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1 Introduction

The purpose of this paper is to establish the existence of periodic solutions for a
class of third order ordinary differential equations subject to impulsive effects at fixed
moments. More specifically,we consider the following problem:

—y"'(t) = ft,y (t),y' (t),y" (1), for a.e t € [0,27]\{t1, ..., tm}, (1)
y(0) = y(27),y'(0) = y'(27) ,y"(0) = y"(27) (2)
y(tj_) =3 (y(tz)) 7yl(t;r) = hz (y/(ti)) ’y/l(tzr) = k'i (y”(ti)) = 17 ey M (3)

where f : [0,27] x R — R is an L!'—Carathéodory function, g;, h; and k; are given
real valued functions, and ¢; € (0,27) for i = 1,2, ...,m, such that 0 =ty < t1 < t3 <
e <ty < tppg1 = 2.
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Impulsive differential equations arise naturally in the description of physical and
biological phenomena that are subjected to instantaneous changes at some time in-
stants called moments. For a good account on this theory, which has seen a significant
development over the past decades we refer the interested reader to the monographs
[1], [2] and the references therein. Nonlinear boundary value problems for second
order impulsive differential equations have received a great deal of attention (see for
instance [3], [4], [5], [6], [7], [8]). Several authors have studied nonlinear third order
boundary value problems, which have applications in engineering and applied sciences.
See [9], [10]. However, very few papers have been devoted to the study of higher order
impulsive differential equations. We refer to [4] and [11]. In fact, very little is known
in case of boundary value problems for third order impulsive differential equations.
We can mention the paper [12]. Tt is our aim in this paper to present a self-contained
contribution to this important area. We shall introduce some auxiliary functions that
will play a fundamental role in our analysis. We provide sufficient conditions on the
nonlinearity and the impulse functions that guarantee the existence of at least one
solution. Our approach is based on a priori estimates, the method of upper and lower
solutions combined with an iterative technique, which is not necessarily monotone
(see [13]). This paper is organized as follows. In section 2, we introduce some no-
tations, definitions and preliminary results that will be used in the remainder of the
paper. The main result and its proof are given in section 3.

2 Preliminaries

In this section we present some notations, definitions and results that will be used in
the remainder of the paper. Let I denote the closed interval [0,27]. For m € N, let
0=ty <t <ty <..<ty <tlmt1 =27 be a subdivision of the interval [0, 27]. Let
D = {t1,t2,....,t;} . Denote by PC(I) the set of functions u : I — R continuous on
I\D, u(t) and u(t;) exist, with u(t; ) = u(ty), for k = 1,2,...,m. For u € PC(I), we
define its norm by ||ul|, = sup,c; |u(t)|. Then (PC(I),|.||,) is a Banach space. Let
rc’ (I), £ = 1,2, denote the space of real-valued functions u, such that u(¥) € PC(I),
u® () and u(t;) exist, with u(®) (¢) = uD(ty,), for k= 1,2,...,m.
Note that we can write u € PC? (I) as

U(0) (t) if te [0,t]
U(1) t) if te (tl, tg]
u(t)=14 .

wy (8) if € (b 2]

where u;) is twice continuously differentiable on (t;,¢;41) for i = 1,...,m.

We shall denote by PC% (I) the set of functions u € PC?(I) such that u” is
absolutely continuous on each interval (¢;,t;41) for ¢ = 1,...,m, and for each u €
PC? (I) we set

lullp = llullg + lu'llp + llully -

Then PC?% (I) is a Banach space when equipped with the norm ||u| .
Let L' (1) = {f : I — R; f measurable and fo% |f (@) dt < +oo} equipped

with its usual norm. Finally, we shall denote by Carpx (I x R?) the set of L'—Carathéodory
functions on I x R3 and by C (R) the set of continuous functions defined on R.



Definition 1 .

We say that f : I x R> — R is an L'-Carathéodory function on I x R3 if :

i) for all (x,y,z) € R3, the function f(.,z,y,2) is measurable on I,

ii) for a.e t € I , the function f(t,.,.,.) is continuous on R3

iii) for each compact subset 2 C R? |there exists a function fo (.) € L' (I) such that:

lf(t,z,y,2)] < fa(t) foraetel and for all (z,y,z) € Q.

