REGULARITY CRITERIA FOR THE DISSIPATIVE
QUASI-GEOSTROPHIC EQUATIONS IN HOLDER SPACES

HONGJIE DONG AND NATASA PAVLOVIC

ABSTRACT. We study regularity criteria for weak solutions of the dissipative
quasi-geostrophic equation (with dissipation (—A)”/2, 0 < v <1). Weshow in
this paper that if 6 € C((0,T); C*~7), or 6 € L"((0,T); C*) with @ = 1—y+2
is a weak solution of the 2D quasi-geostrophic equation, then 6 is a classical
solution in (0, T] x R2. This result improves our previous result in [18].

1. INTRODUCTION

In this paper we present two regularity results for weak solutions of the 2D
dissipative quasi-geostrophic equation, that extend our previous work [18]. We
consider the following initial value problem

(11) O, +u-VO+ (=A)20=0, zcR?te(0,00),
’ 0(0,2) = Og(x),

where v € (0, 2] is a fixed parameter and the velocity u = (u1,u2) is divergence free
and determined by the Riesz transforms of the potential temperature 6:

u=(=Ra0, Ra0) = (=0, (~A)120,0,,(~A)~/%0).

The 2D dissipative quasi-geostrophic equation appears in geophysical studies of
strongly rotating fluids (see, for example, Pedlosky [24]).

The central mathematical question related to the initial value problem (1.1) is
whether there exists a global in time smooth solution to (1.1) evolving from any
given smooth initial data. In order to recall known results to this question, we
note that cases v > 1, v = 1 and v < 1 are called subcritical, critical and super-
critical, respectively. Resnick [25] established existence of a global weak solution
in both dissipative and non-dissipative cases. The existence of solutions is fully
understood in the subcritical case: Constantin and Wu [10] proved that every suf-
ficiently smooth initial data give a rise to a unique global smooth solution. In
the critical case, v = 1, Constantin, Cordoba and Wu [8] established existence of
a unique global classical solution corresponding to any initial data that are small
in L°°. The hypothesis requiring smallness in L*>° has been removed recently in
two elegant papers [1] and [20]. More precisely, Kiselev, Nazarov and Volberg [20]
proved persistence of a global solution in C'*° corresponding to any C'*° periodic
initial data. Their proof is based on a maximum modulus of continuity principle.
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In [17] Dong and Du adapted the method of [20] to obtain global well-posedness for
the critical 2D dissipative quasi-geostrophic equations with H' initial data in the
whole space. On the other hand, Caffarelli and Vasseur [1] used harmonic extension
to establish regularity of Leray-Hopf weak solution. More precisely, their approach
consists of establishing the following three claims:

(1) Every Leray-Hopf weak solution corresponding to initial data y € L? is in
Lis.(R? x (0, 00))
(2) The L*° solutions are Holder regular i.e. they are in C7 for some v > 0

(3) Every Hoélder regular solution is a classical solution in C'2,

However the question addressing global in time existence of a solution still re-
mains open in the supercritical case, v < 1. We note that, in this case Chae and
Lee [4], Wu [26, 29], Chen, Miao and Zhang [5] and Hmidi and Keraani [19] es-
tablished existence of a global solution in Besov spaces evolving from small initial
data (see also [23, 21]). Also recently, Constantin and Wu in [11] implemented the
approach of [1] in the supercritical case. They proved that the claim (1) is valid in
the super-critical case. Towards addressing the claim (2), Constantin and Wu in
[11] proved that L solutions are Holder continuous under the additional assump-
tion that the velocity u € C1=7. The claim (3) is considered by Constantin and
Wu in a separate paper [12] where they obtained a conditional regularity result of
the type: if a Leray-Hopf solution is in the sub-critical space L ((to,t;); C?(R?))
for some 6 > 1 — v on the time interval [tg,#1], then such a solution is a classical
solution on (to,t1].

In [18] we extended the result of Constantin and Wu [12] to scaling invariant
mixed time-space Besov spaces. More precisely, in [18] we proved that if

(1.2) 0 € L"((0,T); By . (R?)),

for any v € (0,1], p € [2,00), T € (0,00), r € [2,00) with o = %—&—1—7—}—%, is a weak
solution of the 2D quasi-geostrophic equation (1.1), then 6 is a classical solution of
(1.1) in (0,7] x R2. Significance of this space is that it is scaling invariant under
the scaling transformation

Oy = N7 O( Az, \t).

