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Abstract. We focus on the analysis of variance (ANOVA) method for high dimensional function
approximation using Jacobi-polynomial chaos to represent the terms of the expansion. First, we
develop a weight theory inspired by quasi-Monte Carlo theory to identify which functions have low
effective dimension using the ANOVA expansion in different norms. We then present estimates for
the truncation error in the ANOVA expansion and for the interpolation error using multi-element
polynomial chaos in the weighted Korobov spaces over the unit hypercube. We consider both the
standard ANOVA expansion using the Lebesgue measure and the anchored ANOVA expansion using
the Dirac measure. The optimality of different sets of anchor points is also examined through
numerical examples.
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Notation. ¢, c¢;: points in one dimension.

c: point in high dimension.

c¥: optimal anchor points in different norms.

D,: mean effective dimension.

d: effective dimension.

friy+ i-th first-order terms in ANOVA decomposition.

f®: function of the i—th dimension of a high dimensional tensor product function.

G;: i-th GENZ function.

I(-): integration of the function “-” over [0,1]" or [0, 1].

In, f: truncated ANOVA expansion with only terms of order lower than v + 1.

IN,v,uf: multi-element approximation of Zy , f with tensor-products of p-th order
polynomials in each element.

L?(-): space of square integrable functions over the domain
be dropped if no confusion occurs.

L*°(-): space of essentially bounded functions over the domain
will be dropped as above.

N: dimension of a high dimensional function.

wy: sampled points from a uniform distribution on [0, 1].

w: polynomial order.

v: truncation dimension.

T: mean of the function f*); A%: variance of the function f (),

02(+): variance of the function “-”.

“.7: the domain will

“

-7 the domain

1. Introduction. Functional ANOVA refers to the decomposition of an N-
dimensional function f as follows [9]:

N N
f@n,ma, - an) = fo+ 2 Fun @)+ Y i) (@5,25)
ji=1 Jj1<Jj2
+"'+f{j1,-~,jN}('Tj17"' 71.jN)7 (1'1)

*This work was supported by OSD/AFOSR MURI, DOE and NSF.
TBrown University, Division of Applied Mathematics, Providence, RI 02912

1



where fy is a constant, fs are |S|-dimensional functions, called the |S|-order terms.
(Here |S| denotes the cardinality of the index set S with S C {1,2,--- ,N}.)

The terms in the ANOVA decomposition over the domain [0, 1] (we consider
this hypercube for simplicity in this paper) are

fo = /[OM f(x)du(x), (1.2a)

fses) = [ 6dntxs) = 3 paien) (1.2b)

where — S is the complement set of the nonempty set S with respect to {1,2,--- , N}.

We note that there are different types of ANOVA decomposition associated with
different measures; here we focus on two types. In the first one, we use the Lebesgue
measure, du(xz) = p(z) dx (p(x) = 1 in this paper), and we will refer to it as standard
ANOVA expansion. In the second one, we use the Dirac measure, du(z) = d(z —c) dz
(¢ € [0,1]), and we will refer to it as anchored ANOVA expansion. Recall that
J1 £(@) dp() = £() if dp(z) = 3z — c) da.

All ANOVA terms are mutually orthogonal with respect to the corresponding
measure. That is, for every term fg,

1
/ fs(xs)du(z;) =0, if j€S; / fs(xs) fr(xr)du(x) =0, if S#T.
0 [0,1]¥

Recently, the ANOVA method has been used in solving partial differential equa-
tions (PDEs) and stochastic PDEs (SPDEs). Griebel [9] (2005) gave a review of the
ANOVA method for high-dimensional approximation and used the ANOVA method
to construct finite element spaces to solve PDEs. Todor and Schwab (2007)
employed the anchored ANOVA in conjunction with a sparsifying polynomial chaos
method and studied its convergence rate based on the analyticity of the stochastic part
of the underlying solution to SPDEs. Foo and Karniadakis [6] applied the anchored
ANOVA to solve elliptic SPDEs, highlighting its efficiency for high dimensional prob-
lems. Bieri and Schwab [2] (2009) considered the convergence rate of the truncated
anchored ANOVA in polynomial chaos methods and stochastic collocation methods
for analytic functions. Cao et al. (2009) used the anchored ANOVA to investigate
the impact of uncertain boundary conditions on solutions of nonlinear PDEs and on
optimization problems. Yang et al. [27] (2011) demonstrated the effectiveness of an
adaptive ANOVA algorithm in simulating flow problems with 100 dimensions.

