GREEN’S MATRICES OF SECOND ORDER ELLIPTIC SYSTEMS WITH
MEASURABLE COEFFICIENTS IN TWO DIMENSIONAL DOMAINS

HONGIIE DONG AND SEICK KIM

AssTrACT. We study Green’s matrices for divergence form, second order strongly elliptic
systems with bounded measurable coefficients in two dimensional domains. We establish
existence, uniqueness, and pointwise estimates of the Green’s matrices.

1. INTRODUCTION

In this article, we study Green’s matrices for divergence form, second order strongly
elliptic systems with bounded measurable coefficients in two dimensional domains. More
precisely, we are concerned with the Green’s matrix for elliptic systems

N L,'juj = 3 , D(,(Ac.k.ﬁ(x)Dﬁuj), i= 1, . ,N
= !

=1 ap=1

in an open connected set Q c R?. Here, Agﬁ (x) are bounded measurable functions on £
satisfying the strong ellipticity condition. By a Green’s matrix we mean an N X N matrix
valued function G(x,y) = (G;;(x, y))f?’j=1 defined on {(x,y) € Q X Q : x # y} satisfying the
following properties (see Theorem 2.12 below for more precise statement):

N

D LG () = —6ud,() ¥y eQ,
j=1
Gij(y)=0 on 0Q VYyeQ,

where 6y is the Kronecker delta symbol and 6,(-) is the Dirac delta function with a unit
mass at y. In the scalar case (i.e., when N = 1), the Green’s matrix becomes a real valued
function and is usually called the Green’s function.

We prove that if Q has either finite volume or finite width, then there exists a unique
Green’s matrix in Q; see Theorem 2.12. The same is true when Q is a domain above a
Lipschitz graph (e.g., Q = R?); see Theorem 2.21. We also establish growth properties of
the Green’s matrices including logarithmic pointwise bounds. We emphasize that we do not
require €2 to be bounded nor to have a regular boundary in Theorem 2.12. Compared to the
result of Dolzmann and Miiller [4], where Q is assumed to be a bounded Lipschitz domain
(In fact, their methods work whenever there exists an L”-theory for the equation under
consideration on the domain), our result is quite an improvement in this respect. Although
there is no Green’s matrix for Q = R2, there is a possible definition of a fundamental
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matrix in the entire plane. Such a construction was carried out by Kenig and Ni [12] in
the scalar case and by Auscher, Mclntosh, and Tchamitchian [1] in the systems setting
(In fact, Auscher et al. considered complex coefficients elliptic equations in [1], but with
appropriate changes their strategy carries over to more general elliptic systems). For the
completeness of presentation, we include the result of Auscher et al. [1] in Section 5.

Let us briefly review the history of works in this area. In the scalar case, the basic facts
about Green’s functions of symmetric elliptic operators in bounded domains were proved
by Littman, Stampacchia, and Weinberger [16]. The study of the Green’s functions for
nonsymmetric elliptic operators in bounded domains Q c R" (n > 3) was carried out by
Griiter and Widman [9]. As it is mentioned earlier, there is no Green’s function for Q = R?;
the fundamental solution —(1/2x) In |x—y| of Laplace equation changes sign and is not con-
sidered as a Green’s function from a point of view of the classical potential theory (see e.g.,
[5]). Nevertheless, it is still possible to define a fundamental solution in R?. By using the
maximum principle, Kenig and Ni [12] constructed one for symmetric elliptic operators.
In [2], Chanillo and Li derived that the fundamental solution constructed by Kenig and Ni
is a function of bounded mean oscillation in R2. Also, we would like to bring attention to
a paper by Escauriaza [6] on the fundamental solutions of elliptic and parabolic equations
in nondivergence form. In the systems setting, the Green’s matrices of the elliptic sys-
tems with continuous coefficients in bounded C' domains have been discussed by Fuchs
[7] and Dolzmann and Miiller [4]. In fact, Dolzmann and Miiller improved the strategy of
Fuchs and showed the existence and pointwise estimate for Green’s matrix in bounded Lip-
schitz domains Q c R? without imposing any regularity on the coefficients (their methods
work whenever an L? theory is available for the domain ). Recently, Hofmann and Kim
[10] gave a unified approach in studying Green’s functions/matrices in arbitrary domains
Q c R" (n > 3) valid for both scalar equations and systems of elliptic type by considering
a class of operators L such that weak solutions of Lu = 0 satisfy an interior Holder esti-
mate. However, like the method used in Griiter and Widman [9], the method of Hofmann
and Kim heavily relied on the assumption that n > 3 and could not be applied to the two
dimensional case. An parabolic extension of the result by Hofmann and Kim was carried
out in a very recent paper by Cho, Dong, and Kim [3]. In particular, Cho et al. proved that
so called “Dirichlet heat kernel” of a strongly elliptic system exists in any domain Q c R?
(see Corollary 2.9 in [3]). In fact, our basic strategy is to make use of their result and
construct the Green’s matrix out of the “Dirichlet heat kernel” by integrating in -variable.

The organization of this paper is as follows. In Section 2, we introduce some notations
and then state our main results, Theorem 2.12 and Theorem 2.21. We give the proof of
Theorem 2.12 in Section 3 and that of Theorem 2.21 in Section 4. Finally, in Section 5 we
introduce the result of Auscher et al. [1] regarding construction of a fundamental matrix
for an elliptic system in the entire plane.

2. PRELIMINARIES AND MAIN RESULTS

2.1. Strongly elliptic systems in R2. Throughout this article, the summation convention
over repeated indices shall be assumed. Let L be a second order elliptic operator of diver-
gence type acting on vector valued functions u = (u', ..., u"™)” (N > 1) defined on an open
set Q ¢ R? in the following way:

2 2
@2.1) Lu = Dy(A% Dgu)  |:= " > Do(A% Dgu) .
a=1 =1
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where A = A%(x) (o, = 1,2) are N by N matrices satisfying the strong ellipticity
condition, i.e., there is a number A > 0 such that

2
DR Yxeq.

a=1
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‘We also assume that A?jﬁ are bounded, i.e., there is a number A > 0 such that

N

2
2.3) Z Z AT P <A? VxeQ.

ij=1ap=1

We do not impose any further condition other than (2.2) and (2.3) on the coefficients.
Especially, we do not assume the symmetry of the coefficients. The transpose operator L
of L is defined by

(2.4) ‘Lu = D, (A" Dgu),
where ‘A% = (AP (ie., ’Afjﬁ = A’;o‘). Note that the coefficients ’A?jﬁ satisfy the conditions
(2.2), (2.3) with the same constants A, A.