Definition 2 .
A function u € PC% (I) is a solution of problem (1), (2), (3) if it satisfies (1) almost
everywhere on I\D, the periodicity conditions (2) and the jump conditions (3).

We shall assume that the impulse functions g;, h; and k;, are continuous on R and
satisfy for each i =1,...,m
(H1)(i) my < gi(u) < M, Yu € R,
(i) hi(u1) = hi(uz) = (u1 — u2),
(iii) k; is nondecreasing.
Let o, 3 € PC% (I) be such that o (t) < 8" (t) for each t € (t;,tir1), i =
0,1,2,...,m+1. We introduce some auxiliary functions, which will play a fundamental
role in our study.

Let
p= max (la’ ()] [o (7))
and
n=max (90, 18 (7).
Fori=0,1,2,...,m and t € (¢;,t;+1) we define
&(t) = o/ (t) — pand B (1) = B (1) + 1. (4)
Next, for i = 1,2,...,m and t € (t;,t;41) we let
a(t) = a(t) —a(tf) — pt—t;) +my, (5)
and R
Bt)=B(t) =B (t7) +n(t—t:) + M,. (6)
Finally, for ¢ € (0,¢1) let
a(t) =a(t) —a(th) — 2mp+my, (7)
and R
B(t)=B(t) =B (th,) +2mm + M,. (8)

Lemma 3 Assume that o, 3 € PC% (I) satisfy

(H2) (i) o (1) < 6" (£) on 1\D,
(i) @ (07) < o (2m),
(i) 8 (2m) < 3(07).
Then &SBanddSBonI.
Proof. If o” < 8" on I\D , then for i = 0,1,...,m and t € (¢;,t;41), we have

/ o (s)ds < [ 5" (s) ds,



so that

It follows from (4) that

alt) = o)~

Hence, ~
a(t) < p(t) forallte (titir1)- (9)

Now, integrating (9) on (¢;,t) for ¢t € (¢;,t;+1) and ¢ = 1,...,m, we obtain, taking

into account the definitions of & (¢) and 3 (¢), u, my and M, respectively,

at)—a(tf) —pt—1t)+my
< B() =B () +n(t—t:) + My,

which, in view of (5) and (6), shows that
& (t) <B(t), forall t € (t;,tig1), i=1,...,m.

In particular, we have .
a(2m) < B (2m).
Next, for t € (0,t1), we have

/Ot G (s) ds s[ﬁ@)ds,

a(t)—a(0F) —put <) —B(07)+nt.

which implies

Thus, .
a(t)—a(0T) —pt+a@r) <B(t)—B(07) +nt+3(2n).
Since
&(2m) =a2r) — o (th) — p 27 — tw) + my,
B(2m) = B (2m) = B (1) + 127 — tw) + My,
and

a2m)—a(0t) >0>p(0%) -8 (2n)
It follows that

a(t)—a(0T) —pt+a@r)—a(th) — p2r —tn) +myg
> aft)—pt—a(th) —p@r—ty,) +my
= a(t)—a(th) — p2m + plty, —t) + my
> at)—a(th) —2mp+mg=a(t).



Similarly,

B(t) =B (07) +nt+B(2m) = B () +n2m —tn) + M,
< B+t —B(t) +n2r—tm) + M,

B(t)—B(th) +2mn+n(t — tm) + M,
< B(t) =B (th) +2mn+ My =5 (t).

Comparing with (7) and (8) we see that

a(t) < B(t) forte (0,t).

This completes the proof of the lemma. m
Suppose that (H2) is satisfied. For t € I, we let

p(u)(t) = max (a (1), min( )) (10)

and

q(v)(t) := max (a (t), min( ), B (1) )) (11)

Denote by [&, 3] the set of u € PC? (I) such that a(t) < y(t) < 3(t) forallt e I.
Similarly, [@, 3] is the set of v € PC' (I) such that & (t) < v(t) < B (t) for all t € I.

Lemma 4 The operators p : PC% (I) — [&, 3] and q : PCY (I) — [&, B] defined by
(10) and (11), respectively, are continuous and bounded.

