N(d,m,p,d, K) such that
)‘HUHLP(RdTH) + ‘/X”DUHLP(R;“) + HDQUHLP(R;“)
+llwll, garry < Nl[Pu— Al garr) (8)
for all A > 0. Moreover, for any A > 0 and f € L,,(Rgfl), there exists a unique
AS W;’z(RdTH) satisfying Pu— \u = f.

The above theorem, along with the arguments in [20], allows us to obtain the
following lemmas and theorems.

Lemma 3.2. Let 0 <r < R< oo and u € W;’foc(Rd“). Then

1wz, @) + 1Dl @0 < N (IPulL,@n) + I1DUlz, @ + ¥z, @) -
where N = N(d,m,p,d, K,r, R).
Proof. See the proof of Lemma 5.2 in [20]. O

Lemma 3.3. Let 0 < r < R < o0 and u € C2 (R, Assume that Pu = 0 in
Qr- Then for any multi-index v, we have

Sélp | D7 | + Sélp DY us| < N ([[Dull,qn) + 1, @n) -

where N = N(|v|,d,m,d,p, K,r, R).
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Proof. See the proof of Lemma 5.8 in [20]. O

Lemma 3.4. Let u € C25,(R1) and A > 0. Assume that Pu— Au = 0 in Qs.
Then for any multi-index -y, we have

sup [0 (D) +5up D" el < N ([l 02 + 10l 02 + VA Dul )
1 1

sup D7 (D) + sup D] < N (1D, 2+ VAl )

1 1

where N = N(|y|,d, m,p, 0, K).

Proof. See the proof of Lemma 5.9 and 7.3 in [20]. O

Theorem 3.5. Let A > 0, £ > 2, and r € (0,00). Let u € C2 (R¥Y) such that
Pu—Au= 0 in Q.. Then there is a constant N, depending only on d, m, p, ¢,
and K, such that

][ |D?u(t, x) — (D*u),, [Pdwdt < Nk7 (|D2u|p + AW\DUV’)Q

r

KT

][ (Du(t, ) ~ (Du)g, [7dadt < N (|Duf? + X/2]f?

s KT

Proof. See the proof of Theorem 5.10 and 7.4 in [20]. O

By using the results above, one can obtain the following estimates, which are
important in proving the main theorems. For their proofs, we refer to Theorem 5.1
and 7.1 in [20].

Theorem 3.6. There is a constant N = N(d,m,p,6,K) such that, for u €
W;’lzoc(Rd*l), r € (0,00), and k > 4,
][ D2u(t, ) — (D*u),, [ dadt < N2 (|Pul), + Nk (D), . (9)

r

Theorem 3.7. Let u € H;,loc(RdH), g =(9.) € Lpioc(R™*), r € (0,00), and
k > 4. Assume Pu= D,g, in Q... Then there is a constant N = N(d,m,p, 6, K)

such that,

][ Du(t, z) — (Du)g, [P dudt < Nx*2 (|glP)g + Nu~ (Duf)g_ . (10)

r

Remark 3.8. It is worth noting that Theorem [3.6]and [3.7]can be improved. Indeed,
due to Lemma [6.2] and following the proofs of Theorem 5.1 and 7.1 in [20] one
can actually get

][ |D?u(t, z) — (Dzu)QT P de dt < Nkt2 (|13u|p)Qm + Nk7P (|D2u|)gm (11)

T

under the assumptions of Theorem and

][ Du(t,z) — (Du)g, [P dedt < Nx*2 (|gP)y_+ N&? (Dul)ly_ (12)

r

under the assumptions of Theorem
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4. SYSTEMS WITH COEFFICIENTS INDEPENDENT OF THE SPATIAL VARIABLES

In this section we prove Theorem so recall that the operator P was defined
in @, where AP are assumed to be matrices of measurable functions depending
only on t € R, i.e., Afjﬁ = A%ﬁ(t). Theorem m in case p = 2, is easily proved
using Fourier transform methods.

Proof of Theorem when p = 2. It is enough to prove the estimate for A\ >0
and u € C®(R4*!). Indeed, the estimate for A = 0 is proved by letting
A\, 0 once the estimate is established for A > 0. To obtain the second assertion
(solvability) of the theorem, we can just use the estimate , the solvability of the
heat equation (i.e., A%ﬁ = 0a89i;), and the method of continuity.

For u € C®(R¥1Y), set f = Pu— Au. Then by taking Fourier transforms in
z-variables we see

— iy — £alp AU~ Nu = f,
where w = (u',--- ,u™)T and u'(t,£), i = 1,--- ,m, are the Fourier transforms of
u’ with respect to the spatial variables. By multiplying both sides of the above
equation from the left by the complex conjugate of the Fourier transform of (A —
A)u”', we obtain

— A F €T G — A+ [€D)En&suT A — AN + <P T-
=\ +EPHa-F (13)
Note that

= . 10 _, 0 e )

R(EabotT A7) = LaloR (W) ATTR(W) + EaleS (W) AT (@)
> o[¢|*[af.

