SECOND-ORDER ELLIPTIC AND PARABOLIC
EQUATIONS WITH B(R?* VMO) COEFFICIENTS

HONGJIE DONG AND N.V. KRYLOV

ABSTRACT. The solvability in Sobolev spaces W,# is proved for
nondivergence form second order parabolic equations for p > 2
close to 2. The leading coefficients are assumed to be measur-
able in the time variable and two coordinates of space variables,
and almost VMO (vanishing mean oscillation) with respect to the
other coordinates. This implies the Wg—solvability for the same p
of nondivergence form elliptic equations with leading coefficients
measurable in two coordinates and VMO in the others. Under
slightly different assumptions, we also obtain the solvability results
when p = 2.

1. INTRODUCTION

In this paper, we consider the WI}’Q—solvability of parabolic equations
in nondivergence form:

Lu— A u=f, (1.1)
where X\ > 0 is a constant, f € L,, and

Lu = —u; + a/*Djpu + ¥ Dju + cu. (1.2)

We assume that all the coefficients are bounded and measurable, and
a’* are symmetric and uniformly elliptic, i.e.

Y]+l < K, o =d", §lg <&t <5

If all the coefficients are time-independent, we also consider the sz_
solvability of elliptic equations in nondivergence form:

Mu—Mu=f, (1.3)
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where
Mu = ajijku + biju + cu.

We concentrate on rather irregular coefficients. The Sobolev space
theory of second-order parabolic and elliptic equations with discontin-
uous coefficients was studied extensively in the last thirty years. One
important class of discontinuous coefficients contains functions with
vanishing mean oscillation (VMO), the study of which was initiated in
[3] and continued in [4] and [1] (see also the references in [15]). The
proofs in these references are based on the Calderén-Zygmund theorem
and the Coifman-Rochberg-Weiss commutator theorem. Before that
the Sobolev space theory had been established for some other types of
discontinuous coefficients; see, for instance, [19, 20, 5].

In [14], the second author gave a unified approach to investigating
the L, solvability of both divergence and nondivergence form parabolic
and elliptic equations with leading coefficients that are in VMO in the
spatial variables (and measurable in the time variable in the parabolic
case). Unlike the arguments in [3, 4, 1], the proofs in [14] rely mainly on
pointwise estimates of sharp functions of spatial derivatives of solutions.
By doing this, VMO coefficients are treated in a rather straightforward
manner. This method was later improved and generalized in a series
of papers [15, 10, 11, 7, 8, 9, 16, 6].

The theory of elliptic and parabolic equations with partially VMO
coefficients was originated in [10]. In [10] the W-solvability for any
p > 2 was established for nondivergence form elliptic equations with
leading coefficients measurable in one variable and VMO in the others.
This result was extended in [11] to parabolic equations with leading
coefficients measurable in a spatial variable and VMO in the others.
For nondivergence form parabolic equations, more general solvability
results were obtained later in [7, 8, 9], in which most leading coefficients
are measurable in the time variable as well as one spatial variable, and
VMO in the other variables.

A natural question to ask is whether we still have the Wﬁ—solvability
for elliptic equations if the leading coefficients are measurable in two
spatial variables and, say, VMO in the others. Unfortunately, the an-
swer is negative for general p > 2. Indeed, an example by Ural’tseva
(see [18]) tells us that even with leading coefficients depending only on
the first two coordinates, there is no unique solvability in I/Vp2 for any
fixed p > 2 if the ellipticity constant is sufficiently small. Nevertheless,
Ural'tseva’s example does not rule out the possibility of Wi—solvability
for p sufficiently close to 2 depending on the ellipticity constant. This
is the main motivation of our article.
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In this article, we establish the solvability in Sobolev spaces me for
nondivergence form second-order parabolic equations for p > 2 close to
2 (Theorem 2.1). The leading coefficients are assumed to be measurable
in the time variable ¢ and two space variables (2!, 2?), and VMO with
respect to the others. Additionally, we assume a'' + a?? is uniformly
continuous with respect to (x',2?). This result implies, in particu-
lar, the Wg—solvability for the same p of nondivergence form elliptic
equations with leading coefficients measurable in two coordinates and
VMO in the others (Theorem 2.2). Thus we give a positive answer to
the aforementioned question for those p in a restricted range. An inter-
esting application of Theorem 2.2, shown at the end of Section 2, is the
Wg—solvability of elliptic equations in domains with rough coefficients.
We also investigate the case when p = 2, which is of independent in-
terest. For elliptic equations, the WZ-solvability is established when
the leading coefficients are measurable function of (z!,z?) only. This
extends a previously known result proved in [5] and [10] where the co-
efficients only depend on z!'. For parabolic equations, we obtain the
W, *-solvability under the condition that a’* depend only on (¢, z!, z?)
and a'' + @?? is uniformly continuous in (z!, z?).

Next we give a brief description of our arguments. The proofs are
based on the aforementioned method from [14]. However, since a/
are merely measurable in (x!,2?), we are only able to estimate the
sharp function of a portion of the Hessian matrix D?u (Theorem 5.1),
more specifically, D?,u (see the beginning of the next section for the
notation). To bound the W}** norm of the solution by the L, norms of
the right-hand side of the equation and D?,u, we use a result in [12]
proved for 2D parabolic equations with measurable coefficients. These
together with the W21 2_solvability obtained in Section 4 enable us to
establish the 1V estimate.