Proof. Obvious. =
We, now, introduce the notion of lower and upper solutions that are suitable for
our setting.

Definition 5 « € PC% (1) is called a lower solution of problem (1),(2), (3) if:

t),a” (t)) fora.ete(0,2m),

) / )7 a//(o) S a//(2ﬂ-),

(7)< hi () o (t) < ki (@'(t;)) i=1,...,m.

(12)

Similarly, 3 € PC% (I) is called an upper solution of problem (1), (2), (3) if the
reverse of the inequalities (12) are satisfied when we substitute S for «.

Lemma 6 Let ¢ : I xR — R be a bounded L' — Carathéodory function. Assume that
there exists a positive function 1 € L*(I) such that

e (tw2) — @ (tw) <Y(t) (we —w1) forwy Zws wi,we ER
Then for each a;,b;,c; € R, i =1,2,...,m, the following initial value problem
=" (t) =@ (t,u" (t)) ae te(0,27),
w(th) =ai, o (t)=bi, v’ () =c, i=01,2,...,m,

has a unique solution u € PC?% (I).



Proof. Existence. For A € [0,1] and ¢ = 1,2,...,m, we consider the one-
parameter family of problems

—u""(t) = X (t,u' () ae teE (t,tir1)
{ W) mar () = b () = e (13)

We show that there exists § > 0, not depending on A, such that all possible solutions
u of (13) satisty
l[ullp < 0. (14)

It is easily seen that the solutions of (13) are given by

—t+
- ) (¢4t
w(t)=Aa; +b; (t—t7) + cl /t+ /t+/t+ o ,u' (0))dodrds]. (15)

This implies that

w'(t) = Albs + ¢ (t =) /ﬁ/ (1 ,u" (1)) drds],

and
u'(t) = Ne —/t @ (s ,u" (s))ds].

+
7

Since ¢ is bounded, N = sup{|p(t,x)|;(t,x) € I x R} is well defined, and for all
t € (ti,ti+1) we have the following estimates

[u()] < lail + 27 bi] +27% |ei| + N (27)°,

[/ ()] < [bi] + 27 |ei] + N (2)°,
" ()] < leil + N (27)
Letting

§ := lai + |bs| + il + 27 (N + [bi| + |cil) + (2m)% (N + |ei]) + (27m)° N,

we see that
ullp = lullo + [[ullo + w1y < 0.

For each z € PC% (I), let

Tz(t) :=a;+b; (t—t) + cz / / / (0,2" (0))dodrds.  (16)
e Jit zs+

Eq.(16) defines an operator
T:PC%(I) — PC% (I).

a) T is continuous, for let z, — z in PC% (I). Then 2z — 2" in PC(I) and
D n

T2 (t) — T(t |</t+ /t+ [ loto 2 (0)) = ¢ (0, 2" (0))] dodrds.



Since ¢ is an L!'—Carathéodory function |¢ (0,2 (0)) —¢ (o ,2" (0))] — 0 as
n — 4oo. Also, |¢ (0,2 (0))] < N for all n € N. By the Lebesgue dominated
convergence theorem we have

t s T
/ / lo (0,20 (o)) —¢(0o,2" (0))|dodrds — 0 as n — +oo.
tFJef Sk

This implies that
| Tz, —Tz||, — 0 as n — +o0.

Similarly, we can show that

H(Tzn)/ - (Tz)/HO —0asn— +oo, |[(Tz,)" — (Tz)””0 — 0 asn — +oo.

Hence
Tz, —Tz||p, — 0 as n — +oo.

(b) Let B be a bounded subset of PC% (I). Then, there exists p > 0 such that
|z||, < p for all z € B.

We show that T'(B) relatively compact, i.e uniformly bounded and equicontinuous.
In fact, let z € B. Then (14) implies that

IT=[p < o

Also, it follows from the boundedness of ¢ that, for £ < (,

¢ s pT
70 -1 < [ [ [ 1000 2 (o)ldoiris <N m?1C .