2.2. The function space YS’Z(Q). The function space YS’Z(Q) is defined as the set of all
weakly differentiable functions on Q such that Du € L*(Q) and un € WS’Z(Q) for any
n € C2(R?). An open set Q C R? is said to be a Green domain if {ulg : u € CX(R?)} ¢
WS’Z(Q). We ask the readers to refer [17, §1.3.4] for the proofs of lemmas stated below.

Lemma 2.5. Let Q C R? be a Green domain and B C R? be a ball. Then, there is a
constant C = C(Q, B) such that

(2.6) llull 2anp) < CllDullz)  Yu € Y32 (Q).

Lemma 2.7. Let Q Cc R? be a Green domain. Then Y&’Z(Q) is a Hilbert space when
endowed with the inner product

(2.8) {u,v) = f D;uD;v.
Q
Lemma 2.9. Let Q C R? be a Green domain. Then C®(Q) is a dense subset of the Hilbert
space Yé’z(Q) equipped with the inner product (2.8).
For a given function f = (f',..., fM)! € L} ()", we shall say thatu = (u',...,u")"
is a weak solution in YS’Z(Q)N of Lu=—fifuc YS’Z(Q)N and

(2.10) f A;I]ﬁDﬁuijghi: f it Yo e (V.
Q Q

It is routine to check that if Q is a Green domain and u is a weak solution in YS’Z(Q)N of
Lu = 0, then u = 0. Therefore, a weak solution in Y(;’Z(Q)N of Lu = —f is unique.

2.3. Main results. Let us state our main results. First, we consider domains with either
finite volume or finite width. We shall denote by |Q| the Lebesgue measure of Q and by
5(Q) the width of Q c R?; more precisely, we define

(2.11)  6(Q) = inf {dist(£1, £2) : Q lies between two parallel lines ¢1,6,};  inf® = co.
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Theorem 2.12. Let the operator L satisfy the conditions (2.2) and (2.3). Assume that
Q c R? is an open connected set with either finite volume or finite width so that

2.13) y = ¥(Q) = max (1Q™',5(Q)7) > 0,
Then, there exists a Green’s matrix G(x,y) = (Gij(x, y))ft’j:1 defined on {(x,y) € Q x Q :
x # y} satisfying the properties that
(2.14) f AP DG (. )Dut = ') V€ COQN
Q

and that for all n € C2(Q) satisfying n = 1 on B,(y) for some r < d,,
(2.15) (1-0G(.y) € Yy @M.

The Green’s matrix G(x,y) in Q is unique in the following sense:

(a) G(x,y) is continuous in {(x,y) € QX Q: x # y}.
(d) G(x,-) is locally integrable for all x € Q.
(c) Forany f = (f',..., M) € C(Q)V, the functionu = (u', ..., u")" given by

216)  u() = fQ G(x ) () dy (zze., W) = fﬂ Gij<x,y)ff<y>dy)

is a unique weak solution in Yé’z(Q)N of Lu = —f.

Moreover, G(x,y) satisfies the following pointwise estimate:

1 R
— +In

YR lx =yl
where d, = dist(x, Q) and C = C(4, A, N) < co. Consequently, G(-,y) and G(x, -) belong
to L?(B,(y)NQ) and LP(B,(x)NQ), respectively, for all r > 0 and p € [1, o). Furthermore,
DG(-,y) and DG(x, -) belong to L?(B,(y) NQ) and L?(B,(x) N Q), respectively, for all r > 0
and p € [1,2). Finally, we have the following symmetry relation:

(2.18) Gy, ='Gx,y)  (ie Gij(y.x) ='G;i(x,y)),

where 'G(x, ) is the Green’s matrix of the transpose operator 'L in Q.

(2.17) IG(x, )| < C( ) ifIx =y < R == 1 max(d;, d,),

Remark 2.19. When [Q| < oo, we have global L? estimates for the Green’s matrix and its
derivatives. In that case, it will be evident from the proof of Theorem 2.12 that G(:, y) and
G(x, ) belong to LP(Q) for all p € [1, 00) and that DG(-,y) and DG(x, -) belong to L”(Q)
forall p € [1,2).

Next, we consider a domain above a Lipschitz graph. Let Q be given by
(2.20) Q = {(x, 1) €R? 1 2 > (a1},
where ¢ : R — R is a Lipschitz function with a Lipschitz constant M = ||¢/||e < .

Theorem 2.21. Let the operator L satisfy the conditions (2.2) and (2.3). Assume that Q
is given by (2.20). Then, there exists a unique Green's matrix G(x,y) satisfying all the
properties of Theorem 2.12 except (2.17). Instead of (2.17) of Theorem 2.12, we have

(222) G| < Cmin{l+1In(dyy/lx =)D, diylr=y*} VayeQ x#y,

where d,, = min(dy, d), d, ‘= dist(x,0Q), In, t == max(Int,0), C = C(1,A,N, M) < oo,
and pu = p(A, A, M) € (0,1). In particular, (2.22) implies G(x,y) — 0 as |x — y| — oo.
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3. ProOOF OF THEOREM 2.12

Throughout this section, we employ the letter C to denote a constant depending on
A, A, N while we use C(e, 83, ...) to denote a constant depending on quantities @, f3, ..., as
well as A, A, N. It should be understood that C may vary from line to line.

Let us recall the following version of Poincaré inequality (see e.g., [8] for the proof).

Lemma 3.1. IfQ c R? is an open connected set with either finite volume or finite width.
Let vy be given as in (2.13) of Theorem 2.12. Then

3.2) lull 2y < y)IDull ey Yu € Wy(Q).

By using the above lemma, one can show that if Q has either finite volume or finite
width, then Q is a Green domain and Yé‘z(Q) = Wé’z(Q) (seee.g. [17, §1.3.4]). In the rest
of this section we shall identify ¥, () with W, *(Q).

