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DTRW Model, Diffusion Equation

Albert Einstein, 1905

Fick’s Laws hold here!



Superdiffusion

The pdf of jump length:

n(x)~x""P, 0< <2




Competition between Subdiffusion
and Superdiffusion

The pdf of waiting time: /(1) ~¢ ", 0<a<l

The pdf of jump length:  77(x) Nx_(“ﬂ), 0<f<2
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Examples of Subiffusion

Trajectories of the motion of individual fluorescently labeled mRNA molecules
inside live E. coli cells:

I. Golding and E.C. Cox,, Phys. Rev. Lett., 96, 098102, 2006.



Simulation Results

Y. He, S. Burov, R. Metzler, and E. Barkai, Phys. Rev. Lett., 101, 058101, 2008.



Léwy flight

Browenian walk

Applications of Superdiffusion

N.E. Humphries et al, Nature, 465, 1066-1069, 2010;

M. Viswanathan, Nature, 1018-1019, 2010;
Viswanathan, G. M. et al. Nature, 401, 911-914, 1999.

Where to locate N radar
stations to optimize the
search for M targets?
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1. Lévy walkers can outperform Brownian walkers by
revisiting sites far less often.

2. The number of new visited sites is much larger for
N Levy walkers than for N brownian walkers.



Definitions of Fractional Calculus

Fractional Integral

Fractional Derivatives
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Existing Discretization Schemes

Shifted Grunwald Letnikov Discretization (Meerschaert and Tadjeran, 2004, JCAM),
most widely used

Transforming into Caputo Derivative

Centralinzed Finite Difference Scheme with Piecewise Linear Approximation

Hadamard Integral



A Class of Second Order Schemes

(Lanzhou group)

Based on the Analysis in Frequency Domain by Combining the Different
Shifted Grunwald Letnikov Discretizations

The shifted Grunwald Letnikov Discretization
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which has first order accuracy, i.e.,

Ap pulz) = . Dyu(z) + O(h)

What happens if

A
LDy ) = %Zgh [1—&—;}?@—1——23; iz —(k—q)h)

Taking Fourier Transform on both Sides of above Equation, there exists
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where
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(2.10) W.iz) = ( ) e =14 (r— %)z + O(zg), r=p,q.

In order to have second order accuracy, coefficients Ay and Ao satisty

A+ A =1,
o o
{(P— 53}*1+(ﬁ‘—§)/\2 =0,

which indicates that A\ = &—2; and \g = B
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Denoting ¢(w, h) = F[L. Dy pq(w) = F [ DYul(w), then from (2.9) and (2.10)
there exists
(2.11) |d(w, h)| < Ch2|iw|*2|a(w)).
With the condition F[_. D 2u](w) € LY(IR), it vields
(2.12)
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We introduce the WSGD operator
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and there exists

LDy ulr) = _ o DYu(r) + U[hgﬁ

Similarly, for the right Riemann-Liouville
derivative
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uniformly for # € R under the conditions that u € LY(R), ,D%t%u and its Fourier
transform hclonff to LY(R), where p, g are lntC‘E‘Clb and

By u(: —iﬂz u(z+ (k —r)h).



The simplified forms of the discreted approximations (2.15) for Riemann-Liouville

fractional derivatives on grid points {z; = a+ih,h =(b—a)/n,i=1,..., n — 1}
with (p,q) = (1,0), (1,—1) are
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Theorem 2.13. Let matriz A be of the following form,
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where the diagonals {?_L L H’}}: é are the coefficients given in (2.16) corresponding to

(p,q) = (1,0) or (1,—1). Then we have that any eigenvalue X of A satisfies

(1) Re(A) =0, for (p,q) = (1,0), a = 1=

(2) Re[}a] < 0, for (p,q) = (1,0), 1 < a < 2,

(3) Re(A {ch:r?‘(pq 1—1)1 &*2
Moreover, when 1 < a < 2, matriz A is neqgative definite. and the real pa*.r*ts of the
Et’genmfues of matrix Llﬂ + co AT are less than 0, where c1,cq = ﬂ,Ll + -—:3 = 0.



Third Order Approximation
(1}‘:?3 g w(r) = )'.144 ( ) + }ngﬂf@'u[l‘) + A Ay u E:

where p, g, r are integers and mutually nml—equa,l, and

_ 12gr — (6g+ 6r + 1) + 3a?
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Assuming u € LY(R), and taking Fourier transform on (2.23), we get
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where W.(z) is defined in (2.10). If _xD;‘+3-u and its Fourier transform belong to
LY(R), then we have
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Compact Difference Operator with 3" Order Accuracy

Substituting
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Further combining §7u = d‘fz u + O(h?) |, there exists
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We call ¢, = 1+c% ,h*5; Compact WSGD operator (CWSGD)
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In time discretization, using the Crank-Nicolson technique, we obtain
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Acting the operator 7C, on both sides of above equation leads to
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