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Abstract. Let 
 be a an open bounded domain in RN , N � 2; with a smooth
boundary @
; and T > 0. De�ne D = 
� (0; T ) and � = @
� [0; T ]: In this paper
we are concerned with the existence of solutions of the following parabolic inclusion
ut + Lu 2 F (x; t; u), (x; t) 2 D; u(x; t) = 0; (x; t) 2 � subjected to the nonlocal
condition u(x; 0) =

R T
0
g(x; t; u(x; t))dt for x 2 
: We provide su¢ cient conditions

on L; F; g that guarantee the existence of at least one solution. Our technique is
based on the Green�s function for linear parabolic partial di¤erential equations,
�xed point theorems for multivalued maps.
Keywords. parabolic problems; integral representation of solutions; multivalued
maps; nonlocal conditions; �xed point theorems.
AMS (MOS) Subject Classi�cation: 35K20; 35K55; 35K60; 35C15; 35A05;
35B50; 35R05; 35R70

1 Introduction

Let 
 be a an open bounded domain in RN , N � 2; with a smooth boundary @
:

We denote the norm (usually the Euclidean norm) of x 2 
 by kxk : Let T be a

positive real number. De�ne D = 
 � (0; T ) and � = @
 � [0; T ]: Our objective

is to investigate the existence of solutions of the following parabolic problem with a
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multivalued right-hand side and nonlocal initial condition

Dtu+ Lu 2 F (x; t; u) (x; t) 2 D; (1)

u(x; t) = 0 (x; t) 2 �; (2)

u(x; 0) =

Z T

0

g(x; t; u(x; t))dt x 2 
; (3)

where L is an elliptic operator given by

Lu = �
NX

i;j=1

aij(x; t)DiDju+ c(x; t)u:

Parabolic problems with discontinuous nonlinearities arise as simpli�ed models in

the description of porous medium combustion (see for instance [16], [17]), chemical

reactor theory (see [18]). Also, best response dynamics arising in game theory can

be modeled by a parabolic equation with a discontinuous right hand side (see [12],

[21] for details and references). Parabolic problems with discontinuous nonlinearities

have been also investigated in the papers [7], [6], [35], [36], [38]. On the other hand

parabolic problems with integral boundary conditions appear in the modeling of con-

crete problems, such as heat conduction [5], [23], [9], thermoelasticity [11]. Several

papers have been devoted to the study of parabolic problems with integral conditions

[10], [32], [41]. Many authors have dealt with parabolic problems with continuous

nonlinearities and nonlocal conditions of the form u(x; 0) +

mX
i=0

�i(x)u(x; ti) =  (x)

for x 2 
. See for instance [3], [15], [24], [29], [30]. We refer to [8] for details and ref-

erences concerning the linear problem with the above type of nonlocal conditions. A

good account on numerical treatment of parabolic problems with integral conditions

can be found in [13].

In this paper we consider a nonlocal problem for a class of nonlinear parabolic

equations with a multivalued right hand side. We shall convert Problem (1), (2), (3),

to an integral inclusion using the properties of the Green�s function corresponding to
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the linear problem. We, then, provide su¢ cient conditions on the data that will guar-

antee that the problem under consideration has at least one solution. Our approach

is based on �xed point theorems for suitable multivalued operators.

The outline of the paper is as follows. In section 2 we introduce notations and

preliminary results which will be used in the paper. In section 3, we shall recall the

main properties of upper semicontinuous multivalued maps. We state and prove our

main results in section 4.

2 Preliminaries

In this section we introduce some notations and preliminary results which will be

used in the paper. Let 
 be a an open bounded domain in RN , N � 2; with a

smooth boundary @
: Let T be a positive real number. De�ne D = 
 � (0; T ) and

� = @
�[0; T ]: Then � is smooth and any point on � satis�es the inside (and outside)

strong sphere property , i.e. for any (x0; t0) 2 � there is a closed ball B � 
 (and a

closed ball eB outside
) such that �\(B � [0; T ]) = f(x0; t0)g; (and �\� eB � [0; T ]� =
f(x0; t0)g) (see [19]). For u : D ! R we denote its partial derivatives (when they

exists) by Dtu = @u=@t, Diu = @u=@xi; DiDju = @2u=@xi@xj; i; j = 1; :::; N:

C(D) denotes the Banach space of continuous functions u : D ! R, endowed with

the norm

juj0 = supfju(x; t)j ; (x; t) 2 Dg:

We say that u 2 C2;1(D) if u; Diu; DiDju and Dtu exist and are continuous on

D: In fact, we can write (see [4])

C2;1(D) = fu 2 C(D); u(:; t) 2 C2(
); t 2 (0; T ) ; u(x; :) 2 C1 (0; T ) ; x 2 
g:

u 2 C(D) is called Hölder continuous of order � 2 (0; 1] if

H� (u) = supf
ju(x; t)� u(�; �)j�

kx� �k2 + jt� � j
��=2 ; (x; t) ; (�; �) 2 Dg < +1:
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In this case we write u 2 C�(D) and we de�ne its norm by

juj� = juj0 +H� (u) :

If � = 1; u is called Lipschitz continuous, and we write u 2 Lip(D). Note

that the natural injection i : C�(D) ! C(D) is continuous. We say that that

C�(D) is continuously embedded in C(D); and we write C�(D) ,! C(D): Also,

u 2 C2+�;1+�(D) if u(:; t) 2 C2+�(
) for all t 2 (0; T ) and u(x; :) 2 C1+�(0; T ) for all

x 2 
: For u 2 C2+�;1+�(D) we de�ne its norm by

juj2+�;1+� = juj� +
NX
i=1

jDiuj� +
NX

i;j=1

jDiDjuj� + jDtuj� :

We say that @
 is in the class C`+�; ` 2 N; � 2 [0; 1) if in a neighborhood of each

point of @
 there is a local reprentation of @
 having the form xi = #i(x1; :::; xi�1; xi+1; :::; xN)

with #i 2 C`+�:

Next, we introduce the Lebesgue spaces. For 1 � p < +1; we say that u : 
! R

is in Lp (
) if u is measurable and
R


ju(x)jp dx < +1; in which case we de�ne its

norm by

jujLp =
�Z




ju(x)jp dx
�1=p

:

For p = +1, we write

juj1 = ess supfju(x)j ;x 2 
g = inf
N�
;�(N)=0

sup
x2
nN

ju(x)j ; � = Lebesgue measure.

If � (
) < +1 then we have the natural embeddings

Lq (
) � Lp (
) for p < q:

In particular,

L2 (
) � L1 (
) ;

for, it is clear that

jujL1 � jujL2 (� (
))
1=2 :
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Consider the linear nonhomogeneous problem

Dtu+ Lu = f(x; t); (x; t) 2 D; (4)

u(x; t) = 0; (x; t) 2 �; (5)

with the following nonlocal boundary condition

u(x; 0) =

Z T

0

g(x; t; u(x; t))dt x 2 
: (6)

We shall assume throughout this paper that the functions aij; c : D ! R are

Hölder continuous, aij = aji and moreover, there exist positive numbers �0; �1 such

that

�0 k�k2 �
NX

i;j=1

aij(x; t)�i�j � �1 k�k2 ; 8� 2 RN and 8 (x; t) 2 D:

Let u0 : 
 ! R be continuous. For the problem (4), (5) together with initial

condition

u(x; 0) = u0(x); x 2 
: (7)

we have the classical result

Lemma 2.1 (see [19], [27], [28], [34]). Assume that the functions f and u0 are

Hölder continuous. Then, Problem (4), (5), (7) has a unique solution u 2 C2;1(D) \

C(D), given by

u(x; t) =

Z



G(x; t; y; 0) u0 (y) dy +

Z t

0

Z



G(x; t; y; s) f (y; s) dyds; (x; t) 2 D; (8)

where G(x; t; y; s); is the Green�s function corresponding to the linear homoge-

neous problem.
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3 Multivalued Functions

We, now, introduce some useful de�nitions and properties from set-valued analysis.

For complete details on multivalued maps we refer the interested reader to the books

[1], [2], [14], and [22].