3.1. Construction of the Green’s matrix. Let I'(z, x,s,y) (x,y € Q and ¢, s € R) be the
parabolic Green’s matrix given as in [3, Corollary 2.9]. Note that we have I'(¢, x, s,y) =
I'(t - s, x,0,y). Throughout the paper, we shall denote

(3.3) K(t,x,y) =T(1,x0,y),
(3.4) K, x,y) = f K(s, x,y)ds.
0

We record here some properties of K(t, x,y) (x,y € Q, x # y, and t € R) derived in [3,
Corollary 2.9] for the reference. Recall that d, := dist(x, dQ2) for x € Q.

(3.5) sup f K(t,x, ) dx<Cr? VYyeQ Vr<d,
Q

te(r?,00)

(3.6) f K@t x,y)*dxdt < Cr* VYyeQ Vr<d,,
(0,00)XQ\(0,2)X B, (y)

(3.7) f IDK(t, x,y)>dxdt < Cr?> YyeQ VYr<d,,
(0,00)xXQ\(0,72)X B, (y)

(3.8) f f IK(t, x,y)I dxdt < C(p)r ™" VyeQ Vr<d, VYpell,2),
(0,r)XB,(y)

(3.9) f ID,K(t, x,y)I dxdt < C(p)rP** VyeQ Vr<d, VYpell,4/3),
(0,r%)XB(y)

(3.10) [K(t, %3] < C {max (Vi e =yD) if 0 < max (Vi lx=y) < & max(ds, dy).

We define the Green’s matrix G(x, y) as follows:
(3.11) G(x,y) = lim K@, X,y) = f K(s,x,y)ds VYx,yeQ, x#y.
—oo 0
The next lemma will show that G(x, y) is well defined.

Lemma 3.12. For any x,y € Q with x # y, we have fow |K(s,x,y)| ds < oo.

Proof. By [3, Theorem 2.7], we know that ¢ — K(z, x,y) is continuous in ¢ € R for x # y.
Therefore, we only need to show that fa * |K(¢, x,y)| dt < oo for some a > 0. Let u be the
k-th column of K(-,-,y). Then, by the local boundedness estimate (see [13])

‘ 1/2
(3.13) lu(t, x)| < C( JC f lu(s, y)I? dyds] Vi>p? Vp <d,.
B, (x)

t—p?
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By (3.2) of Lemma 3.1, (1) := [ |u(z, )| satisfies

I't) = —ZfAZ?DﬁufDau"(t,-) < —2/1f |Du(t,)* < —42yI(t) Vt> 0.
Q Q

Therefore, by using (3.5) we obtain

(3.14) f IK(t, y)? < Ce 2 s 2 V< d,.
Q
By combining (3.13) and (3.14) we have
(3.15) |K(t, x,y)| < Ae™>Y" VYt > a,
where A = A(d,,d,) < co and a = a(d,, d,) < co. The lemma is proved. O

Next, we show that G(:,y) is continuous in Q\ {y} for any y € Q. We need the following
lemma the proof of which can be found in [13, Theorem 3.3] (c.f. (2.20) and (2.21) in [3]).

Lemma 3.16. Let L satisfy (2.2) and (2.3). If u(t, x) is a weak solution of u, — Lu = 0 in
05, = Qgr((to, x0)) (== (to —472, 1) X Bo(X0)), then for all x,x' € B(xp) and t € (ty—12, ty),
juCx. 1) = (', D) < Clx = XFr- 9D il g .

lu(x, 1) = u(x’', 0 < Clx = xFr= P lul| 2 g5 ),
where u = (1, A) € (0, 1).

Let u(t, x) be the k-th column of K(z, x,y). Fix xo € Q with xy # y and choose r > 0
such that r < d, and B;,(xp) C Q\ B.(y). By [3, Therem 2.7] and (3.3), we find that u(z, x)
is a weak solution of u;, — Lu = 0 in Q;r((to,xo)) for any fy € R. Therefore, by using
Lemma 3.16, (3.5), (3.7), and (3.14) we have (recall that K(¢, x,y) = 0 for ¢ < 0)

(3.17)  |K(t,x,y) — K(t, x0,y)| < Clx — xo[*r~**  Vxe B.(xy) VYteR,
(3.18)  |K(t, x,y) — K(t, x0,y)| < Clx — xolr~ e 200 yx e B(xy) Vit > 57

Then, for any x € B,(xp), we have

00

5r2
|G(X’Y)_G(x0’y)| < f |K(t7 x,y)_K(t’XO,y)|dt+ f |K(t’x’Y)_K(t’ x07y)|dt
0 5

r2
(3.19) < Clx = xolr (1 +r2y7™).
Therefore, we find that G(-,y) is locally Holder continuous in Q \ {y}. Let ‘G(x, y) be the
Green’s matrix of the transpose operator ‘L in Q, i.e.,

(3.20) 'G(x,y) = Ilim 'K(t,x,y) = f "K(s,x,y)ds Vx,y€Q, x#y,
—00 0

where 'K(t, x,y) and ’ K@, x, y) are defined similarly as in (3.3) and (3.4). Let 'T'(s, y, t, x) be
the parabolic Green’s matrix of 'L := —d,—'L constructed as in [3]. Then by [3, Lemma 3.5]

(3.21) 'K(t, x,y) = 'T(~t,x,0,y) =T(0,y, -t,x)" = K(t,y,x)",
and thus we conclude that
(3.22) ‘K(t,x,y) = K(t,y,x)" and 'G(x,y) = G(y,x)".

In particular, we proved (2.18). Since 'L satisfies (2.2) and (2.3) with the same A, A, we
find as in (3.19) that ‘G(-, x) is locally Holder continuous in Q\ {x} for all x € Q. Therefore,
by (2.18) we conclude that G(x, y) is continuous in {(x,y) € QX Q : x # y}.

Next, we prove that G(x, -) is locally integrable for all x € Q and u defined by (2.16) is
a weak solution in WS’Z(Q)N of Lu =—f.
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Lemma 3.23. The following estimates hold uniformly for all t > 0 and for all y € Q.

(3.24) IK(t, - Dllers,on < Cpyy™'p*P™ Vpell,2), wherep =d,.
(3.25) K@, Dlls@s,on < Cy'r? Vr<d,.

(3.26) IDK(, -, )llrs,on < Cp)y o7 Vp e[1,4/3),  wherep = d,.
(3.27) IDK(t, -, Ylzos,0) < Cy~'r? Vr<d,.