Thus by taking the real parts of the equation and integrating them, we have

5[ O+lePrpdca s~ [ 0+lePR@ Hdga. ()

REF! R
We see that
= “p ~ ]. 7
~OHEPRGE: < O+ 16 (<l + L)

for any € > 0. Set e = §(\ + |¢/|?)/2, then

- / At [EP)R (@ ) de di < 5/2 / O\t JE[2)2 a2 de dt
REH

REH!
+(25)—1/ (72 de dt.
R
From this and it follows that
/ A+ [€12)% @ de di < 672 / 72 de dt.
RI+ RI+1

This along with the Plancherel’s theorem implies the inequality . [
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Let Q = {Q,(t,x) : (t,x) € R*™ r € (0,00)}. For a function g defined on R4,
we denote its (parabolic) maximal and sharp function, respectively, by

Mg(t,z) =  sup ][ lg(s,y)| dy ds,
QeQ:(t,x)eq

g*(t,x) =  sup ][ l9(s,y) — (9)q| dy ds.
QeQ:(t,z)eq

Now that Theorem is proved for the case p = 2, the results in section
are all available if p = 2. Then we proceed as follows to obtain the L,-estimate,
1 < p < o0, for the parabolic system in .

Proposition 4.1. There exists a constant N = N(d, m,p,d, K) such that, for any
u € CP(RIML), we have
| D*ully, ®a+1y < N[ Pul|y, ga+1).

Proof. Recall that the case p = 2 is proved above, so we first consider the case
p > 2. From Theorem along with an appropriate translation, we have

(|D2u - (DQU)Qr(to,IO) |2)Qr(t0,x0)

< Nkt2 (|Pul?) +N&=2 (ID)?) (15)

Qrr(to,z0)
for (tg,z9) € R4, r >0 and xk > 4. Let

A(t,x) = M(|Pu*)(t,z), B(t,z) = M(|D?u|?)(t, ).
Then (\Pu| )Qm(to z0) < A(t, a;) for all (¢t,x) € @, (to,xo). Similar inequalities are

obtained for B. From this and (15) it follows that, for any (¢,z) € R¥*! and Q € Q
such that (¢,z) € Q,

(1D*u— (D*u)q|?), < Nw™2A(t, ) + Nk 2B(t,z)

~(to,zo0)

for k > 4. Take the supremum of the left-hand side of the above inequality over all
Q € Q containing (¢, ). Also observe that

2
(ID%u— (D*w)ql)?, < (ID*u— (D*w)ql?),
Then we obtain
((D2u)#(t,x))2 < Ne®2A(t,z) + Ne72B(t, )
for k > 4, where N = N(d,m,d, K). Apply the Feflerman-Stein theorem on sharp
functions and the Hardy-Littlewood maximal function theorem on the above in-
equality. More precisely,
#
||D2U||Lp(Rd+1) < N (D2u) I, ®a+1)

1/2 - 172
< NKEDZIMPURY oy + No IMAD*P)]

S Nli(d+2 /2||Pu||LP(Rd+1) + Nli 1HD u||Lp(Rd+1),

where the last inequality is possible due to the assumption that p > 2. Now choose
a large enough k, then we see that the inequality in the theorem follows if p > 2.
For the case 1 < p < 2, we use the duality argument. O

Let us complete the proof of Theorem for all 1 < p < oo.



PARABOLIC AND ELLIPTIC SYSTEMS 9

Proof of Theorem[31]. First set T = co. As in the case p = 2, it is enough to prove
the estimate in the theorem, which follows from the estimate proved in Proposition
and the Agmon’s idea described in the proof of Theorem 4.1 in [19]. For
the case T < 0o, we make use of the argument in the proof of Theorem 2.1 in
[19], i.c. by using the fact that uw = w for ¢ < T" where w € W,-2(R*™!) solves
Pw— Aw = I;.7(Pu— \u). The theorem is proved. (]

5. SYSTEMS IN NON-DIVERGENCE FORM WITH VMO, COEFFICIENTS IN L,

In this section we assume that the coefficients A%ﬁ (t,x) are measurable in ¢t € R

and VMO in z € R%. More precisely, Assumption as well as Assumption
are satisfied.
Here is the main result of this section.

Theorem 5.1. Let u € WI}’Q(R%'H), T € (—o00,00]. Then there exist constants
Ao > 0 and N, depending only on d, m, p, 6, K, and the function w, such that

Alell, gy + VAIDUl L gy + 1Dl 1, g
Hllwllp, ggrr) < NIPw— A garn,

for all X\ > \g. Moreover, for any A > A\g and f € Lp(RdT+1), there exists a unique
u € W;Q(R%ﬂ) satisfying Pu— Au = f.