An outline of the paper: in the next section, we introduce the nota-
tion and state the main results, Theorem 2.1, 2.2, 2.6, and 2.8. Section
3 contains a few preliminary estimates. In Section 4 we establish the
W21 2_solvability and estimate the sharp function of D?,u. We finish the
proof of Wz}g—solvability in the last section by combining the results in
the previous sections.

2. MAIN RESULTS

First we introduce some notation. Let d > 2. A typical point in R?

is denoted by = = (z!,...,2%). If d > 3 we write x = (2/,2"), where

2 = (2%, 2?) and 2" = (23, ..., 29).



4 HONGJIE DONG AND N.V. KRYLOV

We set
Diju =1, Djru= gk, Du=1u.
By Du and D?u we mean the gradient and the Hessian matrix of u.
On many occasions we need to take these objects relative to only part
of variables. The reader understands the meaning of the following
notation which we use if d > 3:
Dx/u = Uy, meu = Uy, Di,u = D:c'x'U = Uy'y!,
-D:E’:E”u = Ugly, Di,,u = Dz//m//u = Uy .
For —o0o < 5 < T < o0, we set
Wo2((S,T) x RY) = {u: u,u, Du, D*u € L,((S,T) x RY)},
W2(RY) = {u: u, Du, D*u € L,(R)},
Ry = (—00,T), RE! =Ry x R
We also use the abbreviations
= CFR™Y), L, = LRMY), Wh?= W2RM), .

For real- or complex- or matrix-valued functions A(t,z) on R¥! we
understand [|A[7 as

/ |trace AA*|P/% dz dt.
RA+1

Accordingly are introduced the norms in W spaces.

Our first two results concern the W, *- and W2-solvability of equa-
tions (1.1) and (1.3) with measurable leading coefficients independent
of . It seems to the authors that even these results are new if d > 3.
Set

tryoa = a'l 4+ a*.

Theorem 2.1. Let T € (—oo, +0o0]. Assume that a’* depend only on
(t,x') and there exists an increasing function w(r), r > 0, such that
w(0+) =0 and

[traa(t, ') — traat, )] < w(l2’ —y))

for all t,z’,y'. Then
i) There are constants N = N(d, §, K,w) and Ay = M\o(d, 9, K,w) >0
such that for any u € W, *(REY) and A > Ny we have

Mlull ey + VDl gassy + 1D?ull gy + el gy

i) For any X > \g and f € Ly(REY), there exists a unique solution
u e Wy (RHY) of equation (1.1) in REH,



ELLIPTIC AND PARABOLIC EQUATIONS 5

i) In case IV = ¢ = 0 and troa depends only on t, we can take
Ao =0 in i) and ).

Here is a similar result for elliptic equations.

Theorem 2.2. Assume a’* = a/*(z'). Then
i) There are constants N = N(d, d, K) and Ay = \o(d, d, K) > 0 such
that for any u € WZ(R?) and A > \g we have

>\||u||L2(Rd) + \/XHDUHLQ(RCI) + ||D2u||L2(Rd) < N“MU - Au||L2(Rd)'

i) For any X > \g and f € Lo(R?), there erists a unique solution
u € WZ(RY) of equation (1.3) in R
i) In case i) = c =0, we can take \g = 0 in i) and 7).

Theorem 2.1 is proved in Section 4 and Theorem 2.2 is derived from
it below in the present section.

Remark 2.3. Theorem 2.2 generalizes Theorem 2.5 of [10] and the
main result of [5], where the coefficients are independent of (22, ..., z%).
From Theorem 2.1 one can get Theorem 3.2 of [11] where again the
coefficients are independent of (22, ..., %) but there is no restriction on
try a. To show this we introduce a new coordinate y € R, define

L=L+ (26" —a")D},

and let u(t,z,y) = u(t,x)n(y), where n € C§°(—2,2) is a nonnegative
function and n =1 on [—1,1]. It is clear that

fju<tax7y) - )\U(t,l’,y) = .f7
where

ft,z,y) = (Lu— Xu)(t, z)n(y) + (267" — a"u(t, 2)n" (y).

We now apply Theorem 2.2 i) with L and u(t,z,y) in place of L and
u(t,z). With a sufficiently large A, we will arrive at (2.1) for function
u(t, x). The remaining assertions of Theorem 2.1 in case the coefficients
are independent of (z?,...,2¢) are obtained as in its proof given in
Section 4. This argument also obviously applies if d = 1.

Remark 2.4. The conditions on a’* in Assertion i) and ii) of Theorem
2.2 can be relaxed. By using a partition of unity and the method
of freezing the coefficients, we can allow a’* to be measurable in 2’
and uniformly continuous in z”. In this case, the constants Ay and
N also depend on the modulus of continuity of a/* with respect to
2”. Similarly, in Theorem 2.1 we can allow a’* to be measurable in
(t,2"), uniformly continuous in z” and try a to be measurable in ¢ and

uniformly continuous in z.
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To state two more results we need some new notation. If B is a
Borel subset of a hyperplane I' in a Euclidean space, we denote by
|B| its volume relative to I'. This notation is somewhat ambiguous
because B also belongs to the ambient space, where its volume can be
zero. However, we hope that from the context it will be clear relative
to which hyperplane we take the volume in each instance. If there
is a measurable function f on B which is integrable with respect to
Lebesgue measure £ on I' we set

fm:ﬁjwamwjglgmam

Ifd> 3, let
Bl(2)={y eR*: |2/ —¢/| <},
B = RS2~y < v} By(a) = Bia') x BI").