Proof. We begin by proving (3.24). Fix p € [1,2). By Minkowski’s inequality, we have

_ 1/p / 1/p
(f |K(t, x, y)I” dx) < f (f |K(s, x,y)I” dx) ds
B,(y) 0 By(y)

/4

pz 00 1/p
(3.28) < f +f (f |K(s, x, )P dx) ds =1 + L.
0 p? By(y)

We estimate /; by using Holder’s inequality and (3.8) as follows:

o 1/p
(3.29) I < ( f f IK(s, x, y)IP dx ds) pX171P < C(p)p?!.
0 JB,(y)

To estimate I, observe that Holder’s inequality and (3.14) yield (recall 1 < p < 2)

1/p 1/2 Up-1/2
[ f IK(s, x, y)|” dx] < ( f IK(s, x, y)I* dx] |B,()
B,(y) B,(»)

< C(p)pZ/p—Ze—Z/ly(s—pz) Vs > pZ.
Therefore, we obtain
(3.30) L < C(p)p*'P2? f e gs < C(p)p 2y
2
Since 1 < p‘zy‘l in any case, we obtain (3.24) by combining (3.29) and (3.30).
Next, we prove (3.25). By using Minkowski’s inequality as in (3.28), we have

1/4 2 =~ 1/4
(f IK(t, x, y)I* dx) < f +f (f IK(s, x, y)I* dx) ds =1+ I4.
Q\B:(y) 0 r2 Q\B,(y)

By proceeding as in (3.29) but using (3.6) instead, we obtain

2 1/4
(3.31) I < f f IK(s, x, )" dxds| P07V < cr'2,
0 JO\B,(y)

By a well known embedding theorem (see e.g., [14, §I1.3] or [15, Theorem 6.9]), the energy
inequality, and (3.14), we have for ¢ > r?

f f |K(s,x,y)|4dxds§C(sup f |K(s,x,y)|2dx) f f IDK(s, x,y)|* dxds
t Q t<s JQ t Q

2
(3.32) < c( f IK(t, x,y)|* dx) < Crie s,
Q

Then, by using Holder’s inequality and (3.32) we estimate

(e

© (AR 14 .
Iy < Z (f IK(s, x,y)[* dxds] P2 <crl? Z e 200
JEIANS Q

jr? =1

(3.33) <Cr'?d+ %y,
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By combining (3.31) and (3.33), we get (3.25).
We now turn to the proof of (3.26). Fix p € [1,4/3). As in (3.28), we have

B 1/p pz 00 1/p
(f |D.K(t, x,y)| dx) < f +f (f |D.K(s, x, )P dx) ds =I5+ Ig.
B,(») 0 P \JB,()

By Holder’s inequality and (3.9), we find

0? 1/p
(3.34) Is < (f f |D,K(s, x,y)|P dxds] p2(1—1/p) < C(p)p—1+2/p.
0 Bp(y)

To estimate /s, note that Holder’s inequality implies (recall 1 < p < 4/3)

1/p 1/2
(3-35) ( f IDK(s, x, y)lf’) < ( f IDK(s, x, y)|2) 1B, ()72,
B,(») B,()

As in (3.32), the energy inequality and (3.14) yield

(3.36) f f \DK(s, x,y)|> dxds < Cp‘ze_4/17(’_”2) Vi > p?.
1 Ja

Then, as in (3.33), we estimate Iz by combining (3.35) and (3.36)

00

G+Dp? 12
(3.37) Is < Cpyp™" ). [ f f DK (s, x,y) dxds] <Cpp*" A +p7y7h.
=1\ e
We obtain (3.26) by adding (3.34) and (3.37).

Finally, we prove (3.27). By using Minkowski’s inequality again, we have

1/2 2 co 1/2
( f |D,K(t, x, y)lzdx) < f + f ( f IDK(s, x,y)I* dx) ds =1 + I.
OQ\B,(y) 0 r2 OQ\B,(y)

We estimate I; by using Holder’s inequality and (3.7):

2 1/2
(3.38) I; < ( f f IDK(s, x, y)|* dxds] r<cC.
0 JO\B()

Also, by using (3.36) and proceeding as in (3.37), we obtain
o0 1/2

(j+1)r2
(3.39) Iy < rZ[ f fg ID.K(s, x,y)]* dxds] <C(1+r2yh,
J

2
=1\
Therefore, (3.27) follows from (3.38) and (3.39). The lemma is proved.

Fix py € (1,2) and r < d,. By (3.11) and (3.24), there exists a sequence {z,,}>_, tending
to infinity such that K(z,,, -,y) — G(-,y) weakly in LP(B,(y)), and thus we have

GG, VLo s,oy) < C(po,y,dy, 1) <00 Vr <d,.
By a similar reasoning, (3.25) yields that
IGC Wl s,0y < Cy'r>? ¥re(0,4,].

The above inequalities together with (2.18) imply that G(x, -) is locally integrable for any
x € Q. Therefore, the integral in (2.16) is absolutely convergent for any f € C°(€2), and

thus u is well defined in (2.16). Moreover, (3.24) and (3.25) together with (3.22) imply

(3.40) v(t, x) = L K@, x, ) f(y)dy
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is well defined. By the dominated convergence theorem, we also find that

(341) fim»(t.0) = [ Gexf0)dy = o
Also, by the definition of K, x, y) in (3.4), it is easy to verify
(3.42) vi(t, x) = f K@ x,y)f(y)dy Vt>D0.
Then, as in the proof of Lemma 3. 12,Q we have

(3.43) Wit Moy < Ce Y If 2, V2> 0.

We need the following lemma to show that u is a weak solution in WS’Z(Q)N of Lu = —f.
The readers are asked to consult [3] or [14] for the definition of \0721’0((0, T) x Q), etc.

Lemma 3.44. For all T > 0, the function v defined in (3.40) is the unique weak solution in
‘721’0((0, T) x QN of the problem

(3.45) vi—Ilv=f, v=0o0n (0,T)x0Q, v0,-)=0.