Remark 5.2. This theorem implies Theorem for p = ¢. This is justified again
by using the argument in the proof of Theorem 2.1 in [19].

To prove the above theorem, we need some preliminary results presented below.
First recall that we have proved Theorem in section {4} so the results in section
are available for all p € (1, 00). Then we have

Lemma 5.3. Let B* = C = 0. Also let p, v € (1,00), 1/p+ 1/v = 1, and
R € (0,00). Then there exists a constant N = N(d,m,q,0, K, 1) such that, for any
u € C°(RM1Y) vanishing outside Qr, we have

2 2 — 2
(ID*u = (D*uq, (t0.00)|") g, (t900) < V& (D W) o 1020

v 1/
+ NEE2 (1P g, 10y +(R) (D20 " )

Qrr(to,zo)
forr € (0,00), k >4, and (tg, z¢) € R4
Proof. Let k >4 and r € (0,00). We introduce another coefficients A*? defined as

follows.

A%B(t) = f APt y)dy if kr <R,
Bior(to,z0)

AP (t) = ][ APt y)dy if kr>R.
Br

Set Pu = —u; + A*’D,gu. Then from Theorem m (also using a translation)
it follows that

(|D2'U: - (Dzu)Qr(to,Io) |q)QT»(t0,Io)

d+2 (15 - 2
< Nwt (|Pu’|q)Qm,(t07w0) + N1 (|D u|q)QM(to,zo)' (16)
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Note that
/ |Pu|fdxdt < N |Pu|? dxdt + N, (17)
Qm.(tg,a:o) an'(tDaa:U)

where

X = / (AP~ A%%) Dyl da dt — / (AP A9%) D, ol da dt
QN’V‘(th"EO) wa(toﬂco)ﬁQR

1/v 1/p
< / |A — A / | D% u)9” = v gt
Qrr(to,20)NQR Qrr(to,x0)NQr

Using the definition of A*? and assumptions on A%?, we obtain the following esti-
mates for I. If kr < R,

to
IgN/ / |A — A|dx dt
to—(kr)2 J Byr(z0)

< N(kr)?2w(rr) < N(kr)™2w(R).

In case kr > R,
0
I< N/ / |A — A|dzdt < NR™2w(R) < N(kr)™2w(R).
—R2 BR

From the inequality and the estimates for I, it follows that

D 1/v 2 1/p
(|Pu‘q)Qrﬁ*(tD;$0) S NW(R) / (|D u‘qH)er(toaa;O) + N (|Pu‘q)

This, together with (16]), gives us

Qrr(to,zo)

v 1/
(|D2u— (DQU)Qr(to,mo)|q)QT(t0,wo) < Nr“P2w(R)Y (\Dzulq“) "

Qrzr(t(hxo)
d+2 — 2
+ Nk (|Pu|q)Qm(t0,zo) + N&™4 (‘D u|q)Qm(t0,x0)

for any r > 0 and k > 4. This finishes the proof. O
Proposition 5.4. Let B* = C = 0. Then there exist constants R = R(d, m,p, J, K,w)
and N = N(d,m,p,d, K) such that, for u € C°(R¥Y) vanishing outside Qr, we
have

|D*ullr,, ga+1y < N|Pullp, ga+r).

Proof. Let u be an infinitely differentiable function with compact support in Qg,
where R will be chosen below. Take ¢ > 1 and p > 1 such that 1 < qu < p. Let
At z) = M(|Pu|q)(t7 'T>7 B(t7 :L‘) = M(|D2u|q)(t7 CL'),
C(t, ) = (M( D2 ™) (t,z)) /"
We note that (|Pul?)g | (1 00 < At @) for all (¢,2) € Qr(to, zo). Similar inequali-
ties hold true for B and C. Then by Lemmal5.3]it follows that (recall 1/p+1/v = 1)
(ID%u— (D*u)q|?),, < Nw™1B(t,z) + Nx'+2 (A(t, ) +w(R)vC(t, x))

for all K > 4, (t,r) € R¥! and Q € Q such that (¢,7) € Q. Take the supremum
of the left-hand side of the above inequality over all @ € Q containing (¢,z). Also
observe that

(ID*u— (D*u)ql), < (ID*u— (D*u)ql?),, -
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Then we obtain
(D*w)#(t,x))? < Ne¥2A(t,2) + Ne1B(t, x) + Nk 2w(R)YC(t, x)
for all k > 4, (t,z) € R4 where N = N(d, m,p,d, K). That is,
(D*u)(t,z) < Ne\@D/IA®t, 2)Y9 + Nk 1B(t, )"/
+ Nxl@+D/ay(R)Ywve(t, z)t e,