Let (X; j:jX) and (Y; j�jY ) be Banach spaces. We shall denote the set of all subsets

of X having property ` by P`(X): For instance, U 2 Pcl(X) means U closed in X;

when ` = b we have the bounded subsets of X; ` = cv for convex subsets, ` = cp

for compact subsets and ` = cp; cv for compact and convex subsets. The domain

of a multivalued map F : X ! 2Y is the set domF = fz 2 Z; R(z) 6= ;g: F

is convex (closed) valued if F (z) is convex (closed) for each z 2 X: F is bounded

on bounded sets if F (A) = [z2AF (z) is bounded in Y for all A 2 Pb(X) (i.e.

supz2Afsupfjyj ; y 2 F (z)gg < 1): F is called upper semicontinuous (usc) on X if

for each z 2 X the set F (z) 2 Pcl(Y ) is nonempty, and for each open subset Y0 of Y

containing F (z), there exists an open neighborhood � of z such that F (�) � Y0: In

terms of sequences, F is usc if for each sequence (zn) � X, zn ! z0, and B a closed

subset of Y such that F (zn) \B 6= ; then F (z0) \B 6= ;:

The set-valued map F is called completely continuous if F (A) is relatively compact

in Y for every A 2 Pb(X): If F is completely continuous with nonempty compact

values, then F is usc if and only if F has a closed graph (i.e. zn ! z; wn ! w,

wn 2 F (zn) ) w 2 F (z)). When X � Y then F has a �xed point if there exists

z 2 X such z 2 F (z): A multivalued map F : D ! Pcl(R) is called measurable if for

every � 2 R, the function v 7�! dist(�; F (v)) = inffj� � zj ; z 2 F (v)g is measurable.

Finally, we let jF (x; t; u)j := supfjvj ; v 2 F (x; t; u)g:

De�nition 3.1 A multivalued map F : D�R! 2Rn; is called an L2� Carathéodory

multifunction if

(i) (x; t) 7! F (x; t; u) is measurable for each u 2 R;
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(ii) u 7! F (x; t; u) is upper semicontinuous for almost all (x; t) 2 D;

(iii) for each r > 0 there exists !r 2 L2(D) such that jF (x; t; u)j � !r(x; t) a.e.

on D whenever juj � r:

De�nition 3.2 For u 2 C(D); the set of L2�selections of the multivalued map F

is de�ned by

SF;u = fv 2 L2(D); v(x; t) 2 F (x; t; u(x; t)); a:e: (x; t) 2 Dg:

This set may be empty. However, it can be shown that if inffjvj ; v 2 F (:; :; ug is

in L2(D) then SF;u 6= ;. See [40, Theorem 5.10].

De�nition 3.3 Let F : D � R ! 2R be an L2� Carathéodory multifunction with

nonempty compact values. The Nemitsky operator of F is the set-valued operator F :

C(D)! L2(D); de�ned by

F(u) := fv 2 L2(D); v(x; t) 2 F (x; t; u(x; t)); a:e: (x; t) 2 Dg:

Notice that F(u) = SF (:;:;u(:;:)):

Using the properties of the Green�s function we get the following results (see [33],

[37]).

Lemma 3.1 Assume the single valued map h 2 C(D). Let 
 : L2(D) ! C(D) be

de�ned by


(f)(x; t) = h(x; t) +

Z t

0

Z



G(x; t; y; s)f(y; s)dyds

is continuous.

Lemma 3.2 Assume F : D � R ! R is an L2� Carathéodory multifunction with

nonempty, compact, convex values and h 2 C(D): Then the operator 
 � F is of usc

type; i.e. is usc, completely continuous and has nonempty, compact, convex values.
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Theorem 3.1 ( Nonlinear alternative for multivalued maps [20], [33]). Let K be a

convex subset of a Banach space E, U � K be relatively open, and p 2 U: Suppose

F : U ! K is an usc compact multivalued operator with nonempty, compact, convex

values. Then either

(i) there is u 2 U such that u 2 Fu; or

(ii) there is u 2 @U and a � 2 (0; 1) such that u 2 �Fu+ (1� �) p:

De�nition 3.4 Let (Z; d) be a metric space and let A;B be two nonempty substes of

Z: The Hausdorf distance between A and B is de�ned by

dH(A;B) := maxfsup
a2A

d(a;B); sup
b2B

d(A; b)g;

where d(a;B) = inffd(a; b); b 2 Bg and d(A; b) = inffd(a; b); a 2 Ag: Then one

can show that (Pcl(Z); dH) is a metric space.