Proof. Let w be the weak solution in ‘721’0((0, T) x Q)" of the problem (3.45), the existence
and uniqueness of which can be found in [14]. We only need to show that v = w in
(0,T)x Q. Fixt € (0,T) and x € Q. Let 'T(s,y,t, x) be the parabolic Green’s matrix of
£ := =9, — 'L constructed as in [3]. Then, by proceeding similarly as in the proof of [3,
Theorem 2.7], we obtain (c.f. [3, Lemma 3.1])

T T
WA, 2) = f f To(s,y 1, 0 f' ) dyds = f f Tt x, 5.0 ') dy ds
0JQ 0JQ

_ f f Kt — 5.5, 9)f () dyds = f f Kia(s, ) f ) dyds = vA(t, ),
0oJQ ovQ

where we have used K(¢, x,y) = 0 for ¢ < 0. The lemma is proved. O
Note that (3.43) particularly implies v,(¢, -) € L*(Q)V, and thus it is not hard to verify
(3.46) f Vi(t, g’ + f A;*vaf(z, D¢ = f fi¢ Ve WA@Y V> 0.
Q Q Q
Then, by setting ¢ = v(z, -) above, we find that for almost all ¢ > 0,
ADY(t, M a g < (2@ + 0t M) v M@
< Cy UIfllp@ Dy i),
where we have used (3.43) and Lemma 3.1. Therefore, for almost all ¢ > 0,

(3.47) IDv(t )z < €y Plfllizey.
Then, by the weak compactness and (3.41), we find that there exists an increasing sequence
{tm};_, tending to infinity such that
: afry i i_ aBry j i 1.2,\N

(3.48) lim [ AZDVI(t,, )Da¢' = f APDWD.g V€ Wit Q)N.
Therefore, it follows from (3.43), (3.46), and (3.48) that u defined in (2.16) is a weak
solution in WS’Z(Q)N of Lu = —f.

Now, we prove the uniqueness. Suppose that there exists another matrix valued func-
tion G(x,y) such that G(x,y) is continuous in {(x,y) € QX Q : x # y}, G(x,-) is locally in-
tegrable in Q for all x € Q, and for all f € C(Q), the function #(x) = fQ G, f(y)dy
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is a weak solution of Lz = —f in W&’z(Q)N . Then, the difference w = u — i@ is a weak
solution of Lw = 0 in W(;’2(Q)N , and thus w = 0. Therefore, we have

(3.49) fg G -G)x)f(dy=0 VfeCI@Q".

We conclude from (3.49) that G(x, -) = G(x, 2 in Q \ {x} for all x € Q, and thus G(x,y) =
G(x,y) for all x,y € Q with x # y. We have proved the uniqueness.

3.2. Proof of identities (2.14) and (2.15). Let us first prove (2.14). From (3.3), (3.4) and
the construction of parabolic Green’s matrix I'(¢, x, s, y) in [3], it follows (c.f. (3.3) in [3])

(3.50) fg Kii(t, - y)¢' + fQ A DR (1, y)Dag’ = $5(v) Vo € CZ(Q)".
We note that (3.14) yields

(3.51) [lim f Kii(t,»)¢' =0 Vk=1,...,N.
—00 Q
If we write ¢ = (¢ + (1 — )¢, where { € CZ(B,(y)) such that / = 1 on B,/»2(y), then
[ AT DsRu D = [ A DRy D, )
Q B,(y)
(3.52) +f AZ-ﬁDﬁf(jk(t, S ND((1 = D) = Li(®) + L)
Q\B2(y)

By Lemma 3.23 and (3.11), we find that there exists an increasing sequence {t,,},,_, tending
to infinity such that

(3.53) tim 110) = [ AFDGRCNDES)
m—oo B,()

(3.54) tim 1) = [ ATDLGA( DD = ),
m—eo Q\B,2(y)

Therefore, by combining (3.50)—(3.54), we obtain (2.14).
Next, we prove (2.15). We claim

(3.55) (1=K, llwizg) < COpy) < oo V>0,

where 7 € C°(Q) is such that 7 = 1 on B,(y) for some r < d,. Assume for the moment
that the claim is true. Then, by the weak compactness and (3.11), there exists an increasing
sequence {,,};>_, tending to infinity such that

(1 = K(tm,-y) = (1 =p)G(-,y) weakly in W'(Q)

On the other hand, by [3, Theorem 2.7], we find that (1 -7)K(z,-,y) € Wé’z(Q) forall r > 0.
Since WS’Z(Q) is weakly closed in W!'2(Q), we have (1-1)G(-,y) € WS’Z(Q) as desired. To
complete the proof of (2.15), it remains to prove the claim (3.55). In fact, by Lemma 3.1,
it is enough to show

(3.56) ID((1 = K, )z < COp) < 00 Vi >0.
Let us prove (3.56). Assume that 7 is supported in a ball B ¢ R?. Then
ID((1 = MK, )2y < 11 = nlli=IDKE - Dlz\,0y) + 1P7l= 1K@ - 208,00

< C()IIDK(t, SWll@so) + CapIBI"YIK (1, SWl@\B.6y)
(3.57) <CCy, ) =Cny) <o Ni>0,
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where we have used Lemma 3.23 in the last step. This completes the proof of (3.56), and
thus (2.15) is proved.

3.3. Proof of logarithmic bound (2.17) and L” estimates. Without loss of generality, we
may assume dy > d,; otherwise, in light of (2.18), we may exchange the role of x and y.
Note that if |x — y| < R = d,/2, then (3.10) yields

(3.58) IK(2,x,y)| < C{max (Vr,|x - y|)}_2 Vt € (0, RY).

On the other hand, if we set p = R/2 in (3.13) and r = \/§R/2 in (3.14) (note that p < d,,
r < dy, and p? + r* = R?), then (3.15) becomes

(3.59) IK(t, x,y)| < CR 220y 5 g2,
Then, by using (3.58) and (3.59), we obtain (recall |x — y| < R)

lx—y R? 00 R
IG(x,y)| < C Ix —y| 2 dr + dr + R72e720=RD gy
y y
0 |x—y[? R2

= C(1+2In(R/|x — ) + R22y)™")
(3.60) < CR?y™' +1In(R/|x - yI).

We have thus proved (2.17). We now turn to the proof of local p-summability of G(:,y)
and DG(:, y). Note that (3.60) particularly implies that

(3.61) IGC Ve ,00) < C(p,dy,y) <o Vp €(0,dy/2] Vp €[l 00).