Applying the Fefferman-Stein theorem on sharp functions and the Hardy-Littlewood
maximal function theorem on the above inequality (recall p > qu), we have

|1D%ul|p, gas1y < NalD/UY AV garry + Ne—HBY4| 1 gasr
+Nn(d“)/qw(R)l/(q”)||Cl/‘1||Lp(Rd+1)
< NRO2/ Pl ooy + N (570 + 6D 10(R)Y @) | Dl gy,
where k > 4. Choose a big enough x and then a small enough R, so that
N (570 D (R @) < 172,
Then the estimate in the proposition follows. O

Proof of Theorem[5.1. As noted earlier, it suffices to prove the estimate in the
theorem. Thanks to Proposition by using a partition of unity (see the proof of
Theorem 5.7 in [19]), we obtain an estimate

I1D?ul|, ety < N ([|Pullp, @y + 1Dul| L, @ar) + [[ull L, @)
where N = N(d, m,p, 0, K,w) (this inequality is possible without having the condi-
tion B* = C' = 0). Then using again the Agmon’s idea in the proof of Theorem 4.1
in [I9] and choosing a sufficiently large Ao, we arrive at the estimate in the theorem

when T' = oo. To deal with the case T' < oo we use again the argument in the proof
of Theorem 2.1 in [19]. O

6. PROOF OF THEOREM [2.3]

Recall that by P we mean the operator defined in , where the matrices A®7,
B® and C satisfy Assumption Especially, the matrices A%? satisfy Assumption

The following two lemmas are possible since we have the L,-estimate of systems
with VMO, coefficients (see Theorem . Their proofs can be done by imitating
the proofs of Lemma 6.3 and Corollary 6.4 in [20].

Lemma 6.1. Let r € (0,1], k € (1,00), and u € W;”foc(Rd‘H). Then

ID*ullz,q,) < N (IPullL,(q..) +7 IDulL,q.) + 7 2lulL,@..))

where N, independent of r € (0,1], depends only on k, d, m, p, 6, K and the
function w.

Lemma 6.2. Letp > g > 1 and r € (0,1]. Let B* = C = 0 and assume that

we Wplfz?oc(RdH) satisfies Pu=0 in Qa,.. Then

2 1/p 2 2 1/q
(|D u|p)Q7‘ S N (|D u|)Q27‘ S N (|D u‘q)Q27‘ ’
where N depends only on d, m, p, §, K, and the function w.



12 H. DONG AND D. KIM

In the following, in order to prove Theorem we shall use the idea in [20].
However, since we have parabolic systems and our statements are slightly different
from those in [20], we present here some proofs.

Theorem 6.3. Let B* = C = 0. Then there exists a constant N = N(d, m,p,, K, w)
such that, for any u € C* (R, k > 8, and r € (0,1/k], we have

][ |D?u — (D*u)q, |P dx dt

< Ng+2 ([Pul")q, +N (H_p + ﬁd+2w(m“)1/2) (|D2u|p)Qm . (18)
Proof. For given u € C® (R4, k > 8, and r € (0,1/x], find a unique function
we Wy2((—4,3) x RY) satisfying w(—4,-) = 0 and
Pw=fly,,,

where f:= Pu. This is possible by Remark In fact, w € W;2((—4,3) x RY)
for all ¢ € (1,00) because flg,, € Ly((—4,3) x R?) for all ¢ € (1,00). Let

w(t,x) = n(t)w(t,x),
where 7)(t) is an infinitely differentiable function defined on R such that
nt)=1, —2<t<1, n(t)=0, t<-3 or t>2

We see that w € W,-?(R4"!) and, in addition, w € W}2(R**!) for all ¢ € (1,00).
From Remark (the estimate in Theorem for p = ¢) we have

/ |\ D2wl? dz dt g/ D@ drdt < N [ [P dwdt,

o (—4,3)xR4 Qrr

where N depends only on d, m, p, 6, K, and the function w. Thus
(ID*wl”),,, <N (fi")q., - (19)
(ID*w”), < N&™2(f")q,. - (20)

where N = N(d, m,p,d, K,w).
Now we set
v=u— w.
Then v € W 2(RH), v e W2(R), g € (1,00), and
Pv=0 in Q-
Define P by
Pu= —u; + AP (t)D,pu,

where

AP (t) = ][B AP (t,y) dy.
KkT/2

Since v € W;’Q(Rd“‘l) and /2 > 4, by Theorem applied to the operator P, we
have

][ |D?u(t, ) — (D*v)q, |P dvdt < Nx*2 (\Pv\p)Qmm + N&P (|D*v|P)

d

Qury2
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Using the fact that Pv =0 in Q,, we have