It is natural to ask whether the result of [18] can be extended to include the case
r =00, p=o0 in (1.2). In this paper we explore that question and prove that if

6 c C((0,T); C*=7(R?))

with v € (0,1) is a weak solution of (1.1), then 6 is a classical solution of (1.1) in
the region (0,7] x R?. Since Bgom N L>® = C%, this regularity results extends our
previous result [18] to include the case p = 0o and not quite r = oo (since we require
continuity in time). The importance of the space C1=7(R?) is in the fact that it
is the largest scaling invariant space for the 2D quasi-geostrophic equations (1.1).
We note that this new regularity result is inspired by the analogous conditional
regularity result for the Navier-Stokes equations that was recently obtained by
Cheskidov and Shvydkoy [6]. For the precise statement of our result, see Theorem
3.4. We remark that, as in [6], from the proof it is clear that we allow small jump
discontinuities of 0(¢,) in the C1=7 norm.

The proof of Theorem 3.4 relies on a regularity criterion, stated in Lemma 4.1,
which exploits certain cancellation property of the bilinear term. We identify such
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a cancellation property by means of Bony’s paraproduct formula for Littlewood-
Paley operators and use of a certain commutator estimate involving Littlewood-
Paley operators. The approach that we use to identify the cancellation property
differs on a technical level from the approach employed in [6], where the authors
followed [7] in order to identify the cancellation property.

Thanks to the above mentioned cancellation property of the nonlinear term, we
present another conditional regularity result too (see Theorem 3.5), which extends
our previous result [18] to include the case p = oo, r € [1,00) in (1.2).

Organization of the paper. The paper is organized as follows. In Section 2 we
introduce the notation and we review known estimates that shall be used through-
out the paper. In Section 3 we state the main results of the paper. In Section 4 we
present a proof of the crucial regularity criterion (Lemma 4.1) which is based on
the cancellation property. Also in Section 4 we give a proof of Theorem 3.4. Then
in Section 5 we give a proof of Theorem 3.5.

2. NOTATION AND PRELIMINARIES

2.1. Notation and spaces. We recall that for any 8 € R the fractional Laplacian
(—A)? is defined via its Fourier transform:

(—A)7F(8) = €7 £(©)-
We note that by a weak solution to (1.1) we mean 6(t,z) in (0,00) x R? such
that for any smooth function ¢(t,z) satisfying ¢(t,-) € S for each ¢, the identity

T
0T, )O(T, ) de — [ 6(0,)6(0,-) d — / 06, dz dt
2 R2 0 R2

R
T T

7/ / u0V¢dzdt+/ /eAw)dxdt:o
0 R2 0 R2

holds for any T' > 0.

Before we give the definition of the spaces that will be used throughout the paper,
we shall review the Littlewood-Paley decomposition. For any integer j, define A;
to be the Littlewood-Paley projection operator with Ajv = ¢; * v, where

$;(€) = 0(277¢), € CFRI\{0}), =0,
supp¢ C {£ € R?[1/2 < [¢[ <2}, Y (&) =1 for £ #0.
jez
Formally, we have the Littlewood-Paley decomposition
'U('v t) = Z Ajv('a t)'
JEZ
Also denote
A=(=A)20 AL =) Ay, Ag =) Ay,

k<0 k<j

J = J
v; = Aju, v = E Vg, Usj = E Vi, Vi<.<j = E Vg
k=j k=i

k=—o0
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For any p,q € [1,00] and s € R, we denote by B;q and B; ,, respectively the

homogeneous and inhomogeneous Besov spaces equipped with norms

. 1/q
{ (ZJEZQJWHAJ‘UHQLP) , for g < oo,

Jollg, , = .
’ supjez 2’°|Ajvl| e,  for ¢ = oo,
. 1/q _
follas { (Siso? 1808 ) " +1A vz, for g < oo,
D0 2785010 £ |1 yvllze. for g = oo,

If s > 0, we have

By =By ,0LP, llsy, ~ [vllg, +lvlee, C° =B
2.2. Preliminaries. The following Bernstein’s inequality is well-known.
Lemma 2.1. i) Let p € [1,00] and s € R. Then for any j € Z, we have
(2.1) 275 Aol e < [[ASA0| e < N 27| Ajv]| Lo

with some constants X and X' depending only on p and s.
i1) Moreover, for 1 < p < q < oo, there exists a positive constant C depending
only on p and q such that

(2.2) 148;0]| Lo < C2H/P VDG Ao 1.