In numerical solutions for SPDEs, tensor product functions are mostly used since
mutual independence among stochastic dimensions is assumed. For the same reason,
many test functions and functions in finance are of the tensor product form, see
[4,/14]123]. The basic problem therein is how well we can approximate high dimensional
tensor product functions with a truncated ANOVA expansion and what is the proper
interpolation of the retained terms. Thus, the objective of the current paper is to
provide rigorous error estimates for the truncation error of the ANOVA expansion
for continuous tensor product functions and also for the interpolation error associated
with the discrete representation of the ANOVA terms. This discretization is performed
based on the multi-element Jacobi polynomial chaos [21], hence the convergence of
the discrete ANOVA representation depends on four parameters: the anchor point
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¢ (anchored ANOVA), the truncation dimension v that determines the truncation
of the ANOVA expansion, the Jacobi polynomial chaos order p, and the size of the
multi-elements h.

The paper is organized as follows. In the next section we apply the weight theory,
based on quasi-Monte Carlo (QMC) theory, characterizing the importance of each
dimension that will allow us to determine the effective dimension both for the standard
ANOVA and for the anchored ANOVA. In Section 3 we derive error estimates for the
anchored ANOVA for continuous functions, while in Section 4 we provide similar
estimates for the standard ANOVA. In Section 5 we present more numerical examples
for different test functions and we conclude in Section 6 with a brief summary. The
appendix includes details of proofs.

2. Weights and effective dimension for tensor product functions. The
order at which we truncate the ANOVA expansion is defined as the effective dimension
([16,13,[22,/14]) provided that the difference between the ANOVA expansion and the
truncated one in a certain measure is very small (see (2.3) below for definition).
Caflisch et al. (1997) [3] have explained the success of the QMC approach using the
concept of effective dimension; see also [16] 18] [19] 13, 14,15, 22, 25].

2.1. Standard ANOVA. It can be readily shown that the variance of f is the
sum of the variances of the standard ANOVA terms, i.e.,

=[P gea= Y [ B,
[0,1]¥ [0,1]¥ 0£5C{1,2,-,n} 7/ 0]
(2.1)
or in compact form

o*(f) = > o5(fs)- (2.2)

0#SC{1,2,-+ ,N}

The effective dimension of f (in the superposition sense, [3]) is the smallest integer
ds satisfying

S ok(fs) = po?(f), (2.3)

0<|S|<ds

where S C {1,2,--- , N}. This implies that we neglect terms in the ANOVA decom-
position with more than ds-th order terms. Here p is a constant, 0 < p < 1, but
closer to 1, with e.g. p = 0.99 in [3]. We call N the nominal dimension, i.e. the
dimensionality of the function f.

In this paper, we consider tensor product functions and define the weights sim-
ilarly to QMC error theory [18][5, 22| [24]. Specifically, in QMC theory, there are
two different approaches in determining the weights. In [18], they first choose the
weights and subsequently determine the sampling points (QMC sequences) based on
Korobov spaces via minimization of the error bounds, where the error bounds are set
up via the ANOVA decomposition, see also [5,22]. In contrast, in [24] the weights
are determined according to sensitivity indices by using the so-called “matching strat-
egy”. In the current work, we utilize the weights differently in that we use them to
characterize the classes of functions which can be well approximated with truncated
ANOVA expansion and multi-element methods in different norms. Our approach can
be applied only to tensor product functions.
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When tensor product functions are considered, the importance of each term can
be evaluated from the first-order terms in standard ANOVA expansion. We define
the tensor product function f(x) = fM(z;) @ @ fM) (zxn) = @, ¥ (2) where
%) () are univariate functions in the zj-directions. In this situation, the ANOVA
terms and the corresponding variances are:

fs=@kes(fP @) =) - [[ 7. o2(fs) =[] 2 [ =+
k¢S keS k¢S
where the means and the variances of the one-dimensional functions are
1 1
7-k::/ f(k)(xk)dxk<oo, )‘i:/ (f(k)(xk)_Tk)2d.'Ek<OO, k:1a27"'aN'
0 0
Note the relative importance of each S term (compared to the zeroth-order term fy)
can be estimated in the following way:
oi(fs) H i
N = 2
| kes

which are products of ratios for the first-order terms. This motivates us to define the
weights 7;? as:

)\2
7}?:7]26 lf Tk#07k:17277N (24>
Tk

These weights can be considered as a special case of the weights presented in [22,5].
For a low effective dimension, the majority of the weights should be strictly less than
ond!].