Qr(t,z) = (t — 1% t) x B.(v),
and let @ be the collection of all @,(¢t,z). We call r the radius of
Q = Q.(t,x). Set B! = B’(0), B, = B.(0), Q, = Q,.(0,0). If d = 2,
we denote B,(x) and Q,(t,x) = (t —r?,t) x B,(x) to be the usual balls
and parabolic cylinders. For a function g defined on R%*!, we denote
its (parabolic) maximal and sharp function, respectively, by

Mg(t,z) =  sup ][ l9(s,y)| dy ds,
QEQ t,x EQ

g (t,z) = sup ][ l9(s,y) — (9)o| dy ds.
QeQ:(t,z)eQ
In the next theorem we require a quite mild regularity assumption on
a’*. They are assumed to be measurable in ¢t and 2/, and almost VMO
with respect to 2. More precisely, we impose the following assumption
in which v > 0 will be specified later and Ry > 0 is a fixed number.

Assumption 2.5 (). For any ¢, x, y satisfying " = y” and |2/ —¢/| <
Ry we have

tro a(t, x) — troa(t,y)| < 7. (2.2)
Additionally if d > 3, for any @ = (s,t) x B’ x B” € Q with radius
p < Ry

mz}cx][ \a?® (r, ) — a@*(r,2")| dedr < v
ik JqQ

where

a’*(r, 2 :][ a?*(r, x) dx".
"
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Theorem 2.6. One can find a 6y = 0y(5) > 0 such that for any p €
(2,24 00) there exists a v = y(d,d,p) > 0 such that under Assumption
2.5 (v) for any T € (—o0, +00| the following holds.

i) For any u € WY (R,

Mully, @iy + VAIDull, gty + 1 D%ull sy + |, gaey

provided that X\ > )Xo, where A\g > 0 and N depend only on d,d,p, K,
and Ry.

i) For any A > \g and f € L,(R&Y), there evists a unique solution
u € WEA(RE™) of equation (1.1) in RE™.

iii) In the case that a’* = a/*(t,2") and b = ¢ = 0 and trya depends
only on t, we can take A\g =0 in i) and ii).

Theorem 2.6 implies the solvability of the Cauchy problem as in [14].
We prove Theorem 2.6 in Section 5 and now we state one more result
for elliptic equations in nondivergence form.

Assumption 2.7 (v). Either d = 2 or d > 3 and for any balls B’ C
R2, B" C R%2 of the same radius r < Ry,

sup f [07(a) @@ d <.
ik JB
where B = B’ x B" and

a’* (") —][ a’*(x) da”.

Theorem 2.8. Let 6y be the constant in Theorem 2.6. Then for any
p € (2,2 + b)), there exists a v = v(d,d,p) > 0 such that under As-

sumption 2.7 (v) the following holds.
i) For any u € W2(R?),

)\||U||Lp(Rd) + \/XHDUHLP(HW) + ||D2u||Lp(Rd) < N|[[Mu — >‘u||Lp(Rd)7
provided that X > Ao, where A\g > 0 and N depend only on d,d,p, K,
and Ry (Ry is excluded if d = 2).

i) For any X > X\ and f € L,(RY), there exists a unique solution
u € W2(R?) of equation (1.3) in RY.

i) In the case that a’* = a’*(2') and v = ¢ = 0, we can take \g = 0
in i) and ii).

Proof of Theorem 2.2 and 2.8. First we assume that try a is a constant.

In this case, Theorem 2.2 and 2.8 follow from Theorem 2.1 and 2.6
respectively by using the idea that solutions to elliptic equations can
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be viewed as steady state solutions to parabolic equations. We omit
the details and refer the reader to the proof of Theorem 2.6 [14].

We now concentrate on proving Theorem 2.8 in the general case.
Owing to mollifications, a density argument, and the method of conti-
nuity it suffices to prove assertion i) assuming that the coefficients are
smooth and u € C§°(R?) so that f € C5°(RY). Note that the standard
mollification preserves Assumption 2.7 (), the ellipticity constant ¢,
and the bounds K. We introduce

Jk j
a W b s

~jk __
a - 9 ) 9
troa troa troa

and let M be the elliptic operator constructed from them. It is easy to
see that troa = 1, the new coefficients satisfy the same boundedness
and ellipticity conditions with possibly different ellipticity constant and
bounds: & and K. Moreover, if a/* satisfy Assumption 2.7 (7), then
a’* satisfy Assumption 2.7 (N(0)7). Therefore, one can find a v > 0.
depending only on d, 4, p, such that Assumption 2.7 () implies that
for a/* Assumption 2.7 (7) is satisfied with v = y(d, d, p) taken from
Theorem 2.6. Let Ag be the constant from Theorem 2.6 corresponding
to 0 and K. Clearly (1.3) is equivalent to

Mu — \uftroa = f/trsa.
For any A > 201\, by the first part of the proof there exists a unique
v € W} solving

Muv — 6 v/2 = —|f/tryal.
Moreover, v is a bounded classical solution since the coefficients of M
are smooth and | f/try a| is Lipschitz continuous. Due to the maximum

principle v > 0 and |u| < v in R%. Again, by the first part of the proof,
for appropriate p and N we have

Mull,®ey < Ml @ey < NIz, @a)- (2.4)
Since )
Mu — 6 u/2 = f/troa+ (1/traa — §/2) M,
we then obtain the desired estimate from the first part of the proof and
(2.4). This proves Theorem 2.8.