De�nition 3.5 A multivalued operator F : Z ! Pcl(Z) is called

(i) ��Lipschitz if and only if there exists � > 0 such that dH (F (u); F (v)) �

� d (u; v) for all u; v 2 Z

(ii) a contraction if and only if it is ��Lipschitz with � < 1:

4 Existence Results

Before stating and proving our main results we introduce the notion of strong solutions

of Problem (1), (2), (3).

De�nition 4.1 u 2 C2;1(D)\C
�
D
�
is called a strong solution of (1), (2), (3) if there

exists a single-valued function f 2 Lip(D), i.e. jf(x; t)� f(y; s)j � `f (kx� yk+ jt� sj)

such that f(x; t) 2 F (x; t; u(x; t)) and (4), (5), (6) hold.
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We shall assume throughout the rest of the paper that the multivalued map F has

a Lipschitz selection. This is not a restrictive condition, as shown by the following

result.

Theorem 4.1 [26, Theorem 2]. Let F : R ! 2Rn; be a Lipschitz multivalued map

with closed values. Then F has a Lipschitz selection.

Also, we shall suppose that g : D �R! R is continuous and g(x; t; 0) = 0 for all

(x; t) 2 D:

The integral representation (8) shows that u is a solution of problem (4), (5), (6)

if and only if u satis�es

u(x; t) =

Z



G(x; t; y; 0)

Z T

0

g(y; s; u(y; s))dsdy+

Z t

0

Z



G(x; t; y; s) f (y; s) dyds; (x; t) 2 D:

(9)

Theorem 4.2 Suppose that F : D � R ! 2R is an L2�Carathéodory multifunction

with closed values and the following conditions are satis�ed.

(H1) There exists `0 2 L2(D;R+) such that

dH (F (x; t; u) ; F (x; t; z)) � `0 (x; t) ju� zj ; a:e: (x; t) 2 D; u; z 2 R;

(H2) there exist � 2 Lip(
), ! 2 L1(0; T ); �0 2 C(R+) nondecreasing with �0(r) < r

such that jg(x; t; u)� g(x; t; v)j � � (x)!(t)�0 (ju� vj) ;

(H3) jGjL2 j`0jL2 + (max(x;t)2D
R


G(x; t; y; 0)� (y) dy) j!jL1 < 1.

Then Problem (1), (2), (3) has a strong solution.

Proof. It follows from the representation (9) that u is a solution of problem (1), (2),

(3) if and only if u is a �xed point of the multivalued operator

� : X ! 2X ; X = C(D);
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de�ned by

�u = hg +GF(u) (10)

where

hg(x; t) =

Z



G(x; t; y; 0)

Z T

0

g(y; s; u(y; s))dsdy; (x; t) 2 D; (10.a)

and

GF(u)(x; t) =
Z t

0

Z



G(x; t; y; s) F(u) (y; s))dyds; (x; t) 2 D: (10.b)

Notice that � is the sum of the single-valued operator hg 2 C(D) and a multivalued

operator GF ; where F is the Nemitsky operator associated with the multifunction F:

We show that �u 2 Pcl(X) for any u 2 X: For, let (zn)n2N � X; zn 2 �u; zn ! z inX:

Then, z 2 X and there exists fn 2 SF;u, i.e. fn 2 L2(D) and fn(x; t) 2 F (x; t; u(x; t))

such that

zn(x; t) = hg(x; t) +

Z t

0

Z



G(x; t; y; s) fn(y; s)dyds; (x; t) 2 D:

Since F is an L2�Carathéodory it follows that ( fn)n2N is bounded, and passing to

subsequences if necessary, converges to some f 2 L2(D). By the Lebesgue dominated

convergence we get

z(x; t) = hg(x; t) +

Z t

0

Z



G(x; t; y; s) f(y; s)dyds; (x; t) 2 D;

which shows that z 2 �u: Hence �u is nonempty and closed.