(|15'1)|1’)Qm/2 = (|]5'u — P'v|p)Qm/2

- ][ |(A°P(t) — A°P(t, 2)) Dagu(t,)|" dxdt
Qrr/2

1/2

1/2
<N ][ |A(t) — A(t,z)|*? dx dt ][ |D?v|?P dx dt ,
Qury/2 Qrry2

where we see

][ |A(t) — A(t,2)|*P dedt < N |A(t) — A(t,z)| dz dt < Nw(kr/2).
Qury/2 Qrry2

On the other hand, from Lemma [6.2] we see

1/2
<][ |D20|?? dz dt) <N <][ \D20|P da dt) ,
Q»w*/2 KT

where N = N(d, m,p,d, K,w). Hence

]l |D2v(t,x)—(D2v)QT|pdxdtSN(/{*erndJrzw(nr)l/Q) (ID%0l7),, -

r

Note that
2 2 2
(1D*vF)g, < N(D*uf)q, +N(ID*wl),
<N (|D2u\p)Qm + N(|ﬂ”)@m )
where the second inequality is due to (L9). Also note that, using the inequality

, we have

. IDwlt.o) ~ (D*wlg, I dede < N (ID*ul?) o, < Nk (1fF),,

r

Therefore,

][ D2u(t,z) — (D*u)q, |” du dt

T

<N |D?v(t, x) — (D*v)q, |F dx dt+N][ |D*w(t, x) — (D*w)q, | dx dt
Q’!' Q‘V'

<N (577 4 R () 2) (D2 + 7)o+ NRS2 (),
The theorem is proved. (I
Remark 6.4. As in Remark one can replace the last term of by

N (I{_p + /id+2w(m”)1/2) (|D2u\)gm.

If g is a function defined on R, we define (g)(a,b) to be

b

(9 (ap) = ][(a,b) g(s)ds = (b— a)—l/ g(s)ds.

a
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Especially, the maximal and sharp function of g are defined by

Mg(t) = sup f l9(s)] ds,
te(a,b) J (a,b)

G*(t) = sup ][ 19(5) = (9) | 45,
te(a,b) J (a,b)

where the supremums are taken over all intervals (a,b) containing ¢.
Using Theorem [6.3] and the argument in the proof of Corollary 3.2 in [20], we
obtain the following corollary.

Corollary 6.5. Let B* = C = 0. Then there exists a constant N = N(d,m,p,d, K,w)
such that, for any uw € C°(R¥*Y), k > 8, and r € (0,1/k], we have

F oo - @l
(_7210)

< NK)dJrz (wp)(_(mr)zﬁ) + N (Hip + I€d+2w(1€7’)1/2> (gap)(_(m,)270) ’

where
o(t) = |D*ult, )z, ey, ©(t) = [Pult,")||r, ®a)

The result in the above corollary makes it possible to show that the sharp func-
tion of ¢(t) is pointwise bounded by the p-th root of the maximal functions of ||P
and |p[? if ¢(t) has compact support.

Lemma 6.6. Let B® =C =0, R € (0,1], and wu be a function in C(R1) such
that w(t,z) =0 fort ¢ (0, R*). Then

o (to) < &P (M (47) (1) /”
+ N ((RR227 4 k=t o w2/ (0(R)) ) (M (7) (10)) 7

for all k > 8 and ty € R, where N = N(d,m,p,d, K,w) and the functions ¢ and i
are defined as in Corollary [6.5

Proof. Fix k such that x > 8. If r < R/k, then k7 < R < 1 and A7, < Ag < w(R).
Thus by Corollary [6.5]

(|L)0 - (Lp)(fr2,0)|p)(_r270)
< NEM2(§P) (~(ury2,0) + N ("fp + K42 (W(R))1/2> (0P) (= (rr)2,0)-

By an appropriate translation of this inequality we have
P
Folel) = @l d
(a,b)

< Nﬁd+2("/}p)(c,b) + N (K—P + l{d+2 (w(R))l/Q) ((pp)(qb)

if (a,b) is an interval such that b —a < R?/k? and ¢ = b— k?(b— a). Note that, for
to € (a, b),

(W) ey < M@WP) (o),  (97)(ep) < M(P)(t0).
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Thus by the Holder’s inequality it follows that

f( 190 = (] < NeD (01 (4 1)

+ N (R KD ((R)) ) (M (7)) 7
where ty € (a,b) and b—a < R?/k?. Now, if (a,b) is an interval such that to € (a, b)
and b — a > R?/k?, then

][( NECRCIREEE ]l Louny (1)) dt

)

1-1/p 1/p
<2 <][ Lo,r)(t) dt) <][ ()1 dt)
(a,b) (a,b)

< 2(kR)*7*/P (M (") (t0) "/ .

Therefore, for all intervals (a,b) 3 ¢,

]1( 60 = (@)t < N (114 10)

+ N (RBP4 k7t o D/ (0(R) ) (M () (1) 7

Taking the supremum of the left-hand side of the above inequality over all intervals
(a,b) 2 tg, we obtain the inequality in the lemma. The lemma is proved. O

We use again the Hardy-Littlewood theorem and Fefferman-Stein theorem to de-
rive the L, p-estimate of second order derivatives of solutions to parabolic systems.