Now we recall the generalized Bernstein’s inequality and a lower bound for an
integral involving fractional Laplacian which will be used in the paper. They can
be found in [28], [21] and [5].

Lemma 2.2. i) Let p € [2,00) and v € [0,2]. Then for any j € Z, we have
(2.3) A29P|| Aol e < [AVR(|A0P)[7F < N2IP A |

with some positive constants A and N depending only on p and .
i1) Moreover, we have

(2.4) / (A70)[o]P~20 > | AV2 [P/ 2,
R2

and

(25) L0808 80 = 2 A0l

with some positive constant ¢ depending only on p and .

Also we will use the following commutator estimate on the Littlewood-Paley
projection operator.

Lemma 2.3. Let d > 1 be an integer, r,r1,m9 € [1,00], % = % + % <1 Then for
any j € Z we have
(26) || [u, Aj]’l)”Lr(Rd) S 02_j ||vu||LT1 (R9) ||UHL7‘2 (R4)

as long as the right-hand side is finite. Here C is a positive constant independent
of j, and
[u, Ajlv = ulj(v) — Aj(uv).

Proof. This follows easily from the integral representation of the Littlewood-Paley
projection, Minkowski inequality and Holder’s inequality. ([l
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Finally we recall the following regularity criterion for (1.1), which is the main
result of [18].

Theorem 2.4. Let v € (0,1], p € [2,00), T € (0,00) and r € [2,00). Denote by
a=241-y+2.1If

0 € L"((0,7); By oo (R?))
is a weak solution of (1.1), then 0 is in C°((0,T] x R?), and thus it is a classical
solution of (1.1) in the region (0,T] x R2.

3. FORMULATION OF RESULTS

Assumption 3.1. In the sequel, we always assume that 6 is regular at time ¢t = 0.
More precisely, we assume 6(0,-) is in B - for some py € [1,00), qo € [1,00] and
b >1—v+ %0.

Remark 3.2. Assumption 3.1 seems quite natural due to the local smoothing effect
of (1.1) (see, for instance, [15] and [16]).

Remark 3.3. Because of the well-known embedding relations of Besov spaces, we
have 6(0,-) € Bg’q for any p € [pg, 0], ¢ € [1, 00] and some 6 > 1—fy+%. Moreover,
by the LP maximum principle for (1.1), it holds that 8 € L*([0, 00); L?) for any
JAS [PO, OO]

Now we state main results of the paper. The first theorem reads that weak
solutions in certain critical Holder spaces are regular.

Theorem 3.4. Let vy € (0,1) and T € (0,00). If
6 € C((0,T);C'(R?))

is a weak solution of (1.1), then 0 is in C°((0,T] x R?), and thus it is a classical
solution of (1.1) in the region (0,T] x R2.

The second theorem extends Theorem 2.4 to the limiting case p = oc.
Theorem 3.5. Lety € (0,1), T € (0,00), r € [1,00) and a =1 —~y+ L. If
0 € L7((0,T); C*(R?)

is a weak solution of (1.1), then 0 is in C>°((0,T] x R?), and thus it is a classical
solution of (1.1) in the region (0,T] x R2.

Remark 3.6. It is not clear to us if the result of Theorem 3.5 still holds true when
r = 00. In some sense, Theorem 3.4 gives a partial answer to this open problem (see
also Lemma 4.2). On the other hand, for the critical dissipative quasi-geostrophic
equation, i.e. v = 1, Caffarelli and Vasseur [1] established that any weak solution
in L ((0,00) x R?) is regular.

loc
4. PROOF OF THEOREM 3.4

As we mentioned in the introduction, Theorem 3.4 is inspired by the analogous
theorem for the Navier-Stokes equations presented in [6]. The proof of Theorem 3.4
relies on a regularity criterion stated in Lemma 4.2. On the other hand the proof
of Lemma 4.2 is based on the regularity criterion formulated in Lemma 4.1 which
exploits a certain cancellation property of the nonlinear term. We identify such
a cancellation property by using Bony’s paraproduct formula for Littlewood-Paley
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operators and a commutator estimate involving Littlewood-Paley operators. Hence
on a technical level our approach differs from the approach employed in [6].