In the standard ANOVA expansion, the effective dimension, denoted by d, is

directly related to the truncation error. By definition we have, denoting the term
> isi<a, fs by In,a. f, that

If = Ina. fll22 < (1= p)(If]72 — T(£)), (2.5)
where || f]|3. = (I(f))? + 0%(f) and I(f) = f[o,l]N f dz. Hence, we have

N

Wetrelle < i=pa - Tla -+ < Vicp
L2 k=1

This estimate represents the worst case since we approximate (1—1_[,?[:1 (14412 ~
1, while, in practice, it can be much smaller than one as shown in Example[2.2]below.
We can also derive the following inequality, which we will use later. From the def-

N

inition of weights, we have ||f — Zn.a, f||3. = (I(f))? Z Z H Vi According
m=ds+1|S|=m keS
to , we have an equivalent definition of the effective dimension

N

Z o I <a-p(Ja+a-0. (2.6)

m=d,+1|S|=m kes k=1

INote that this definition of weights is not applicable if 75, = 0.
4



When a function is of tensor product, a similar but simpler expression for the
effective dimension, the mean effective dimension [14] can be derived in terms of the
weights:

N A N 1
. Zk:l YA+1 . N — Zk:l YE+1
- N 1 - N 1
1- Hk:l yE+1 1- Hk:l vE+1

if 7, 0 for all k=1,2,--- | N.

It is worth mentioning that dg, by the definition (2.3), can be only an integer
while the mean effective dimension Dy can be a non-integer, which may have some
advantages in practice. As an illustration, we consider in Example[2.1]a Sobol function
with effective dimension ds = 2 corresponding to p = 0.99, which suggests that we
need (1003 +2) = 500500 second-order terms to reach the 0.99 threshold. On the other
hand, the mean effective dimension is Dy, = 1.06, which suggests that much fewer
second-order terms are required.

EXAMPLE 2.1. Consider the Sobol function f(x) = ®,1€(£10W with a = k2.
By (2.3) and (2.7), ds = 2 and Ds = 1.06. In this case, we employ the following
procedure to find the most important terms in the standard ANOVA and investigate
how one can reach the 0.99 of the variance of this function. First, compute the weights

it (k=1,2,--- ,N) by (2.4), and then the ratios

, (2.7)

S

T = 77]?
N .
1+ Zi:1 7{4

Set a threshold e and let M =  max {k|ri > €}. Then, computer;; (i,j=1,--- ,M):

B SR
- N M .
1+ 771A + Zk,l:l WI?WA

Ti,j

Set a threshold n and denote K =  max {i|rii+1 > n}. Hence, w second-order
terms are required. We note that the number of second-order terms for dy = 2,
€ n error relative error | terms required

le-04 | 1e-08 | 3.3270e-05 | 3.2006e-04 21

le-04 | 1e-07 | 4.6856e-05 | 4.5076e-04 15

le-04 | 1e-06 | 1.2148e-04 | 1.1687e-03 6

le-04 | 1e-05 | 2.3682e-04 | 2.2783e-03 3

le-04 | 1e-04 | 5.5905e-04 | 5.3781e-03 1

TABLE 2.1

Second-order terms needed in the truncated standard ANOVA expansion for small relative vari-
ance error: Sobol function with aj, = k2, o2(f) = 1.0395¢ — 01.

(1003"’2) = 500500, is several orders of magnitude larger than the number of terms
listed on the last column of Tablel2.1. We also note that all first-order terms contribute
98.39 percent of variance for this 1000 dimensional Sobol function.

Next, we present three more examples in order to appreciate the utility of weights.



EXAMPLE 2.2. Compare the Genz function G5 and a function gs we define
here as follows:

@71 exp(—c¢;(x;

— wj)).