By Ascoli-Arzela’s theorem T is a compact operator. Moreover, the set of solutions
of the equation
z=Mlz, for 0 < A <1,

is bounded. Schaefer’s theorem (see [14]) implies that 7" has a fixed point z €
PC? (I). This fixed point satisfies

(t— t+
= . C(t — 4t
2(t)=a;+b; (t—t) + c, /t+ /t+/t+ o,2"(0))dodrds], (17)

and z(t]) = a; and 2/(t]) = b;. Comparing Eq.(15), with A = 1, and Eq.(17) we see
that z is a solution of (13) for A = 1.
[
Uniqueness.

Suppose that problem (13), with A = 1, has two solutions v; and ws.
Let z (t) = v (t) — v (t), for ¢ € [t;,ti41). Then =z (¢) = of (¢7) — o (t7) =0,
and z(tiy1) = vf (tig1) — 0% (tix1) = 0. Suppose that z(t) > 0 for all ¢ € (¢;,¢i41)-
Then for t € (ti, ti+1)7

Zt) = v (1) =y’ () = ot 05 (1) — (t, 0] (1))

P (t) (v3 (1) — vy (t))
— () (v (£) — V5 (£)) = =1 (£) 2(t) < 0.

IAIA



We see that for t € (¢;,ti41),

Hence

This implies that

which gives
Z(t) =0, te [ti,ti+1).

Similarly, if we suppose z(¢t) < 0 for all ¢t € (t;,¢,11) we will arrive at the same
conclusion
2(t) =0, t € [ti, tiy1).

Hence
(v —we)" (t) = v} (t) — vl (t) =0 for t € [t;, ti41).
Since
(v1 — ’02)/ (tj') =0 and (v — vg) (tj') =0
then
(1)1 - ’1)2)/ (t) =0 and (”Ul - UQ) (t) =0 for ¢ S [tiati+1)
Consequently,

for each t € [t;,ti41)  v1(t) =wv2(¢).

We conclude that:
vy =vy in [,

which completes the proof of the lemma.
3 Main Result

In this section we state and prove our main result. For this purpose we shall assume
that the nonlinearity f € Carp: (I x R?) satisfies
(H3) there exist positive functions #; and 65 such that for

f(t,ul,vl,w) — f(t,UQ,’UQJU) > 791 (t) (u1 — UQ) — 02 (t) (’01 — UQ),

fortel,@gulgwgﬁ, dgvlgvggﬁ’,andwel&
(H4) there exists a positive function v € L'(I) such that

ftu,v,we) — f(t,u,v,w1) < (t) (wy —wr)

fortel, uela, B], vela, B], w,ws € Rand wy > ws.

Theorem 7 .

Let o, B be, respectively, a lower and an upper solution of problem (1),(2),(3) such
that o < B"” on I . Assume that the conditions (H1), (H2), (H3) and (H4) are
satisfied. Then problem (1),(2),(3) has at least one solution y such that :

a<y <p and  a<y<pB inl.



Proof. .
It follows from (H2) that & < B and & < B ; so that the operators p and ¢, given,
respectively, by (10) and (11) are well defined. We modify the problem (1), (2), (3) as
follows. For u € PC% let F': I x R®> — R be defined by

ft.p(u),q(v),8") if  w=p"
F(t,u,v,w) =< ft,p(u),qv),w) if o <w<p’

f(tvp(u)a Q(U), O/I) if w < o’

Remark 8 Since p(u) and q(v) are continuous and bounded, and f € Carp: (I x R?)
it follows that F' € Caryq (I X ]R3) and is bounded.

]
Consider the following modified problem :

—y" = F(t,y,y,y") fort e (0,2r) and t #t;
y(0) = y(2m), y'(0) = y'(2m) ,y"(0) = y"(2m)

y(t) = g (y(ta) ¥/ (67) = ha (' (4)) 4" (6) = K (v (t2)) i = 1, ..., m.
(18)
To prove the existence of at least one solution of problem (18) we rely on an iterative
technique,which is not monotone. Let (y;);.y be the sequence of functions in PC3 (1)
defined as follows, yg = & and for j = 1,2, ...