Next, we show that � is a contraction. For, let u1; u2 2 X and consider zi 2 �ui,

i = 1; 2: Then, there exist hi 2 SF;ui ; i = 1; 2 such that for every (x; t) 2 D and

i = 1; 2

zi(x; t) =

Z



G(x; t; y; 0)

Z T

0

g(y; s; ui(y; s))dsdy+

Z t

0

Z



G(x; t; y; s) hi(y; s)dyds; :
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Then
z1 (x; t)� z2 (x; t) =R


G(x; t; y; 0)

R T
0
[g(y; s; u1(y; s))� g(y; s; u1(y; s))]dsdy

+
R t
0

R


G(x; t; y; s) [h1(y; s)� h2(y; s)]dyds; (x; t) 2 D:

(H1) and (H2) yield

jz1 (x; t)� z2 (x; t)j �R


G(x; t; y; 0)� (y)

R T
0
!(s)�0 (ju1(y; s)� u2(y; s)j) dsdy

+
R t
0

R


G(x; t; y; s)`(y; s) ju1(y; s)� u2(x; t)j dyds �R



G(x; t; y; 0)� (y) dy j!jL1 �0 (ju1 � u2j0)

+
R T
0

R


G(x; t; y; s) `0(y; s)dyds ju1 � u2j0

Hence

jz1 (x; t)� z2 (x; t)j �R


G(x; t; y; 0)� (y) dy j!jL1 �0 (ju1 � u2j0) + jGjL2 j`0jL2 ju1 � u2j0 �

(
R


G(x; t; y; 0)� (y) dy j!jL1 + jGjL2 j`0jL2) ju1 � u2j0 :

Interchanging the role of z1 and z2 we see that

dH(�u1;�u2) � � ku1 � u2k0 ;

where

� := max
(x;t)2D

(

Z



G(x; t; y; 0)� (y) dy) j!jL1 + jGjL2 j`0jL2 :

It follows from (H3) that � is a contraction. Nadler�s theorem ([31], see also [14,

Theorem 11.1]) implies that � has a �xed point u0; which is a solution of problem

(1), (2), (3).

Remark. It what follows we shall denote by C(�) the generic constant

max(x;t)2D(
R


G(x; t; y; 0)� (y) dy), depending on a function � 2 Lip(
):
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Theorem 4.3 Let F : D � R ! R be an L2� Carathéodory multifunction with

nonempty, compact, convex values. Assume the following conditions are satis�ed

(H4) there exist Mg > 0 and � 2 Lip(
) such that
R T
0
jg(y; s; u(y; s))j ds � Mg� (y)

for all y 2 
;

(H5) there exist q 2 L2(D) and 	 : [0;1) ! (0;1) continuous and nondecreasing

such that jF (x; t; uj � q(x; t)	 (juj) for almost all (x; t) 2 D and u 2 R;

(H6) sup�2[0;1)
�

MgC(�) + jGjL2 jqjL2 	(�)
> 1:

Then problem (1), (2), (3) has a strong solution.

Proof. Recall that u is a solution of (1), (2), (3) if and only if u is a �xed point

of the multivalued operator � given by (10). Lemma 3.1 implies that � is of upper

semi-continuous type. By (H6) there exists M0 > 0 such that

M0

MgC(�) + jGjL2 jqjL2 	(M0)
> 1:

Consider U := fu 2 X; juj0 < M0g: Then U is relatively open in K = X = C(D):

We shall apply Theorem 3.2 to the operator �, and show that the second alternative

does not hold. Let u 2 X be a solution of

u(x; t) 2 �(hg(x; t) +
Z t

0

Z



G(x; t; y; s) F (y; s; u (y; s))dyds); (x; t) 2 D: (11)

with � 2 (0; 1) : From (11) and (H5) we obtain for each (x; t) 2 D

ju(x; t)j � jhg(x; t)j+
Z T

0

Z



G(x; t; y; s) q(y; s)	 (ju(y; s)j) dyds)

� jhgj0 +
Z T

0

Z



G(x; t; y; s)q(y; s)dyds)	 (juj0)

Since hg(x; t) =
R


G(x; t; y; 0)

R T
0
g(y; s; u(y; s))dsdy; (x; t) 2 D; (H4) implies

jhgj0 �MgC(�) (12)
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Hence

juj0 �MgC(�) + jGjL2 jqjL2 	(juj0) : (13)

Suppose now that there exist u 2 @U and � 2 (0; 1) such that u 2 ��u: Then u

satis�es (11) and juj0 =M0: It follows from the condition on 	 and (13) that

M0 �MgC(�) + jGjL2 jqjL2 	(M0) :

This, obviously, contradicts the de�nition of M0: Consequently, the �rst alternative

in Theorem 3.2 holds; i.e. the multivalued operator � has a �xed point u: Therefore

u is a solution of (1), (2), (3).