Gs = @ exp(—c;lw; — wyl), g5
Here ¢; = exp(0.27), N = 10, and

(w,--- ,wio) = (0.695106,0.851463,0.413355,0.410178,
0.226185,0.7078,0.478756,0.183078,0.0724332, 0.483279),

where w; are sampled from uniform distribution random variables on [0,1] [8]. Note
that g5 is much smoother than G5, but the truncation error for gs is worse than that
for G5 as shown in Figure 2.1. This is because G5 has smaller weights as shown
in Table In Figure there is a sudden drop since the terms of 8, 9 and
10 orders are contributing little, noting that > g _; 0%(G5g) = 1.2594e — 15 and

Z\lg\:g 0%(Gsg) < 1.4246e — 18. (This phenomenon happens in Figure 2.2 as well,
where smaller weights lead to earlier sudden drops.)

1 0()

L [k [ (G [ {(gs) |
1074 I 1 | 2.3859 e-2 | 5.5246 e-2
810 T 2 | 2.8857 -2 | 3.7167 e-2
2 5 X 3 | 7.2403 e-3 | 2.4974 e-2
S 00 \ 4 |4.9209 e-3 | 1.6768 e-2
ol 5 | 6.8950 e-3 | 1.1257 e-2
ol 6 | 3.5777 e-3 | 7.5484 e-3
[ 7 | 1.2794 -3 | 5.0624 e-3
! ' ’ ’ v (f:uncz;;)ion D(ijmens7ion) * ! 1 8 2'4467 6_3 3'3945 6_3
9 | 2.1451 -3 | 2.2759 e-3
‘ TN 10 | 3.8402 e-4 | 1.5258 -3

Fic. 2.1. Relative error “———27—"1L= yer- TABLE 2.2

112
sus truncation dimension v with nominal dimen-
sion N =10 for G5 and gs.

Weights for Gs and gs with N = 10.

Table2.3]shows the ratios of the sum of the variances of the subset S up to |S| = v
over the variances of the functions G5 and g5. Notice that the effective dimension for
both functions is 2. It is worth noting that the relative error is much smaller than 0.1
in Figure[2.1 as we pointed out earlier.

v 1 2 3 4
2
Zo<isic 7005 0 9691861 | 0.99951933 | 0.99999573 | 0.99999998
Zoisize 750s) 0 9369764 | 0.99784671 | 0.99995787 | 0.99999950
TABLE 2.3
Ratios of the sum of the variances of fs up to |S| = v over the variance of the function:

comparison between Gs and gs.

EXAMPLE 2.3. Next we consider a function in a weighted Korobov space (see
Section|3):

f(x) =@, (B + 2m%n, Ba ({z), — Uk}))
6

(2.8)



with By(x) = 2® — x4+ & the Bernoulli polynomial of order 2, and “{-}” denoting the
fractional part of a real number “”. The means and variances are 7, = [, )\% = Z—;ni.

2
Taking Bx = 1 for every k leads to vi* = 2—% = Z—;ni, which are not equal to the weights

= 2n%n? for the weighted Korobov space (see Remark|3.5).

w»

B

21
&

Clearly, n = 1 for every k leads to A/,f larger than 1. In this case, each dimension
is important, so this case results in a high effective dimension. For example, when
N = 100, dy = 71; also dy = 109 when N = 200; and ds = 161 when N = 500.
However, if 7 is smaller than 1, then a low effective dimension can be expected. For
example, when n, = k—lz, the effective dimension is 2, even if N is very large. Typical
results for different choices of G, nr are shown in Figure[2.2 for N = 10.
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10
v (Truncation Dimension)

FiG. 2.2. Relative error M
112

versus truncation dimension v with nominal dimension
N =10 for the Bernoulli function.

Note that for high §; and small 7 the weight is very small, close to 0, which

implies low effective dimension of the standard ANOVA expansion; see Table

(Be,mr) | (0.1,1/k2) | (0.1,1.0) | (100,1/k%) | (100,1.0) | (1.0,1/k2) | (1.0,1.0)
ds 6 10 1 1 2 10
TABLE 2.4

(Br,nk), k=1,...,N, N =10 and corresponding effective dimensions ds.

EXAMPLE 2.4 (a counter-example). Here we consider tensor products of mono-
mials, [ = @}° 2}, and aim to use the “weight” theory to obtain the mazimum

monomial order n when using the standard ANOVA. We have for the mean and vari-
ance in each dimension that:

1
Tk:/ xp dry =
0

n+1

)\2—/1(90"—
) - 0 k

7

n+1

1

)2 d.’L‘k =

n2

(2n +1)(n+1)2°



The weights vf here are %, where k = 1,--- ,10. Thus, for the weights to be
smaller than 1, n has to be less than 3, which is a severe restriction. So even for a
smooth function, as the monomial x> is in each dimension, the effective dimension
may not be small! For example, the relative variance error with ANOVA terms up to

6-th order, is only 0.5239.