_y;'” (t) = F(tayj—layg'flay;',) for a.e t€ (07271-)
Y;(0) = yj—1(27) , 5(0) = yj_,(27) , yi (0) =y, (27)

yi(t5) = 9i (yj—1(8)) w5 (67) = hi (yj_1(t)) , y (8F) = ki ()1 (83)) i = 1, --~7(m-)
19

Claim 9 The sequence (yj)jil is well defined.

Proof. For each j =0,1,2,..., the function ¢ : I x R — R, defined by ¢ (t,2) =
F(t,yj-1,9;_1,2) forall t € I and z € R, is an L' —Carathéodory and bounded.
Condition (H4) implies that

ot z2) — @ (t,21) <y (t) (22 — 21) -

The assumptions of Lemma 6 are satisfied. This shows that the problem (19) admits
a unique solution y; € PC% (I) . Thus,the sequence (y;) is well defined . m

Jje

Claim 10 For all j € N we have for everyt € I

(1) o”(t) <yj(t) < B"(t)
(i) a () <y;(t) < B (F)
<

t
(ii) & (t) < y; (t) < B (t).



Proof. Since yo = & we have yg € [&, 8]. Also, the definition of @ implies that
) =o' (t) and yg (t) = &" (t) = " (¢) .
(

Since o (t) = &

that v} (t) < B(t). Also, i (¢
we show that 3" (t)

Suppose that for n

t), we see that yj (¢)
= o (t) implies that

> & (t). Similarly, we can show
a/

"(t) < y{(t). In a similar way,

o' <yl <P A<y, <P, a<y, <P
i) We show that o <vy’. Let
Yj
w(t) =y (t) —a"(b).

First, w (tj) > 0. This follows from the above induction assumption and the fact that
k; is nondecreasing.

o (8F) < ki (@ (t:) < ki (yj_1 (1)) =5 (t) -

Suppose, next, that there exists 7 € (¢;,t;41), ¢ = 0,1,...,m, such that w () < 0.
Then, there exists t* € (¢;,¢;+1) such that

w (t*) = min{w(t);t; <t <t;41} <0, and w' (¢t*) = 0.

Hence

and

e}
&
N
N
—~
~
*
~
Q\
I
<
~ —~
o~~~
*
~

—F(t",yj-1 (), g5 (), 55 (£7)) — /(t7)
£, p(yi—1 (7)) aly; 1 (7)), & (£7))
Y- (87), 951 (87), a7 (£7))

(VAN
~
-
¥
>
—~
o~
*
\.Qz

fFE 6 t),a(tr), o (7)) = f(7, y-1(7), 51 (%), o (7))
> =01 (1) (& (t) =y (t7) — 02 (¢") (& () — /1 (£7)) > 0.

Hence, we arrive at a contradiction. Proceeding as above we show that y;-’ <pg".
(b) We show that

a(t)<y)(t)<pB(t) foralltel
We prove the first inequality only, the second one can be handled in a similar way.
(ii.1) Let ¢ € (0,t1) . Since y7 (t) — a”(t) > 0, a simple integration on [0,] gives
o (t) — o (0+) < y; (t) — y; (0+)
= i (t) —yj_ (2m)
< Y () —am.

This implies that
of (1) —a' (07) +a(2m) <yj(t).

10



Since o’ (01) = @ (07) + p it follows that
o (t)+a2m) —a(0%) —p<y;(t).

But,
a2r)—a(0t) =d (2r) -/ (07) > 0.

Hence,
a(t)=da/(t) —p <y (t) forallte (0,t).

(ii.2) Next, let t € (t;,ti41), ¢ =1,2,...,m. We have

50— 7) = [ s> [ oo

t; ti
Thus,
y; (1) >y (67) +a'(t) = /()
> /() — o' (t) + hi (v, (1))
> o/ (t) = hi (o' () + hi (Y51 (L))
> ' (t) 4 hi (Y1 () — hi (& ()
From the condition on h;, (see (H1)), we infer that

(hi (41 (t:)) — hi (/' (£))) (yj_1 (t:) —

> e}
> a(t) —o(t)

(t:))
=H
Therefore,
y; (t) > a'(t) —p=al(t) forallt e (ti,tiy1), i=1,2,...,m.
(iii) We show that & (t) < y; (t) < 3 (t). Here again, we prove only the first inequality,

since the second one can be proved in a similar way.
(iii.1) Let t € (0,¢1) . We have

y;(t) —y(07)

Il
o\w

&0
—~

»
S—

QU

9

t t
> / a(s)ds = / (a/(s) — p)ds
0 0
= a(t)—a(0") —put
Since y(0%) = y;_1(2m), it follows that

yi—1(2m) +at) —a(07) — put

yi(t) > 1
> at)—a(0T) —put+a(2r)

Now, we have o (27) > a(07), so that

yi(t) > a(t) —a(2r) — ut +a(2r).