We claim that [DG(-,y)| € LP(B,(y)) forall 0 < p < dyand 1 < p < 2. Let u be the k-th
column of G(-,y). Then, by (2.15), we have

ueWQ\ B, VYpe(0,d)

and thus, by (2.14), we find that u is a weak solution of Lu = 0 in Q\ B,(y) for any p < d,.
It follows from (2.17) that there is ro = ro(y,d,) < 1 and Cy = Co(y, d,) < oo such that

(3.62) IG(x,y)| < Coln(1/|x = y) Vx € By (y).

Fix r < rp and let € CZ(B.(y)) be a cut-off function satisfying £ = 1 on E,/z(y) and
|D¢| < C/r. Then, by (2.15) we find

(3.63) (1-0ue W(;’Z(Q')N where Q' := Q\ B,»(y).
Since u is a weak solution in WH(Q")V of Lu = 0, by using (3.63) we have
o= a- g)zA;YfDﬁufDaui - f 2(1 - g)A;;ﬁDﬁufDag u'.
o o

Therefore, by using the bound (3.62) we estimate

f |Du)* < Cr™? f lul* < CC3(In(r/2))>.
Q\B,(y) B,()\B,2(y)

Therefore, we have

(3.64) f IDG(-,y)I* < CCy(In(r/2))* Vr <.
Q\B,(y)

Next, let A, = {x € Q : |D,G(x,y)| > t} and choose r = 2/t. Then by (3.64)

A\ B.(y)| <172 f IDG(-,y)* < CCi2(nt)* Vit > 2/r.
ANB ()
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and [A, N B,(y)| < |B,()| < C ~2. Therefore, we conclude that for any y € €, there exist
Ci = Ci(y,d,) < oo and ty = ty(y, dy) > 0 such that

(3.65) l{x € Q:|D.G(x,y)| > 1}] < Cir2(Int)> VYt > 1.

From the estimates (3.65), it follows that [DG(-, y)| € LP(B,(y)) for all r < d, and for all
p € [1,2) as we shall demonstrate below. Let r < d, be given and choose 7 > #5. Note that

j‘|DGmww=wf |DGuwW+jﬁ DG,y
B,(y) B,(y)N{IDG(-.y)|<T} B, (y)N{IDG(-,y)[>7}

s#mwuf DG y)P.

{IDG(.y)l>7}

By using (3.65), we estimate (recall 7 > #;)

f IDG(-,y)I”=f P DG, y)| > max(1, )} dt
{DG(y)l>) 0

< Cit*(In7)? f ptP VN dt + C, f ptP3(Int)? dr.
0

T

Note that the above integrals converge if 0 < p < 2, and thus we have shown that
(3.66) f IDG(-,y)IP < C(p,y,dy,r) <o Vre(0,dy) VYpell,2).
B,(y)

On the other hand, (3.27) yields

(3.67) IDGC. Wlles,on < CY'r2 Vre (0.dy).

By combining (3.66) and (3.67), we find

(3.68) IDGC, V)zr.)ne) < C(p,y,dy, 1) <o ¥r>0 Vpel[l,2).

Next, for r > d,/2, fix a cut-off function { € C(B(y) \Ed_‘,m(y)) such that £ = 1 on

B,(y)\ By, 2(y) and |DZ| < C/d,. By a similar computation as in (3.57), we have
IDUGC, 2B, 0900 < C(y,dy, 1) < 0.
Since {G(-,y) € W,*(Ba,(y) N Q), the Sobolev inequality yields

(369) ”G(s y)l'u(Br(y)mQ\Edy/z(y)) < C(p’ Y d)” r) <o vp € [1’ OO)
Then by combining (3.61) and (3.69), we obtain
(3.70) NGCWlerB,0n) < C(p,y,dy,r) <00 ¥r>0 Vpe[l, ).

Finally, from (2.18), (3.68), and (3.70), it follows that [DG(x, -)| belongs to L”(B,(x) N Q)
forall » > 0 and 1 < p < 2 and that |G(x, -)| belongs to L?(B,(x) N Q) for all » > 0 and
1 < p < co. This completes the proof of the theorem.

4. ProoF oF THEOREM 2.21

Throughout this section, we employ the letter C to denote a constant depending on
A, A,N,and M = ||¢’||. We use C(a,f,...) to denote a constant depending on quantities
a,fB,...,aswellas 4, A, N, M.

For x = (x1,x2) € Q, where Q is as in (2.20), we shall denote X := (x1,p(x1)) € 0Q.
Note that d, is comparable to |x — X|; more precisely, we have

4.1) de<|x—x < V1+M2d, VxeQ.
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We shall use the following notations.
4.2) P (to,x0) ={(t,x) eRXQ: 19— P<t< to, |x — xo| < 1},
4.3) S (20, x0) =R x 0Q N 9P, (ty, Xo).

We ask the readers to consult [3] or [14] for the definition of the space V.

Lemma 4.4. Assume that the operator L satisfy the conditions (2.2) and (2.3). Let Q be
given as in (2.20) and let %o € 0Q. Assume that u(t, x) is a weak solution in V(P (to, Xo))
of u; — Lu = 0 and vanishes on S 5 (to, Xo). Then, for any yo € Br(Xp) N Q, we have

Je) 2+42u
4.5) f ID.ul* < C(—) f IDul> VYp<r<R,
P, (t0.y0) r Py (t0.y0)

where pu = (A, A, M) € (0, 1). As a consequence, for all t € (ty — R*, ty), we have

1/2
(4.6) lu(t, x) — u(t,x')| < Clx — x'FR™1H ( f |Dxu|2] Vx, x' € Br(Xo).
P

& (10,%0)
Proof. Let v(x) be a weak solution in W'2(Q N Bar(%)) of Lv = 0 which vanishes on
0Q N Byr(Xp). Let yg € Br(Xp) N Q. By a well-known boundary regularity theory for weak
solutions of elliptic systems in two dimensional Lipschitz domains (see e.g. [18]), we have

2 p\* 2
4.7) f Dy < c(—) f IDvP Vp<r<R,
B,(y0)NQ2 r B, (y0)NQ
where i = u(1, A, M) € (0,1). By a routine adjustment of an argument in [13], one can
deduce (4.5) and (4.6) from (4.7). O