2.2. Anchored ANOVA. In the anchored ANOVA expansion it is not so clear
how to define the weights and in which norm. Also, the choice of the anchor points is
important to the efficiency of the anchored ANOVA truncation. Motivated by the fact
that smaller weights lead to smaller relative variance errors, we may define weights
in different norms, starting with the L°°—norm. Specifically, we define the weights as
follows:

e 0 =19
k ’f(k)(ck)| ’

when  f(c H F® () (2.9)

THEOREM 2.5. If there exists p; € (0,1) such that
N
> 3 I <0-mila+o)-n
m=0+1|S|=m keS k=1
then the relative error of the truncated anchored ANOVA expansion can be bounded

by

—INofll e - 7 1F e
M < H (I+%) - (H |f(k,)( k)|) (2.10)
11 e = Patetl FAGH P

The weights are minimized if all the %) are non-negative or non-positive and

the anchor point ¢* = (c3,c3,--+ , %) is chosen such that

1 1
®)(2) = £ max £ 1 (k) k=192 ... N.
[ (er) 5 m,fré}%xl]f (7r) + 5 mrg%g)ll]f (zr), 2,0,

For the proof of this theorem and all other proofs in this subsection, please refer

to the Appendix.
REMARK 2.6. From the weights definition (2.9), it holds that

[0 = s 0@ < rPen)| < v |-
If we assume, as in [2], that H@xkf(k)HLw < pk Hf(k)HLoo , then

|
L2

In other words, py, in [2] plays the role of weight v;° in our approach.
We may define the weights with respect to integration as follows:

|5 - 10w, <]

<[onr®],. <ol

1o

int ’f[OJ] F¥ de — f(k)(ck)’ N
e = |f(k)(0k)| , when f(c)= H f(k)

k=1




Of course, if we choose f*)(c}) = Jou I (%) dz, then we are simply using the standard

ANOVA expansion and ;" = 0. In order to avoid this trivial choice, the weights can
be defined as in [10], i.e

o |Qu(F®) = F®(cp))| =
Ve = ‘f(k)(ck)| ,  when f(c 1;[

where @Q; is a quadrature rule used for numerical integration. Note that the best
choice for anchor points then satisfies f(k)(c%) = Qr(f™) for any k.

The error estimate for the case using the weights with respect to integration can
also be obtained in the same fashion as in the proof of Theorem 2.5. The relative
integration error will be, taking f*)(c;.) = (1 — o)k,

Rt -] 5 8 et fleen

m=v+1|S|=m kES

When |ay| < 1, 73 = 2.6),
N
(INl/f)
e YD 30 | (T} (S
m=v+1|S|=m keS k=1
N N
<t-nlfo+ |20 h -0 [T -an,

if p, exists and thus we will have a small relative error.
Similarly, we define weights using the L?-norm as

,YL2 _ ||f(k f(k) ||L2 when f(C) _ ﬁ f(k)(ck) 7& 0. (211)
g | fie(en)l , pabe

THEOREM 2.7. If there exists py € (0,1) such that

Z Z H’Yk < (1=po)( ﬁl+’yk —1),

m=v+1|S|=m keS

then the relative error of the truncated anchored ANOVA expansion can be bounded
by

If = Inoflle _ ﬁ o |75 )]
N, < 1+~ — (H ‘ ). (2.12)
1£1 2 Pt Pl | P |
The weights (2.11) are minimized if all the f*) are non-negative or non-positive
and the anchor point ¢® = (cf,c3, - ,c?\,) is chosen such that for k = 1,--- | N,
(k) (.5 M+
[AeR) = =—
Tk

REMARK 2.8. In Theorem [2.7, the weights, with the choice ¢, are 7152 =

2, 1
(1 + %’%) * which reveal that the ratios of the variances and square of means in-

deed matter.



2.3. Comparison of different choices of anchor points. In this subsection,
we will show how to choose the anchor points using different criteria in order to reduce
the ANOVA integration and truncation errors.

EXAMPLE 2.9 (Example 2.2 revisited). Consider the Genz function Gy ([8])

—w;|) = @, f®) (zy),

N =10; ¢; and w; are exactly the same as in Example 2.2.