Theorem 4.4 Let F : D � R ! R be an L2� Carathéodory multifunction with

nonempty, compact, convex values. Assume that, in addition to (H4), the following

conditions are satis�ed

(H7) there exists � : D � R ! R+ an L2� Carathéodory function, nondecreasing

with respect to its third argument such that

(i) limsup�!1
1

�

R T
0

R


G(x; t; y; s)�(y; s; �)dyds < 1

(ii) jF (x; t; uj � � (x; t; juj) for a.e. (x; t) 2 D, u 2 R:

Then problem (1), (2), (3) has at least one solution.

Proof. First, we show that all possible solutions of our problem are a priori bounded,

i.e. there exists �� > 0 such that any solution u of the problem satis�es juj0 � ��:

We have u(x; t) 2 hg(x; t)+
R t
0

R


G(x; t; y; s) F (y; s; u (y; s))dyds; (x; t) 2 D; where

hg is given by (10.a).

Taking into account (H4) and (12) we have by (H7) (ii)

ju(x; t)j �MgC(�) +

Z t

0

Z



G(x; t; y; s) �(y; s; ju (y; s)j)dyds:

Hence

juj0 �MgC(�) +

Z T

0

Z



G(x; t; y; s) �(y; s; juj0)dyds: (14)
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Let �0 := juj0 : Inequality (14) yields

1 � 1

�0
fMgC(�) +

Z T

0

Z



G(x; t; y; s) �(y; s; �0)dydsg: (15)

It follows from (H7) (i) that there exists �� > 0; independent of u; such that for all

� > ��

1

�
[MgC(�) +

Z T

0

Z



G(x; t; y; s) �(y; s; �)dyds] > 1: (16)

Comparing inequalities (15) and (16) we see that �0 � ��:

Next, de�ne a truncation function � : R+ � R+ ! R+ by

� (��; �) =

8>><>>:
1 0 � � � ��;

2� �

��
�� � � � 2��;

0 � � 2��:

It is clear that � is continuous and 0 � � (��; �) � 1 for all � 2 R+:

Let

H(x; t; u) := � (��; juj)F (x; t; u):

Then H is an L2�Carathéodory multifunction and there exists !H 2 L2(D) such

that j' (x; t)j � !H (x; t) for a.e. (x; t) 2 D and all ' 2 SH;u: In fact, we have

!H (x; t) := supfjH(x; t; u)j ; juj � 2��g: Hence H is a bounded multifunction.

Consider the modi�ed problem8<:
Dtu+ Lu 2 H(x; t; u); (x; t) 2 D;
u(x; t) = 0; (x; t) 2 �;
u(x; 0) =

R T
0
g(x; s; u(x; s))ds; x 2 
:

(17)

We show that (17) has at least one solution u satisfying the estimate juj0 � ��:

The set Y := fu 2 X; juj0 � MgC(�) + jGjL2 j!H jL2g is nonempty, bounded, closed

and convex. From the above results, we know that the solutions of (17) are �xed

points of the multivalued operator � := hg +G bH, where bH is the Nemitsky operator

14



of H: Moreover � is of usc type and maps Y into itself. It follows from Bohnenblust-

Karlin Theorem (see [14, Cor.11.3(e)]) that � has a �xed point v; which is a solution

of (17).

It remains to show that jvj0 � ��: Indeed, we have that jH(x; t; u)j � �0(x; t; juj) :=

� (��; juj) � (x; t; juj) for a.e. (x; t) 2 D, u 2 R: It is easily seen that �0 satis�es

condition (H7). Hence, the �rst part of the proof shows that jvj0 � ��: But, for all u

such that juj0 � ��; the multivalued functions F and H coincide, and problem (17)

reduces to our original problem. Therefore (1), (2), (3) has at least one solution.
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