Corollary 6.7. Let B* = C =0 and 1 < p < q < co. Then there exists R =
R(d,m,p,d, K,w) such that, for any uw € C°(R**) satisfying u(t,z) = 0 fort ¢
(0, RY),

ID*ullr, ,ma1) < N||[Pullr, &),

where N = N(d,m,p,q,0, K,w).

Proof. Let u € C°(R4*!) be such that u(t,x) = 0 for t ¢ (0,R*), R € (0,1],
where R will be specified below. Using the inequality in Lemma as well as the
Hardy-Littlewood theorem and the Fefferman-Stein theorem (recall that ¢/p > 1),
we arrive at

D%, marry < NP P gas)
+N ((KR)QiQ/p +r 4 (d+2)/p (W(R))1/2p) HD2'U'||L(,1,,(JR‘1+1)
for all K > 8. Now we choose a large x and then a small R such that
1
N ( RY2-2/P 4 =1 4 (d+2)/p (L(R 1/2p> -
(kR) +KrT+kK (w(R)) <3
It then follows that

HDQUHL“,(

This finishes the proof. O

Ra+1) < N”Pu”Lq,p(R'i*l)'
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Proof of Theorem[2.3. For the case p = ¢, the theorem is proved by Theorem [5.1]
(also see Remark . For the case ¢ > p, the theorem is proved by the same
reasoning in the proof of Theorem i.e., using Corollary [6.7] and the arguments
in [19]. O

7. SYSTEMS IN DIVERGENCE FORM WITH VMO, COEFFICIENTS IN L,

This section is devoted to proving the following theorem, which is a counterpart
of Theorem [5.] for systems in the divergence form.

Theorem 7.1. Let u € 'H},(R%ﬂ), T € (—o00,00]. Then there exist constants
Ao > 0 and N, depending only on d, m, p, §, K, the function w, such that

AH”HLP(R;“) + \[\HDUHL,,(R;“) + HWHH;I(R;“) < N(‘A‘F D[[Pu— )‘UHH;I(Rgfl)
for all X > X\og. Moreover, for any X\ > X\ and f, g, € Ly(RE™), there exists a
unique u € H}J(R‘%ﬂ) satisfying

Pu—Au= f+ D,g,.
Remark 7.2. As in Remark Theorem [7.1] implies Theorem [2.4] for p = q.

For the proof of this theorem, we need a few auxiliary results. First, the following
lemma is derived from Theorem B.7 as Lemma [5.3] is derived from Theorem [3.6

Lemma 7.3. Let B = B* =0, C =0, p, v € (1,00), I/u+1/v =1, and
R € (0,00). Assume u € C°(R¥1) vanishing outside Qr and Pu = D,g,,, where
g = (g,) € L,(R¥*Y). Then there exists a constant N = N(d,m,q,6, K, ) such
that

(IDu— (DWa, (t000)|") g 10y < NA~ (ID]?)

,,.(to,(lio) - er(t()ax())
v 1
FNRT2 (1), 1) + (B (DU )
for any r € (0,00), k >4, and (ty, o) € RITL.
Here is a counterpart of Proposition [5.4] which is proved by the same method.

Proposition 7.4. Let B* = B® = 0 and C = 0. Then there exist constants
R = R(d,m,p,6,K,w) and N = N(d,m,p,d,K) such that, for u € C*(R%1)
vanishing outside Qr and g = (g,) € L,(R¥*Y) satisfying Pu = D.g,, we have

Dyl L, ®arry < NlglL,@aer).-

Corollary 7.5. Let f,g= (g,) € L,(R¥*) and u € C°(R¥*Y). Then there exist
R, \g, and N, depending only on d,m,p,d, K, and the function w, such that if u
vanishes outside Qr then we have

VD 1, ga+1y + Ml 2, @ar1y < NVAgllz, waty + NI fl 2, mats

provided that A > \g and
Pu—Au= Dyg, + f.

Proof. Due to Proposition [7.4] the corollary can be proved by using the aforemen-
tioned idea of Agmon. See the proof of Lemma 5.5 of [19]. O
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Theorem 7.6. Let u € C°(RI*Y). There exist \g and N depending only on
d,m,p, 0, K, and the function w such that
||ut||]]-]1;1(]Rd+1) + \f)‘”Du”LP(Rd“) + Ml ety

< NVA|lgllz, ga+1y + N|Ifl o, w1y

provided that X > \g and
Pu—Au= Dyg, + f.

Moreover, there exists N depending only on d,m,p,d, K, and w such that
||U¢||H;1(Rd+1) + \f)‘”Du”LP(Rd“) + AMlullz, ma+1y
< NVA+D)|Pu— Ml 1 gasry  (21)
provided that A > \g.