Lemma 4.1. Let 0 be a weak solution of (1.1) in [0,T] x R%. Then there exists a
positive constant €y such that if 0 satisfies

(4.1) limsup sup 2j(1_7)\|9j(t,-)\|Lgo < €o,
j—oo  te(0,T)

then 0(t,x) is reqular in [0,T] x R2.

Proof. We prove the lemma by contradiction. Suppose 6 blows up in (0,7]. With-
out loss of generality, one may assume 7' is the first blow-up time. Let us start by
applying the operator A;, j > 0 to the first equation in (1.1) and use divergence-free
property of u to obtain

(42) (9,593' + V- AJ(UQ) + A”Gj =0.

We multiply (4.2) by |0;[P=26;, where p is an even number to be specified later,
and integrate in x to obtain

1d _ _
@3) Sl + [ (W00) 1020 de = [ -5 0,p720, da.

Fix an integer N > 10 and fix an € € (0,1). In order to simplify the notation we
will denote by 3

(4.4) B=2+p(l—7).

Now we use Lemma 2.2 to obtain a lower bound on the second term on the left
hand side of (4.3) to derive

1d , _
S0l 320515, < [ - u0) 6,20, da
which after being multiplied by 27/(5+¢) and summed over j > N gives:

1 o= d =
- Z 2“6*5)%\\%”’& + A Z 2/ (BTt 10,17,
PN j=N

(4.5) <M 2J’<5+6>/ V- Aj(ub) |0;]P20, da.
j=N R

In order to bound the term on the right hand side of (4.5) we split the nonlinear
term Aj(uf) by applying Bony’s decomposition and the localization properties of
the Littlewood-Paley operators as follows:

Aj(ub) = Njin + Njni + Njnn,
where
Njin = Aj(ugjrali—2<.<jr2),

Njn = Aj(uj—2<.<jy2b<j-3),

o0
Ninw = Y Aj(ur-aoc.<i2bh).
k=j+3
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Hence we can write

oo

3 2i(5+) /RQ V- Aj(ub) |0;P720,de = 1) + Ir + I3,
j=N

where

o0

I = ngm/ V- Njun |0,|P20; dx

j=N

Z2ﬂ<ﬂ+€>/ V- Njui |6;1P~26; da

j=N

I = Z 2j<5+6>/ V- Njnn |0;P720; de.
j=N R2

In what follows we denote f;_o<.<jt2 by fj
We start by estimating I;. We use localization properties of Littlewood-Paley
operators and divergence-free property of u to notice that

Zzﬂ<ﬁ+€>/ V- Aj(u<jyad;) 10517720, dzx
j=N

Z QJ(’BJFE)/ AV A<J+6 (A (u<]+49 )7U§j+49j) ‘0j|p720j dxr
j=N

=2 23(6+6)/ V- Acjveldg,uzjralfy 10;1P726; da,
j=N

thanks to which we can use Holder’s inequality to get

(4.6) I < Z 21(F+e)

‘V Acjiel e |0 HLPH

YR

We then apply the commutator estimate stated in Lemma 2.3 to obtain

|V Acisoldsucsadds| s S IVugsallins 1] o

(4.7) S Y0 2Pl o 1651 o

k<j+4
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Now we combine (4.6) and (4.7) and use the properties of Riesz transforms as
follows:

oo
LS 29000000 Y 25 lunllpes 1)) oes
j=N

k<j+4
S 2j('8+€)||0jH]Zp+1 Z Qk”ek”LPH
j=N-2 k<j+4
oo o 1 5
s > e, 5 (5) T 2k,
J=N-2 k<j+4
p—B—¢
o0 ) oo 2k 2
(48) < Y 2@t L 3 Y <2J> QR+ g, 1,
Jj=N-2 Jj=N—-2k<j+4
0 .
(4.9) <Y PEEEDg; P + R(N),
j=N
where
N-—1
(4.10) R(N)= sup > 2/0+tDjg ot
te(0,7) ;=1