Here ¢! is the centered point in [0,1], i.e. ¢! = (%, %, e ,%), and c? is chosen
such that f*®)(c?) = %(min,, e f*)(2x) + max,, cpo1) f*)(z)). Note that this
point in each dimension will give minimized weights in the L>-norm. Also, ¢ is the
anchor point such that f)(c}) = 7, = fo f (¥) (z) dz, which will lead to the standard

ANOVA expansmn The anchor point c?* is determmed by f(k)(ck) = Q"(fr) =

_ (k) *) Where (z (k) w( ))ym  come from Gauss Legendre quadrature with
i= w; 7 =1
[ R GOl
[£) (en) '
First, consider multi-dimensional integration by comparing the relative integra-

_ W (k=1,2,4,5). In Table2.5, we note that the

point c*, which is the “numerical analog” of ¢, gives the best convergence rates for
numerical integration using the anchored ANOVA expansion. This is expected since
the weights in that case are especially designed for integration.

G5 = ®;_ 1exp( cilz;

m = 3; c® is the anchor point minimizing the weights

tion error €, o« (Gs) =

’ 14 ‘ €v.cl (G5) ‘ €y.c? (G5) ‘ €y.ct (G5) ‘ €v.c5 (G5) ‘
0| 4.3118 e-1 | 9.2379 e-2 | 2.3196 e-3 8.4200 e-2
1 | 6.6207 e-2 | 3.7949 e-3 | 6.5030 e-7 | 2.6350 e-3
2 | 5.2552 e-3 | 8.8265 e-5 | 1.2577 e-9 4.1197 e-5
3| 2.3796 e-4 | 1.2680 e-6 | 3.0718 e-13 | 3.6539 e-7
41 6.2412 e-6 | 1.1568 e-8 | 1.2815 e-13 | 1.9498 e-9

TABLE 2.5

Relative integration errors for Gs using for different anchor points according to different criteria.

Next, let us consider the L?-norm, which concerns the integration of the square of
functions. In Table[2.6/and Figure[2.3, we compare the truncation errors €, .»(G5) =
G5 — Zn, G5l 2, where Iy, G5 is the truncated anchored ANOVA using ck k=
1,---,5.

l v l Eu,cl (G5) l Eu,c? (G5) l Euv,c3 (G5) l Eu,ct (G5) l Eu,cd (G5) ‘
0 | 2.7232 e-2 | 9.3491 e-3 8.4888 e-3 8.4893 e-3 9.2035 e-3
1 | 1.9309 e-3 | 3.1582 e-4 2.6157 e-4 2.6161 e-4 2.9707 e-4
2 | 6.0135 e-5 | 5.3350 e-6 4.0803 e-6 4.0810 e-6 4.7440 e-6
3] 9.4136 e-7 | 5.0200 e-8 3.6252 e-8 3.6259 e-8 4.2518 e-8
4 | 7.8926 e-9 | 2.7706 e-10 | 1.9402 e-10 | 1.9407 e-10 | 2.2720 e-10
TABLE 2.6

Truncation errors ||G5 — ZNJ,(GE))”LQ using different anchor points.

It is interesting to compare the truncation error in the L?-norm and also the
integration error, e.g. for the points ¢! and c¢2. From Tables[2.5 and 2.6, the error as-
sociated with c? is always smaller than that associated with c'. This can be explained
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Error

1079
1071 r
10713 ¢

107151

10717
v (Truncation Dimension)

Fic. 2.3.  Truncation error HG5 —IN,VG5||L2 versus truncation dimension v for different
anchor points: N = 10.

by the smaller weights, as shown in Table 2.7, leading to better error behavior. 2Here
it (c) is the i-th weight associated with integration using the points c¥ and 7/ (c*)
the i-th weight associated with the L?-norm using the points c¢*. For more examples,

WD) [ [AF D) [ (D

6.1592 e-2 | 2.1521 e-2 | 2.1142 e-2 | 1.9858 e-2
9.3640 e-5 | 9.7456 e-3 | 2.2804 e-2 | 2.3099 e-2
8.6163 e-2 | 1.0477 e-2 | 1.2845 e-2 | 6.4699 e-3
7.0501 e-2 | 1.0342 e-2 | 8.8571 e-3 | 4.5330 e-3
1.5179 e-2 | 1.6346 e-2 | 6.2548 e-3 | 6.4742 e-3
2.3611 e-2 | 1.4545 e-2 | 3.7274 e-3 | 3.5203 e-3
5.4349 e-2 | 1.0850 e-3 | 4.0766 e-3 | 1.2060 e-3
5.5157 e-3 | 9.5996 e-3 | 2.2984 e-3 | 2.3895 e-3
2.0810 e-4 | 3.2642 e-3 | 1.9996 e-3 | 2.0156 e-3

0| 3.0928 e-2 | 6.7473 e-4 | 1.3142 e-3 | 3.7199 e-4
TABLE 2.7
Comparison between weights with respect to different measures using anchor points ¢* and c2.