Proof. The first part of the theorem is obtained by noting that (1 — A)~'/2 and
(1—A)~/2D are bounded operators on L,(R%*!) and using the standard partition
of unity technique. Next we prove the second part. Denote

h=Pu—u, f=(1—-A)"'h g,=-D.f
Note that we have
Dog, +f=(01-A)f=h.
Again due to the boundedness of (1 — A)~™'/2 and (1 — A)™'/2D,, in L,(R**1), we
have h € H'(R4), fe L,(R™1), g=(g,) € L,(R*™) and
||g||Lp(R'i+1) + H}I”LP(IR'HI) < N||h||H;1(Rd+1)'
By the first part with fand g, in place of fand g,, we bound the left-hand side of
by (recall h = D,g,, + f)
N\F/\Hgan(RdH) + NH}“LP(RdH) < N(\f)\‘F 1)Hh||H;1(]Rd+l)-
The theorem is proved. O

Proof of Theorem[7.1 As usual we only have to prove the apriori estimate. For
T = oo, this is given by Theorem For T < oo, we again make use of the
argument in Theorem 2.1 in [20]. The theorem is proved. [

8. PROOF OF THEOREM [2.4]

Throughout this section, let P be the operator defined in , where the matrices

AP B B and C satisfy Assumption and We shall use the following
Sobolev embedding type estimate.

Lemma 8.1. Let T € (—o00,00], r € (0,00), 1 < g < p < 00, and assume that
1/q—1/p <1/(d+2).
Then for any function u € Hé(Rg«H) we have u € L,(RE™) and
||u||Lp(R(7{+1) < NHUHH}Z(R;{H)a
where N > 0 depends only on d,m,q and p.

Proof. This result is implied by Theorem|[7.1] See the proof of, for example, Lemma
8.1 of [20. O



18 H. DONG AND D. KIM

With the aid of Lemma [8.I] we can get a counterpart of Lemma [6.2]

Lemma 8.2. Let r € (0,1], ¢ > 1, and B* = B* = C = 0. Assume that
we M, (R and Pu=0 in Qo then Du € L,(Q,) and

q,loc

1 1
(1Du”)y? < N(|Dul) gl |

where N depends only on d,m,p,q, K, and w.

Here comes the key estimates in proving Theorem [2:4 The first one is an ana-
logue of Theorem [6.3] which is proved in a similar way. The second is a counterpart

of Corollary

Theorem 8.3. Let B* = B* = 0, C = 0, g = (g,) € Lpie(RHY), u €

H;JOC(RdJﬂ), k > 8 and r € (0,1/K]. Suppose Pu = Dyg,. Then there ezists

a constant N depending only on d, m,p, 6, K,w such that

][ |Du— (Dw)q, |F dz dt

< N&2(|gi)q,, + N (577 + £ 2(er) ) (IDuf)q,,. (22)
Proof. Without loss of generality we can assume that u € H;(Rd"‘l). Due to
Remark E there exists v € H}((—4,0) x R?) satisfying
Pv = Da(IQ;w‘ga)'
Note that kr <1 so that v(t,z) =0 for ¢ < —1. Remark also gives that

/ |Dv|P da dt < N/ |g|? du: dt. (23)
(_470)XRd Qh‘,r

Now we set w = u — v and notice that w € H}((—4,0) x R?) and w satisfies
Pw=0in Q,. Define P by
Pu=—w + A% (t)Dapu,
where

A= Ay
By /2

Then it is clear that in Q,,., we have
Pw=D,g,, g,= (A —A*")\Dgw.

Applying Theorem [3.7] to w instead of u, using Holder’s inequality and Lemma[8.2]
we obtain

][ [Dw(t,z) — (Dw)q, | dz dt < Nk***(|gl")q,., . + NP (|DwlP)q,, .

T

n 1/2 1/2 —
< Nﬁd+2(|A_A|2p)Q/M/2(‘Dw|2p)Q/m/2 + N&7?(|Dw)q.,, ,,

< Ne“P2w(kr)2(|Dwl)q,., + N&P(|DwlP)q, .-
Observe that

(IDw")q,, . < N(IDwl)q., < N(|Du")q.. + N(|Dv]")q,,-

KT
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These together with imply that the left-hand side of is bounded by
N][ |Dw — (Dw)Qr|pdxdt+N][ |Dv|P dx dt
QT QT'

< N (77 4+ K20 (kn)2) (|DUP)q,, + NEMH(|gl)q,,-
The theorem is proved. O
Remark 8.4. As in Remark one can replace the last term of by
— d+2 1/2 p
N (H P4k 20(kr) ) (|Du))?, .
Recall the notation ()4, Mg(t) and g#(t) defined in Section @