To prove Theorem 2.2 it suffices to repeat the above argument taking
p = 2 and dropping mentioning Assumption 2.7 (7). O

An application of Theorem 2.8 is the Wg—solvability of the Dirichlet
problem for the equation

ajk(.rl)Djku =f
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in {|z| < 1}. Here we assume that a/*(z!) are measurable in x! and
continuous near —1 and 1. This equation can be solved by following
the steps in Chapter 11 of [17]. Notice that when locally flattening the
boundary and using odd/even extensions, one gets an equation with
leading coefficient measurable in two coordinates and continuous in the
others.

Remark 2.9. The author of [7]-[9] presents quite general results on
the solvability of parabolic equations in Sobolev spaces with or without
mixed norms. Roughly speaking, the main case in [7]-[9] is when a'! is
measurable in z! (or t) and VMO in (¢,22,...,2%) (or z) and p is any
number in (2,00) without any restriction on troa. Theorem 2.6 and
the discussion in Remark 2.3 show that, restricted to Sobolev spaces
without mixed norms, some of D. Kim’s results admit generalizations
allowing a'! which are measurable in (¢,2') and VMO in (22, ..., 2%)
provided that p > 2 is close enough to 2. We have no idea what
happens in this situation if p > 2 is arbitrary even if d = 1.

In the case of Theorem 2.8 an example by Ural’tseva (see [18]) shows
that for any d > 2 its assertion becomes false for any fixed p > 2 if § is
sufficiently small.

3. PRELIMINARY RESULTS

We first consider equations in R x R? with measurable coefficients.

Lemma 3.1. Let T € (—o0, 0], d =2 and

2
Lu = —u; + Z a* (t,z) Dju,
k=1

where tro a depends only on t. Then there ezists a 6y = 0y(0) > 0 such
that for any p € (2 — 60,2+ 6p), u € W*(R%), and A > 0, we have
||D2UHLP(JR%) + el msy + \/XHDUHLP(R%)
FAlull, @y < N[ Lu = Aullp, @), (3.1)

where N = N(0,p). Moreover for A > 0 and f € L,(R3.) there exists a
unique u € Wp172(]R3T) solving Lu — du = f in R3..

Proof. First we consider the case that T'= oco. The change of variable

t— %/0 (trga)(s)ds

together with the argument in the proof of Theorem 2.2 and 2.8 reduce
the problem to the case when a'' + a?*> = 2. Moreover, by a density
argument to prove (3.1) it suffices to consider u € C§°. In case u €
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Ce(l) with I' = (0,1) x {|z| < 1}, it follows from Theorem 3 of [12]
that
Mz, + luell, + [1D?ullz, < N|[Lu— M|,

(See also [2] for a result for elliptic equations.) For general u € C§°, we
can use shifting and scaling, the fact that the above N depends only on
0 and p, and interpolation inequalities to treat Du. This proves (3.1)
if T'= o0o. Adding using the standard method of continuity completes
the proof of the lemma when T = oc.

For general T', we use the fact that u = w for t < T, where w € WI}’Q
solves

Lw — Mw = xper(Lu — Au).

The lemma is proved. O

An immediate corollary of Lemma 3.1 is the following estimate.
Corollary 3.2. Let T € (—o0, 00|, d > 3,

d

Lu = —u; + Z a* (t,z) Dju,
k=1

where tra a depends only on (t,x"). Then for any p € (2 — 65,2+ 6y),
where 0y is taken from Lemma 3.1, and any u € W]}’2(RdT+1) and X > 0,
we have

Ml @y + VAIDull sy + [1D%ull gy + ],
< N||Lu — /\UHL,,(R;“) + N”D?g”u”LP(R;“)v (3.2)
where N = N(d,d, p).
Proof. We first fix 2 and apply Lemma 3.1 to get
Mot 2 gy + 1020 ) + e )2

2
<N Y @ Djgul, 2" = ugle, - 2") = M-, - A sy (33)
jk=1
Upon integrating (3.3) with respect to 2" we arrive at

)‘HUHLP(M“) + HDg’uHLI,(RdTH) + HutHLP(Rgﬁ'l)
S NHLU - )\u||Lp(R%+1) + ||DSL‘J»‘"UHLP(R%+1)' (34)
Observe that for any € > 0
| Dyl < el Duartlls, + N(d, p)e | Daraortllys (3.5)
which is deduced from
HDJJ’OC”uHLp < NHAUHL}J < N”DJC’az’UHLp + N||Dﬂc”ac”u“Lp
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by scaling in 2’. By using (3.5), we get from (3.4)
Ml g, + 1Dl o, + el o
< N|Lu— /\U“L,,(R;H) + ||DI"£B”U||LP(R%+1)‘

To estimate ||Dx/muu|\Lp(R%+1) and ]|Du||Lp(RdT+1), we use (3.5) again and
the interpolation inequality

VDullr, < NA|[ull, + N|| D%,
The corollary is proved. 0

In the following theorem as in Corollary 3.2 the constant 6, is taken
from Lemma 3.1.