= © 00 O Uik W .

see Section [5.

3. Error estimates of anchored ANOVA for continuous functions. In
this section we derive an estimate for the truncation error of anchored ANOVA ex-
pansion in the Korobov space, K7 ([0, 1]), a special type of Sobolev-Hilbert spaces. We
first consider the one-dimensional case and assume that r is an integer. This space is
equipped with the inner product

r—1 1
(.9 (oy = F(@g(e) + 77" (Z 0k £(c)dkg(c) + / oL f5g(x) dx>.
k=1

11



1

Correspondingly, the norm of f in the Korobov space is ||fHKr/([o,1]) = (f, f>}§<;([0,1])'
When r > % is not an integer, the corresponding space can be well defined through
the Hilbert space interpolation theory, see Adams [1].

Denote K7([0,1]) x KZ([0,1])--- x KI([0,1]) (N times) by KI(]0, 1])®N. Then
KI([o, 1])®¥ is a Hilbert space with the following inner product

N

(f,9) rro,pen = H<f(k),g(k)>f<;([o,1])
k=1

for f =@ f®, g = @) 19" with f® ¢*) e K7([0,1]), that is K7([0,1])®V
is the completion of linear combinations of tensor product functions. Here we are
especially concerned with tensor product functions f = @p_, f*) € Kr([0,1])®V,

N
whose norms are , = H (k)H . Specifically, in the domain of
£ llicr o, e k[[l f K7([0,1]) Y

interest for anchored ANOVA, the weighted Korobov space can be decomposed as [9]:
K2([0,1]) = span{1} & K7 ([0, 1]),

where K7 ([0,1]) = {f € KI([0,1])| f(c) = 0}.

In the following, we will discuss the approximation error in the L?-norm for ten-
sor product functions in the weighted Korobov spaces. We split the estimate into two
parts: Hf _IN7V,Hf||L2([O71]N) < ”f _IN,VfllLZ([O71]N) + HIN,uf _IN,ZI7Mf||L2([O71]N) .
We call the first and second term in the right hand side truncation error, and inter-

polation error, respectively. Here Zn ., f = > sciiz,.. vy Iswufs, where Jg,, , is the
IS|<v

|S|-dimensional finite element interpolation operator with u-th order polynomial in

each interval of each dimension with Jg, , fs € L>([0,1]%).

3.1. Truncation error. THEOREM 3.1. Suppose that the tensor product func-
tion f belongs to K ([0,1])*N. Then the truncation error of the anchored ANOVA
expansion can be bounded as

v

o vl _opy ISIzvmt
1f = Znw gz o,y < (C172 ) Z (Cry272) "= ||fS||K;([o,1])®\sm

sc{1,2,-- N}
[S|>v+1

where the constant Cy is from Lemmal3.2.

We need the following lemma to prove this theorem. See Appendix for the proof
of the lemma.

LEMMA 3.2. There exists a complete orthonormal basis {1;};°, in K7 ([0, 1])
such that (i, Vj)r2(0,1)) = Aidij and {1,92,43,---} forms a complete orthogonal
basis in L2([0,1]), where Ay > A3 > -+ >0 and \; < C1i~ 2", Cy decreases with r, for
all i.