We note that in order to obtain (4.8) we use Young’s inequality, Holder’s inequality
and we require that p satisfies p — 3 — e > 0. Hence we choose p such that

2+4+¢
v

(4.11) p>

In an analogous way we obtain the following upper bound on Is:

(4.12) I, 3 PO g, nEL 4 R(N).
J=N

Now we obtain an upper bound on I3. We start by applying Holder inequality:

i —1
(4.13) I5 < Y PG Nyl s 1651152
j=N

To estimate |V - N jyhh||Lp2i1 we apply Holder inequality and properties of the Riesz
transform to obtain

oo
V- N',hhHLPT+1 =V Z Aj(uk—2g§k+29k)||L%
k=j+3
0 ~
S20 ) 10kllzosi 10kl Los
k=j+3
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which combined with (4.13) gives

oo
BSOS el [0 e
j=N k=j+3
o oo _2(BFe+1)
) 27 p¥l k2(ﬁ+s+1)
< 9i(B+e+1) £ p+1H9 ||LP+1 Z (Qk) 2 ||9kHLp+1
=N k=j+3
~ o oo 0 Bre+1
(4.14) Z 2D g ot + > Y (2;@) Al 7%
j= J=N k=j+3
; 1
(415) 3 Z el (7 sy
j=N

where to obtain (4.14) we used Young’s inequality.
Now we combine (4.5), (4.9), (4.12) and (4.15) to obtain

1d

P Z 2916511, + X Z 295111, S Z 21TV, 705 + R(N),

j=N j=N
Wthh thanks to the following interpolation inequality

1
16,1555 < 16; 15,1101l <,

implies
1d R -
o Z 23 (B+ )||9 2, + A Z 93 (B+ +7)H9 2,
p Jj=N j=N
(4.16) Cr 2 2|, (207765 1< ) + CLR(N),
=N

where (| is some universal constant. We choose N such that 20~ | = < C%
for all j > N and all ¢ € (0,7"). Hence (4.16) implies that for any ¢ € (0,7)

1d X igie
bl Z 270049 16,]|7, < CLR(N).
Jj=N

Since [ is given via (4.4) and R(N) < oo we can use Theorem 2.4 to conclude that
(¢) is regular on (0, T], which gives a contradiction. O

Lemma 4.2. Let 0 be a weak solution of (1.1) in [0,T]xR2. There exists a positive
constant €1 such that if 0 satisfies

(4.17) sup limsup ||0(¢,-) — 0(s, ) |lc1-~ < €1,
te(0,T] s—t—

then 0(t,x) is regular in [0,T] x R2.
Proof. We prove the lemma by contradiction and without loss of generality assume

T be the first blow-up time of §. Because of (4.17), there exists t; € (0,T) such
that ||6(T,-) — 0(t1,-)||cr1-~ < €1. Since (11, -) is regular, we have

lim sup 2707)|0; (¢4, Mz =0,

j—o0
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and therefore, .
limsup 270=710;(T, )| L < &1

J—00

This and (4.17) imply that for some ¢ € (0,7")
limsup sup 27077)(6;(s, MLee < 2¢1.

Jj—oo  s€(te,T)

To get a contradiction, it suffices to set €1 = £9/2 and apply Lemma 4.1. O

Proof of Theorem 3.4: it follows directly from Lemma 4.2. ([l

5. PROOF OF THEOREM 3.5
By applying Young’s inequality, we get

1 1 r(l1— T )\ ]
23(6+e+1)||9j||Lgo < 0,2 BretrrQ v))”gj”Lgo + ﬁg](ﬁ+7+5)7

for some constant Cy > 0 depending only on A, p and 7. This together with (4.16)
yields

1d
(5.1) dtzw(ﬂ*ﬁ 1651, + 3 32 20+ oy 1,
Jj=N J N

<Co Y (P05, ) (20D ) + ROV
j=N

Due to the definition of Besov spaces, the right-hand side of (5.1) is less than or
equal to

2 Y- (26,115, ) 18l + ROV).

J=N
To finish the proof of Theorem 3.5, it suffices to use the Gronwall’s inequality and
Theorem 2.4 having in mind that (3 is given via (4.4). O
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