Theorem 3.3. In case d > 3 and T' € (—o0, 00| for any p € (2—0y, 2+
0o) there exists a v(d,p,d) > 0 such that, if for any t,z,y, satisfying
2" =y" and |2" — y'| < Ry, condition (2.2) holds, then estimate (3.2)
is valid for any u € WY(RF™) and A > X with general L as in (1.2)
and N and \g > 0 depending only on d,p,d, and Ry. Furthermore, if
u(t,r) = 0 for |z| > Ry and V" = ¢ = 0, then we can take \g = 0 and
N to be independent of Ry.

Proof. The idea is to use Corollary 3.2 in combination with a stan-
dard method based on freezing the coefficients and partitions of unity.
We will show only the first step. Assume that u is of class I/Vpl’2 and
u(t,z) = 0 for |z| > Ry. Define a(t,z) = a(t,2”) = a(t,0,2”) and

Lov = try a(trs a)_lajijkv — vy
Then (3.2) holds with Ly in place of L. However, on the support of u
ltrya(troa) ™ — 1] < N(d)|trya — troa| < N(d)y,
so that
I Lou — (" Dju — wi) ||z, < N(8)v]| D*ullr,,

which shows how to choose v > 0 in order for this error term times the
N from (3.2) to be absorbed into the left-hand side of (3.2). O

4. EQUATIONS WITH COEFFICIENTS MEASURABLE IN (t,a:’) AND
PROOF OF THEOREM 2.1

In this section we consider the operator
Lu(t,x) = —u(t, x) + a’*(t,2") Djpu(t, x) (4.1)

assuming that tro a depends only on t.
First we generalize Theorem 2.5 of [10] (see also [5]) proved for elliptic
equations with a’* depending only on one coordinate of .
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Theorem 4.1. There is a constant N = N(0) such that for any u €
Cg° and A > 0 we have

Alullz. + VAIDull, + 1Dl + luellz, < NllLu = Xullr,.

The case that d = 2 is taken care of by Lemma 3.1. To prove the
theorem in case d > 3, we need some preparations. To start with, we
assume without loss of generality that the coefficients a’* are infinitely
differentiable and have bounded derivatives.

Set f = Lu — Au and let g(t,2’,&"”) be the Fourier transform of a
function ¢(t, z) with respect to 2”. Then

2 2
—ty(t, 2, &)+ Y oM (t, 2" ) Dy(t, o, ") +zZB] (t,,€")Dya(t, 2, ")

Ji.k=1 Jj=
—C(t, 2, &"ya(t, o', ") = f(t,2',¢"), (4.2)
where
Bi(t,a', ") =2 a*(t, )¢, Ct,a/, ") = A+ al¥(t,2)¢¢"
k>2 7,k>2

In the following lemma ¢ is considered as a parameter.
Lemma 4.2. Let d > 3 and |€"|?> + X\ > 0. Then we have
ja(t, o', &")| < alt, 2", "), (4.3)

where, for each & € R¥™2 a(t,a’,&") is the unique bounded classical
solution of

2
—t(t, 2", ") + Z a*(t, 2"\ Dja(t, ', &)
Gk

=1

)

—(A+0IE"PYalt, 7', €") = —|f(t, ', €")]. (4.4)

Furthermore,

(1€ + Ml € ra@xrzy < NOWFC, - €M ramrzy. (45)
Proof. The idea of the proof is to eliminate the first-order terms in
(4.2) by using probability theory and Girsanov’s transformation. Let
a’ be the 2 x 2 matrix, which stands at the upper left corner of a. Set
o = v/2d’. Fix a point (ty, ') and let 2} be the solution of the following
[t0’s equation

¢
v, =1 +/ oty — s, ) dws
0

on a probability space carrying a two-dimensional Wiener process wy.
Also set R
B=(B',B*, B=DBo',



ELLIPTIC AND PARABOLIC EQUATIONS 13

A

t
p:(£") = exp (’L/ B(ty — s, 2., &") dw,
0

t
_/ (Clto — 5,7, €") — (1/2)|Blto — 5,7, ")) ds).
0
As is easy to check by using It6’s formula and (4.2)
d(p(€")a(to — t.21,€") = pu(€") f(to — t. 2}, €") dt
Hip(€)alto —t,a7,€") Bty — t, 2}, £)
+pt<€,/)Dﬂ’(t0 - t7 l‘;, f//)0'<t0 - t? ‘rz/t)] dwt-
We integrate this relation between 0 and 7" € (0, c0) and take expecta-
tions of the result. Then, since @ and B are bounded (£” is fixed), the

expectation of the stochastic integral disappears and we obtain
T

a(to, ', &") = Epr(§")u(to — T, a4, ") — E/ P (&) fto —t, ), €") dt.