Let Q be given as in (2.20). It is rather tedious but routine to check that the estimate
(4.5) allows us to treat Q as if Q = R? in the proof of [3, Theorem 2.7]. Consequently, we
have the following estimates:

(4.8) K (1, x,y)| < C{max(|t]'/?, |x = yD} 2,
(4.9) f IK(t,x,y)Pdx < Cr' Vr>0,
Q
(4.10) f f IDK(t, x, ) dxdt < Cr* Vr>0,
(0,00)xQ\(0,r?)XB,.(y)

4.11) ff IDK(t, x,y)IP dxdt < C(p)rP** V¥r>0 Vpel[l,4/3).
(0.r2)x(B-(y)NQ)

To show the convergence of the integral in (3.11), we need the following lemma.
Lemma 4.12. Let Q be given as in (2.20). There exists u = u(d, A, M) € (0, 1) such that
(4.13) IK(t, x, y)| < Cdi{max(id]'?, lx =y} >+ VYx,yeQ, x#y.

Proof. Denote r := max(|f|'/2,|x — y|). We may assume that d, < r/(10 V1 + M?); other-

wise, (4.13) is an easy consequence of (4.8). Let u(¢, x) be the k-th column of K(z, x, y) and
set R = r/4. Then by (4.1), (4.6), and (4.10), we have

1/2
l(t, ) = e, ¥) — u(t, B] < Cle - FR ( f f |Dxu|2)
(O,OO)XQ\(O,RZ)XBR(_)/)
(4.14) < Clx - IfR>H < Cdir+.

We obtain (4.13) from (4.14). The lemma is proved. ]
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Then, it follows from (4.13) that for all x,y € Q with x # y, we have

00 [x—yI? 00
(4.15) f IK(t, x, )| dt = f + f IK(t, x,y)ldt < Cdl{|x — y[* < c.
0 0 lx—y2

Therefore, G(x, y) given the same as in (3.11) is well defined and satisfies
(4.16) IG(x,y)| < Cdllx —y|™ Vx,yeQ, x#y.
In fact, by using (4.8) and (4.13) together, we may obtain a better bound

be—yP? &2 oo
IG(x, y)l < C(f lx -yl dt + f e+ f dir 2 dt)
0 lx—y? >

(4.17) <C(1+In(dy/Ix—y))  if |x—y| <d,.
Then by combining (4.16) and (4.17), we derive (recall In; ¢ := max(In¢, 0))
(4.18) G(x,) < Cmin {1 +In,(d/lx = y).dilx =) *} VryeQ x#y.

Recall that (2.18) is a consequence of (3.21), which remain valid here. Therefore, (2.22)
follows from (2.18) and (4.18). Note that (2.22) implies that for any » > 0 and p € [1, o0)

4.19)  IG(x, NizrB.xne) < C(p,dy, 1) < 005 |GE Y eeB,pne) < C(p,dy, 1) < 0.

In particular, we have shown that G(x, -) is locally integrable for all x € Q. Next, we show
that G(-, y) is locally Holder continuous in Q\ {y}. Fix xo € Q with xy # y and choose r > 0
such that r < d, and B,,(xp) C Q\ B,(y). Similarly as in (4.14), Lemma 4.4 yields

(4.20) IK(t, x,y) = K(t, x0,y)| < Clx — xol't” /P Vx € B.(xg) Vt> 1o,

where to == 8(r + V1 + M2d,,)*. Notice that (3.17) still remains true here. Therefore, by
using (4.20) instead of (3.18) and proceeding as in (3.19) we obtain

4.21) |G(x,y) — G(xp,y)| < Clx — xol Vx € B,(xp).

Then, it follows from (2.18) and (4.21) that G(x, y) is continuous in {(x,y) € Q X Q : x # y}.
Now let us prove that u defined as in (2.16) is a unique weak solution in YS’Z(Q)N of
Lu = —f. First observe that Q is a Green domain. Let v(¢, x) be defined the same as
in (3.40). Then as in (3.41), we have lim,_,,, v(t, x) = u(x). Also, v,(t, x) has the same
representation as in (3.42). Then, by (4.9) and Minkowski’s inequality, we have

(4.22) Ive(t, Mz < C V2N flly VE>0

and thus, by Lemma 3.44, we estimate

!
(4.23) Iv(t, Mz < ClAl @ f s ds < Ct'P\|fllpy Yt > 0.
0

Assume that f is supported in a ball B ¢ R2. Then by setting ¢ = v(z, -) in (3.46), we get
ADY(, M2y < Wi, iz W@, iz + I l2@om 9 @)
(4.24) < CIfI ns) + CQ B Ifll2@nn 1DV, @)

where we have used (4.22), (4.23), and (2.6). Then by applying Cauchy-Schwarz inequal-
ity to (4.24), we find

(425 IDv(t, 720, < CQ B) (17 gngy + I 2i005)) < CQ Bl Vi > 0.

Therefore, by the weak compactness and (3.41), we conclude that there exists an increasing
sequence {f,,}_, tending to infinity such that Dv(t,,,-) — Du weakly in L*(Q)V so that
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(3.48) holds. Also, by (4.25) we find ||Dul|;2(q) < 0. By using (2.6) and (4.25) it is not
hard to verify that for any ¢ € C®(R?),

1Zv(E, Hllwiz) < CULQ, B)Ifllzq) <o ¥Vt >0.

Therefore, we conclude that fu € W(;’Z(Q)N for all £ € C(Q) and thus, u € Y(;’z(Q)N :
Consequently, it follows from (3.46), (3.48), (4.22), and Lemma 2.9 that u is a unique
weak solution in Yé’2(Q)N of Lu = —f.

By arguing the same as in the proof of Theorem 2.12, we get the uniqueness of the
Green’s matrix in Q.

We need the following lemma to prove (2.14) and (2.15).

Lemma 4.26. Let Q be given as in (2.20). Then, for all y € Q and for all t > 0, we have
(4.27) IDK(t, -, )llrs,mne) < C(p)*P™ Vp >0 Vpe[l,4/3),
(4.28) IDK(t, -, DIz 5,00 < C(L+dyr ™) Vr>0.