Corollary 8.5. Let B® = B* =0, C = 0. Assume u € Hy((S,T) x RY), g =
(9,) € Lp((S,T) x RY) for some —0o < S < T < oo and

Pu= D,g, in (S T)xR%
Then there exists a constant N = N(d,m,p,d, K,w) such that, for any k > 8 and
r € (0,1/k], we have

][ (1) — () (v P d
(77‘2)0)

< NET2(YP) ((ary2,0) + N (H_p + ﬁd+2w(f<«'7‘)1/2> (@P) (= (rr)2,0)5
where
o(t) = | Du(t, ), ®e), ©E&) =9 )L,
In the same fashion, we derive a counterpart of Lemma

Lemma 8.6. Let B* = B*=0,C =0, Re (0,1], and u € CX(R™1), g=g, €
L,(R4YY such that u(t,x) =0 for t ¢ (0, R*). Assume Pu= D,g,. Then

w#(to) < N,{(d+2)/pM(1/,p)(t0)1/p
+N ((HR)Q*Q/P + K714 n<d+2>/m(3)1/2p) M (o) (to) /P

for all kK > 8 and ty € R, where N = N(d,m,p,d, K,w) and the functions ¢, 1 are
defined as in Corollary[8-5,

Corollary 8.7. Let B*=B*=0,C=0,1<p< q< oo and uec C*(RI), g=
(go) € Ly p(RITY). Assume Pu= Dog,. Then there exists R = R(d, m,p,d, K,w)
such that, under the assumption u(t,z) =0 fort ¢ (0, R*),

[Dull, ,®erry < Nllgllz, , @),
where N = N(d,m,p,q,0, K,w).

Proof. Tt follows from Lemmal[8.6] the Hardy-Littlewood theorem, and the Fefferman-
Stein theorem. O

By using a partition of unity, we further conclude the following corollary.
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Corollary 8.8. Let B*=B*=0,C=0,1<p<q<oo and u € Cx (R, g=
(ga) € Ly p(RY). Assume Pu= D,g,. Then we have,
|Dul|,  rerry < NllgllL, @ty + Nlullz, @i,
where N = N(d,m,p,q, 6, K,w).

Proof of Theorem[2.} As usual, it suffices to derive the apriori estimate. For the
case p = q, the theorem follows from Theorem and Remark For the case
q > p, the theorem is proved by again the same reasoning in the proof of Theorem
i.e., using Corollary the Agmon'’s idea, and the arguments in [19]. Finally,
in the case ¢ < p, we use duality argument. O

9. PROOF OF THEOREM AND

In this section, we prove Theorem and Roughly speaking, the idea is
that solutions of elliptic systems can be considered as steady state solutions of the
corresponding parabolic systems. Therefore, the estimates of parabolic systems
which we derived imply the estimates of elliptic systems.

Proof of Theorem[2.5. As usual, it suffices to prove . Let n be a smooth function
on R supported on [-2,2] and n(¢t) = 1 on [-1,1]. For a fixed T > 0, denote
o(t,x) = n(t/T)u(z). Then it is clear that v € W,-2(R4!), and

(P = Nw(t,x) = =T (t/T)u(z) + n(t/T)(L — A)u(z). (24)
Thanks to Theorem [5.1] we have
Avll 1, gas1y + VAIDV|| a1y + | D?0]|  mas1y < N[[Pv—Avl|p gas).
This combined with and the triangle inequality gives
In(t/T)lz,®) (>‘Hu||L,,(Rd) + \F/\”DU’”LP(R"[) + ||D2u||Lp(]Rd))
< Nn(t/T)|l L, @ | L= M|l 1, @y + NT ' (¢/T)| 1, e |l 2, )
Therefore,
T2l (Ml o + VAIDUL, @) + 1Dl oo )
< NTl/p||77||Lp(1R)||LU— Al rey + NT—1+1/p||77/||LP(R)H“HL,,(Rd)-

Letting T' — oo yields (5). The theorem is proved. (]
Proof of Theorem[2.6 It is derived from Theorem[7.1]in the same way as Theorem
2.5l is derived from Theorem [E.Il We omit the details. O

Remark 9.1. Finally, we remark that our main results can be extended to para-
bolic (or elliptic) systems of order 2n, where n is any positive integer. The parabolic
(or elliptic) condition in the sense of Petrovskii is assumed (see, for instance, [11],
[12] and [22]). Naturally we require the leading coefficients to be VMO in x vari-
ables.

The details of the extension are omitted here and left to interested readers.
We only point out that we should apply a generalized version of Lemma 5.4 in [20]
involving higher order derivatives, and while using Agmon’s idea instead of cos v Ay
we consider the factor

A/ cos(m/(2m)y cos(AY ™) sin(7/(2m))y),
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which is a real solution of the ordinary differential equation

d?™y
TJgim =
y
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