0
(4.6)
Next observe that

51€")* < 5|¢)? < a?*(t, 2\ gk

2
= (1/2)|o(t, )¢ + ) _EB(t,a'.&") + O(t, 2, ") = A

=1
Substituting £ — o~ 1(t, 2')€’ we see that

2
0< (1/2)I8P+) FB(ta', &)+ C(t,a' &) — A= 8[¢" .
j=1

Since this is true for any &', we have
2

(1/2) DB (1,2, &) < (1/2)€P(Cta',€") = A= l¢"?),

Jj=1

(1/2)|B(t,',€")]* < O(t, 2, €") = A = 5¢"?,
implying that
(€] < e OO,

Therefore, passing to the limit as 7' — oo in (4.6) we obtain

Z~L(t()a Ila 6//) = _E/O pt(gﬁ)fﬁo - tv l‘:fv 5”) dt’

ity ', €")] < E/ |Fto — t, 2, €M) e” OHE D gt —: a(ty, !, €").
0
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Next notice that equation (4.4) has a unique solution in W, (R x R?)
by Lemma 3.1. It is a bounded classical solution since u € Cg°, a is
smooth, and f is Lipschitz continuous in (¢,2’). This solution is the
above © which is proved by using Ito’s formula in the same way as
above. Estimate (4.5) for ¢ in place of @ follows from Lemma 3.1.
Having (4.5) for @ in place of @ gives us (4.5) as is. The lemma is
proved. O

Remark 4.3. Inequality (4.3) can also be proved without using prob-
ability theory along the following lines. By the maximum principle, we
have @ > 0. Fix ¢ and let

Q={(t,2) e RxR*: a(t, 2, £") # 0},

which is open and bounded. For any (¢,2") € 2, |a| has continuous
first derivatives in (¢, ') and second derivatives in 2’ and we have

N 1
Dy|a| = 2l ——(aDya + aDyu),
~ 1 ~ ~ ~ ~

~ 1 ~ ~ ~ ~ ~ ~ ~ ~
Djilu| = m(uDjku + uDjtu + (D;u)Dya + (D) Dja)

1P ——(aDju + aD;u)(aDyt + uDya).

Therefore, by (4.2)

—D,|a| + Z @/ Djp|i| = Re(—Dy|a| + a’* Dy lal)
7,k=1
1 3 2
:ﬂRe(fo+C|u| Z BIm(aD;1)
u
=1
2 ik
a’ 12 = R
+]%::1 4|ﬂ|3[2lu| ((Dju) Dyu + (Dya) Dju)

—(uDj;a + uD;a)(uDyi + uDg1))].
The last sum on the right-hand side above is equal to
a’*

Alal?

' [|@|*((D;@) Dyt + (Dyit) Dyat) — @*(Dyit) Dyt — @2(D;) Dy i)
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2 ik ~ B B B
-y _4‘{ @Dy — aD;a)(aDyi — aDya)
2
2 a,jk B ~
=) = Im(aD;a)Im(aDyi).

Thus,

—Dyla + Y a*Dyla| = —|f|+ (A + D o (2)&eb)|a

7,k=1 7,k>2
jk
| ZZaﬂc )EF Im (@D, a) + Z |Z|3 m(uD;a)Im(uDyt)
j=1 k>2 7,k=1

> —|f] + Ala| + o1¢" Plal.
In the last inequality we used the uniform ellipticity condition. By the
maximum principle, we obtain (4.3).

Proof of Theorem 4.1. Recall that we may assume d > 3. By squaring
both sides of (4.5), integrating with respect to £”, and using Parseval’s
identity we obtain

Nlull, + lluarenll, < NI,
which along with Corollary 3.2 proves the theorem with a constant N

perhaps depending on d and §.
To show that it is independent of d, we use Lemma 3.1 to get

Hﬂw’w’(W '7 ”)“%2 RxR2) + Hat('7 K //)H%Q(RXRQ)

< NH — U+ Z a]kDJku< NS ” HL2 (RxR2)"
7,k=1
We also use that

B(t,2',£")| < NIg"|. Ct,2",€") < N+ [€"]).
Then from Lemma 4.2 and (4.2) we conclude that for {” # 0
[iarar (-, €I xrzy + 1765 € L)
< N(’£//|2Haw’(‘a '75//)”%2(R><]R2) + Hf(? '75//)”%2(R><]R2))'
Here for any € > 0
|£//|2”ﬂ$’('7 ) 6N>”%2(R><R2)
< 5l|ﬂ$’w’(" ) gll)H%g(RxRQ) + N5_1|§H|4||a(" ) 5”)||%2(RXR2)

< elltiarar (5 € Lymnrzy + NIFC - €I @xr2)- (4.7)
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It follows that

||ax’x’('7 E 5”)||%2(RXR2) + ||at(7 " gll)H%Q(RXR?) < N||f<7 K gll)H%z(RxR?)'
Upon integrating this inequality with respect to £’ and using Parseval’s

identity we arrive at

luwrar 17, + lluellz, < NIFIL,.

Going back to (4.7) and integrating again we obtain
luwrar |2, < NIFIIZ,-
After that, to finish proving the theorem, it only remains to combine
the above estimates and use the interpolation inequality
N[ Dullz: < Xlullze + [[AullZ: = X ulZ: + [ D*ulz..
The theorem is proved. O

Next we give a proof of Theorem 2.1.