Proof. We proceed similarly as in the proof of Lemma 3.23. Let us begin by proving (4.27)
first. By Minkowski’s inequality, we have

i 1/p 2 - 1/p
(f |D. K(t, x, y)I”dx] < f +f (f |D, K(s, x, y)|de) ds =1 + 1.
B,(y)NQ 0 p? B,(y)NQ

P

Then, by Holder’s inequality and (4.11), we have

o 1/p
(4.29) I < f f ID(K(s, x, )P dxds| p* 7V < C(p)p~ 3P,
0 JB,(mnQ

On the other hand, by using Holder’s inequality

2

b (U , i S
(4.30) L <Cpyr f 2 f ID.K(s,x.y) dxds| = Cp)y™? Y .
=) ) B,()NQ -

/e =1
By setting r = /(j + 1)/2p in (4.5) and using (4.10), we estimate

2+2u
(b)) = f ID,K(t, x,y)Pdx dr < C(B) f IDLK(t, x, ) dxdt
P, (2r2y) r P;(2r2y)

o 242u
< c(—) f \DK(1, x,y) dxdt
r (0,00)XQ\(0,r2)X B, (y)
4.31) < Cp* 2 = Cp™2(j+ 1) 2H.

Therefore, by combining (4.30) and (4.31), we find

(4.32) B < Cp?rt Y i+ 172 = Cpyp?lr
=1

and thus, (4.27) follows from (4.29) and (4.32).
Next, we turn to the proof of (4.28). As before, Minkowski’s inequality yields

1/2 2 o 1/2
( f |ka(t,x,y)|2dx) < f + f ( f |DxK(s,x,y)|2dx) ds
O\B,(y) 0 r2 Q\B,(y)

=1+ 1.
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Then, by Holder’s inequality and (4.10), we have

2 1/2
(4.33) L < ( f f IDK(s, x,y)|* dxds] r<cC.
0 JO\B,(y)

We need the following inequality to estimate I4:
(4.34) Is(t) = f f ID.K(s, x,y)Pdxds < Cd}'r' ™ Vr>0 Vi>0.
t JQ

Let us momentarily assume that (4.34) holds and proceed similarly as in (4.31) to get

2

o0 12 o 241 172
L < (f f |D.K(s, x, y)|2dxds) < Z 2j/2r(f f |D,K(s, x,y)lzdxds]
2 JO\B(y) = 22 Ja

(4.35) < Cdir* Z 22 < CdlirH,

7=0
By combining (4.33) and (4.35), we obtain (4.28). It only remains to prove (4.34). Note
that by (4.13) and (3.21) we have

(4.36) IK(s, x,y)| < Cdi{max(s'?,[x —y)} >* Vx#y Vs>O0.
Let{ € C®°(R)besuchthat0 < <1, =1on(t, ), =0o0n(-o0,t/2],and || < 4/t.
Then, by the energy inequality (see e.g., [14, §1I1.2]) and (4.36), we have

I5(t) < f f L(9)IDK(s, x,y)*dyds < C f f I ($)IK (s, x,y)* dyds
0 Q 0 Q

!
< Ct_ldg"f (f s M dy + f Ix — y| ™+ dy) ds
/2 \J|x=yl<+fs [x=yl= s

!
<criat f s ds < Cdy e,
t/2

This completes the proof of the lemma. O

We now prove (2.14) and (2.15). To prove (2.14), first recall that (3.50) holds. By (4.9),
we find that (3.51) remains valid. Assume that ¢ € C>(Q)" is supported in Br(y) N Q. By
(3.11) and (4.27), we find that there is a sequence {t,,};>_, tending to infinity such that

DK(t,,,-,y) = DG(-,y) weakly in L?(Bg(y) N Q)" for some p > 1.

Therefore, we find

(4.37) lim f AP DR (-, y)Dot’ = f AL DG (-, y)Dad'.
Q Q

m—oo

By combining (3.50), (3.51), and (4.37), we obtain (2.14). To prove (2.15), first observe
that (4.28) yields

(4.38) IDG(C, Vl2@\s,oy < Cldy, 1) < oo Vr>0.
By using (4.19) and (4.38) and proceeding similarly as in (3.57), we obtain
ID(A = MGz < C,dy) < co.
It follows from [3, Theorem 2.7] that for any { € C?’(Rz), we have
F(t,) = (1 - pK(t,-y) € WA@YV vi>0.
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Clearly, lim,,o, F(¢,-) = {(1 — n)G(-,y). Moreover, by utilizing (3.22), (4.13), and (4.28),
it is not hard to verify [|[F(¢, )llwi2q) < C({,n,dy) < oo for all ¢+ > 0. Then, by a similar
argument as in Section 3.2, we get {(1 — n)G(-,y) € W(;’z(Q)NXN. We have proved (2.15).

Finally, notice that with (2.15) at hand, we may proceed similarly as in Section 3.3
to conclude that that DG(-,y) and DG(x, -) belong to LP(B,(y) N Q) and LP(B,(x) N Q),
respectively, for all » > 0 and p € [1,2). We have already seen in (4.19) that that G(-,y)
and G(x,-) belong to L”(B,(y) N Q) and LP(B,(x) N ), respectively, for all » > 0 and
p € [1, 00). This completes the proof of the theorem.

5. REMARK ON FUNDAMENTAL MATRICES

In this section, we introduce a result of Auscher et al. [1] regarding construction of a
fundamental matrix in R?. Let H'(R?) be the usual Hardy space in R? and Co(R?) be the
space of continuous functions on R2 vanishing at infinity. For x,y € R%, x # y, define

1 o
5.1 I'(x,y) = f K(t, x,y)dt + f (K(t, x,y) — K(t, x, x)) dt.
0 1

The following theorem appears in [1] as Theorem 3.16, where L is assumed to be an elliptic
operator with complex coefficients. With appropriate changes, the same proof carries over.

Theorem 5.2 (Auscher-MclIntosh-Tchamitchian). Let the operator L satisfy (2.2) and
(2.3). Then for all x € R?, I'(x,-) € BMO and for f = (f',...,fY" € H'R>", the
function defined by

T = fR TGSy

belongs to Co(R})N. The linear map thus defined is continuous from H' (R*)N into Co(R?)V.
Moreover, for all f € H' RV, u(x) = T f(x) satisfies [|1Dull 22y < oo and is a weak so-
lution of Lu = —f in the sense of (2.10).

Acknowledgments The authors thank Steve Hofmann for very useful discussion.
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