11



Recall that & (27) = a (27) —a (t}) — p (2w — ¢, ) +my. The above inequality becomes

yi(t) > a(t)—pt—a(t,) —p2r—1) +mg
> at)—2mp—a(th) +pt —t) +myg
> at)—2mp—a(th) +mg=al(t), t € (0,t).
(iii.2) Now, let t € (t;,t;41), ¢ = 1,2,...,m. We have

b ~ue) = [ s> [ (@)= p)ds

Hence,
yit) >yt +at)—a(tf) —pt-t)
= gilyja(t) +a ) —a(tf) —p(t—t)
> mgt+at)—alt])—plt—tS)=a().

This completes the proof of the claim.
Let C = max{[|a"||,, ﬁ””o}. It follows from the above claim that the following
estimates hold.

lyslly < 8o = max{lialy . B (20)
l9jll, < 61 = max{lialy. 3] - (21)
Iyl < ©- (22)

Hence, there exists M > 0, M = §o + 01 + C, such that, for all j =0,1,2,...
lyillp < M. (23)

The set A := {(u,v,w) € R3;|u| < do,|v| < &1, |w| < C} is a compact subset of R3.
Since F' € Carp: (I X R3) there exists x5 € L! such that

|F(t,u,v,w)| < Fa(t) for all (u,v,w) € A. (24)
The definition of y;, the estimates (20), (21), and (22) imply that for all j = 1,2, ...
(Yj-1:Y5-1,9]) € A, (25)
The differential equation in (19), (24) and (25) yield
lyj" (t)| < Fa (t) for aetel. (26)
Thus,
yi" e L'(I).
Since y; (t) =y (0) + fot yj’ (s)ds, it follows that y} is absolutely continuous.
Therefore
y; € PCH(I).

Moreover, the sequence (y;) .y is uniformly bounded (see (23)).

JjeN
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By Ascoli-Arzela theorem (yj)j ey has a subsequence, which we label the same, and

which converges, in PC%(I), to some function y, which satisfies the estimates (20),
(21), (22). Moreover (y,y',y") € A.
Lebesgue dominated convergence theorem implies that, for all ¢ € (¢;,¢;41)

| PG 90 9 s [ Fls.y (9.0 (6).0" (5))ds. s — .

Thus, as 7 — o0
(0 = ()= | Flouion (9,051 (5) 95 (6D)ds = o) = /()= | Floy(s).0/(5).0” ().

Recall that F € Carp: (I x R?). It follows that 3" is absolutely continuous; so that
y € PC% and
—y"'(t) = F(t,y ),y (t),y" (t)) forallt#t. (27)

Taking limit as j — oo in the periodicity conditions in (19) we obtain

y(0) =y(2m), y'(0) = y'(2m), y"(0) = y" (2m). (28)
Since the impulse functions are continuous we will have
y(t7) = 9i (y(t:), ' (t&7) = hi (V' (t:)), " (67) = ki (¥ (83)), i =1,..om. (29)

From (27), (28) and (29) we see that y is a solution of problem (18).
The definition of F' and (27) imply

—y"'(t) = f(t,p(y(t), q(y'(t),y" (1)) for all t # ;. (30)
Claim 10 implies that
yela, B, v €lapl, y €l B (31)

From (10) and (11) we infer that

/

p(y) =y andq(y') =y

Hence (30) becomes

—y"(t) = f(ty(8), y'(£), y" (1)) for all t #1;. (32)

Combining (32), (28) and (29) we conclude that y is a solution of (1), (2), (3). This
completes the proof of the theorem.
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