Proof of Theorem 2.1. Part iii) follows from the first two by using a
scaling argument. By the same reason as in the proof of Lemma 3.1,
it suffices to prove i) and ii) for 7' = oo. In case T' = oo, assertion i) is
obtained from Theorem 4.1 in the way outlined in the proof of Theorem
3.3 and assertion ii) is obtained by the method of continuity. 0

Next, we go back to considering the operator L introduced in (4.1)
and present the key results of this section.

Theorem 4.4. Letd > 3, k > 2, and r > 0. Assume that u € CJ°(R?)
and Lu = 0 in Q.. Then there exist constants N = N(d,d) and
a = a(d,0) € (0,1] such that for any multi-index v = (v',~")

][ ’D’Y”u— (D’YHU)QT’Q dx dt S N:‘iiza <’D7"u|2>

T

Qur

Proof. By observing that LD u = 0 we see that it suffices to concen-

trate on v = 0. By using scaling we reduce the general situation to the
one in which r = 1. By Lemma 4.2.4 of [13] and Theorem 7.21 of [21]

osc u < N&~|ul| o)
Ql/n

with a and NV as in the statement. Scaling this estimate shows that

<N —Q 2 1/2
oscu < Nk (Ju| )QK

It only remains to observe that

][ lu — (w)g,|* dr dt < N(oscu)?.
Q1 A
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The theorem is proved. U

Theorem 4.5. Let d > 3 and let o be the constant in Theorem 4.4.
Then there is a constant N depending only on d,d such that for any
u € Wiic, r e (0,00), and k > 4

(|ua:"x"(t? Z’) — (Ugg”:r:”)Qr|2)QT

< N&®2 (|Luf*) o+ NE7> (fugren ) (4.8)

Qrr

Proof. Fix an r € (0,00) and a x > 4. We may certainly assume that
a’* are infinitely differentiable and have bounded derivatives. Also
changing u for large |t| 4+ |x| does not affect (4.8). Therefore, we may
assume that u € W, and moreover u € C§°.

Now we define f = Lu — Au € C§°. Take a ¢ € C§° such that ( =1
in Qyr/2 and ¢ = 0 outside the closure of Q. U (—Qy). Define v to be

the unique W,?((S,T) x R%)-solution of the equation
Lo=(1-0)f

with zero initial condition at t = S, where S < —kr and T' > kr are
such that u(t,z) = 0 for t ¢ (S,T"). By classical theory we know that
such a v indeed exists and is unique and infinitely differentiable. Since
(1-¢)f =0in Qu/2 and £/2 > 2, by Theorem 4.4 with v in place of
u we obtain

(|Um”$” - (Uﬂc”ﬂc”)QrF)Qr

< NKJ_QOC (|'Uz”x” 2>Qm/2 < N/f_za (|Ux”a:”|2)Qm : (49)

On the other hand, obviously o(t,z) = v(t,z)I(s7)(t) is of class
W, (R and the function w := u — 7 € W, *(RE1) satisfies

Lw=C(f
in R, Therefore, by Theorem 2.1 (iii),

/ e |? dir dt < N/ CfRdudt <N [ |f2dudt,
RG Ry Qnr
0 0

which implies
(i P (i P (4.10)
and
(lweal?) o, < N2 (I1P) g, - (4.11)

Combining (4.9)-(4.11) together, we conclude
(|um//$// — (uﬂC”ﬂC”)QrF)Qr S (|’Ux/ll,ll — (Uxux”>Q""|2)Qr + N (|/LUZ,//I// Q)Qr

< NE2 ([vgranP) o+ NP2 (If)

QK QKT
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< N/ﬁ?_Za (‘uxl/m//‘z)QHT + N/id+2 (’f’Z)QKT .
The theorem is proved. O

5. PROOF OF THEOREM 2.6

We shall prove Theorem 2.6 in this section. We consider the operator
Lu = —u; + a’*Djpu + ¥ Dju + cu,

where a’* satisfy Assumption 2.5 () with some v > 0 to be specified
later. Assertion (iii) of Theorem 2.6 is obtained from (i) and (ii) by
using scaling. Assertion (ii) is obtained from (i) by the method of
continuity. If d = 2, assertion (i) is derived from Lemma 3.1 in a
standard way alluded to a few times before. Therefore, it only remains
to prove assertion (i) assuming that d > 3.
Set
L()U = —u + ajijku.

First we generalize Theorem 4.5.

Theorem 5.1. Let « be the constant in Theorem 4.4, v > 0, 7,0 €
(1,00), 1/7 +1/0 = 1. Take a u € W, and set f = Lou. Then
under Assumption 2.5 (v) there exists a positive constant N depending
only on d, 6, and T such that, for any (to,r¢) € R r € (0,00), and
k>4,
(lum//x// (t, .I') - (um//x”)QT(tO’xO)‘Z)Qr(to,mo)
d+2 2 d+2_1/c ar\1/7
S NH (|f| >er(t07x0) + N/{ ,y <|uCUCC| )Qm(to,ﬂ?o)

+N/€_2a <|ux//x// 2)

provided that w vanishes outside Qg -

Proof. We fix (to,7¢) € R¥ x > 4, and r € (0,00). Choose Q =
(s1,82) X B" x B" to be Q. (to,zo) if kr < Ry and Qg, if kr > Ry.
Recall the definition of a(t,z’) given in Assumption 2.5, set y, to be
the center of B’, and introduce ao(t) = a(t, y),

(5.1)

Qrvr (tO 71?0) ’

ik ajk £ ik
al® = 7’61‘2 C_L(), f = a’ Djku — Ug.

trya

Obviously, a depends only on (¢,2'), troa = treag depends only on ¢
and takes values between 26 and 26~!, and

][ |6ij — ajk| drdt < N ][ |ajktr2a — a'*try a|dxdt
Q Q

SN][ |ajk—ajk|d$dt+N][ [troa — troag|dxdt < Nv.  (5.2)
Q Q
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Also R ' '
f= (ajk - a]k) Djyu+ f.
Then by Theorem 4.5 with an appropriate translation and a in place
of a,

f ‘ul‘//fﬂ// - (uﬂ?l/I//)Qr(tOIO) ‘2 dr
Qr(to,z0)

d+2 (| 12 —2a 2
S NK: <|f‘ >Qn'r(t0,I0) + NK: (|uxux” )Q’W‘(t07x0) ! (53)
where N and a depend only on d and 0. By the definition of f ,
/ |f|? da dt < 2/ | f|? dx dt + 21, (5.4)
Qrr(to,z0) Qrr(to,z0)
where
I= / (a7 — ajk)Djku’2 dxdt
Qnr(t01$0)
= / ‘(ajk —ajk)Djku‘Qdacdt.
QKT(tO7IU)mQRO
By Holder’s inequality, we have
I<NLL" (5.5)

where
n=y
7.k

According to (5.2) we have

L < Z/ |a?% — a?*%7 dx dt < N7|Q| < N(kr)*2.
ik 7

la?* — a?* 2 da dt, I, :/ |t |*T da dt.
Qnr(t07m0)

KT (tO 7m0)mQR0

This together with (5.3)-(5.5) yields (5.1). The theorem is proved. O

Remark 5.2. Assume that a/* (= a*) are independent of 2" for j =
1,2and k =1, ...,d. Also assume that try a depends only on ¢. Then in
the above proof we have a’* = @/* for all j, k and a/* = a/* for j = 1,2
and k =1, ...,d. Therefore, in the definition of I we only need to sum
over j, k > 3, so that only u,~,» are involved in its estimate. It follows
that in this case we can replace |ug,|*" in (5.1) with |wgmn|*"

Lemma 5.3. Let 6y be the constant in Lemma 3.1, p € (2,2 + 6p)
and f € L,. Then there exist strictly positive constants v and N both
depending only on d,p, and 0 such that under Assumption 2.5 (), for
any u € Wp1’2 vanishing outside QQg, and satisfying Lou = f, we have

luellz, + 1D*ullz, < NIz,
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Proof. Let « be the constant in Theorem 4.4. Choose 7 € (1,00) such
that p > 27. Inequality (5.1) implies that on R*+?

u#,, , < Nﬁ(d+2)/2Ml/2(|f‘2)

_|_NKI(d+2)/2,71/ 20 Ml/(QT)(’uxm‘Zr) + N/iiaMlm(’uxm‘Z).
We apply the Fefferman-Stein theorem on sharp functions and the
Hardy-Littlewood maximal function theorem to the above inequality
to get

|1, < N&@22 M| )]}/

ltgrarllz, < N, 2

o]
+N,€(d+2)/271/(20)”M<|uxx|2'r)||2/p(/2<2) + N/f_O‘HM(’uxxP)HlL/p?/Q
S Nﬁ(d+2)/2||f||Lp +N (/{(d+2)/271/(20) + /{—a) ||uwx||Lpa
where in the last inequality we use the fact that p > 27. From this
estimate and the last assertion of Theorem 3.3 we have

ltzellz, + ludllz, < N&22) £,

+N (KA CO) o) Y-
To finish the proof of the lemma, it suffices to choose a big enough &
and then a small v so that

N (A 1) < 12

Now we are in the position to prove Theorem 2.6.

Proof of Theorem 2.6. Asis pointed out in the beginning of the section,
it suffices to prove assertion i) for d > 3. Similarly to the proof of
assertions i) and ii) of Theorem 2.1, we only need to prove (2.3) for
T = oo and u € C§°. This in turn is obtained from Lemma 5.3 by using
a partition of unity and an idea of Agmon (see, for instance, Section
6.3 of [17]). O

We finish the paper with a statement valid for any p > 2 which
partially generalizes Lemma 5.3. Its proof is an immediate consequence
of Remark 5.2 and the argument from the proof of Lemma 5.3.

Theorem 5.4. Assume that d > 3 and a’* (= a*) are independent of
2" forj=1,2 and k = 1,...,d. Also assume that tro a depends only on
t. Let p>2 and u € I/Vpl’2 be such that uw vanishes outside QQr,. Then
there are a strictly positive constant v and N both depending only on
d,p, and § such that under Assumption 2.5 (v) we have

1D%ulz, < N\ Loulls,-
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