Proof of Theorem[3.1. We first prove that for any function f in K7 ,([0,1]), it
holds that

1.
1112 0.1y < (Con) 227" 1 f | e o,y - (3.1)
12



By Lemma (3.2, for f € K7 ([0,1]), we have f = 777, fith; and
2

2
||f||L2([o,1]) =

> fit
i=2

= F il oy = D F2N
=2

L2([o,1)) =2

o (o)
=Y TN SO Y Ay <O ||f||§<;([o,1]) :

=2 =2

Noting that || fslz2(j0,15) < (v151(Cr22m)151)2 I£51l k2 j0,1)y151 » & tensor-product ver-
sion of (3.1), we have

IIf _IN,uf||(L2[071]N) < Z ||fS||L2([o,1]|S\)
sc{1,2,---,N}
[S|>v+1

B 1
< Z (A1S1(Cy2727)181)2 ||fS||K§([O,1])®‘S‘
sc{1,2,---,N}
|S|>v+1

|S|—v—1

op\zEl —or
< (Ciy27%) (G2 1fsll kx o, 0151 -

Therefore, we may expect the truncation error to decrease when v goes to N, if

C1727?" < 1 and the summation in the last inequality is bounded.
f(’c) 2 N
REMARK 3.3. The weight v in the Korobov space can be defined as W —
cr
1. The role of the weight ~ is to lift the norm of the derivative of f*) to the level of

f(k)(ck).

3.2. Interpolation error. Here we consider the interpolation operator Zn,,

as an approximation to Iy, Inuuf = D sciiz,....ny Iswufs, Where
[S|<v

Isuufs = @res(Uf® = fFen) [T ) fs = @res(F® = FP (),
ks

I" is the Lagrange interpolation operator such that I% f(*) W)ymys = FE (), vl =
jh+hiEem j=0,1,---,J—1(Jh=1)andm=0,1, -, . Here x,, € [-1,1] (0 <
m < p) are Gauss-Jacobi or Gauss-Jacobi-Radau or Gauss-Jacobi-Lobatto quadrature
points and the indices associated with the Jacobi polynomial are (1—2)%(1+x)? with
(o, 3) € (—1,0] x (—1,0]. Here we may drop the continuity condition as in [7, 21] in
the context of probabilistic collocation and stochastic Galerkin methods.

THEOREM 3.4. If a tensor product function f lies in KZ ([0, 1N, r > %, then
the interpolation error of the truncated anchored ANOVA expansion can be estimated
as

1, —r 151
1T f = Inwp 2oy < Cov2 27 W5 37 = fsllgegqompersi -

sc{1,2,-- ,N}
[S|<v

where k = min (r, u + 1) and the constant Co depends solely on r.
13



Proof. First recall that if ¢ belongs to the standard Hilbert space H" ([0, 1]) where
r > %, we have

Hw - Hlll«wHL2([071]) < CthTklfT ||8;1/)||L2([0,1]) ) (3.2)
where I, = I/'[,—1, k = min (r,u + 1), r > 3 and Cy depends only on r. See Ma [12]

and Li [11] for proofs.
By (3.2), for fixed S, we have

”fS - jS,V,y,fSHL2([O’1]|S\) < Oy Z th_k,u_r"

nes

arnfSHm ([0,1]181)

where 7, = r is the regularity index of fg as a function of x,. Thus, taking v, = v
gives

~ Lo Bl kg—k  —r
1fs = Tswulsllpzoaysiy < C2lS|Z (72 W2 )||fS||K;([0,1])®\S| . (33)

Here we have utilized the inequality of (a3 + a4 -+ +an) < nz(a?+a2+---+a2)z
for real numbers.

Following (3.3), we then have

||IN,Vf _IN,u,uf”L?([o,l]N) S Z ||fS - jS,u,MfSHLZ([OJ]‘S‘)
sc{1,2,-,N}
i<is|<i
1 —k —p 151
< ) GolSpphkeRuTy /sl kx fo.apets)
0#SC{1,--- ,N}
|S|<v
- 11
< Cwihbohp= 3T 4 /sl kx o115 -

0#£SC{1,-,N}
[S|<v

This ends the proof. O
REMARK 3.5. Taking h =1 in Theorem|3.4) gives the following estimate

3 Lok —r 1Sl
1 Zn v f _IN=V1N4fHL2([O7]]N) <Cvz2™"p Z v ||fS||K[/j([071])®\S\ :
Pp#Sc{1,---,N}
[S|<v
It is worth mentioning that the factor in front of u=" can be very large if N is large.
. . v N\
Also large v can lead to large values of the summation since there are ), _, (k) ~
1/(]5) terms even if v < % And again, if the weights are not small, then the norm of
fs can be very large; the norms can be small and grow relatively slowly with v when
the weights are much smaller than 1.
REMARK 3.6. Section 5 of [25] gives an example of functions in Korobov spaces in
applications. The function is of tensor-product, f(x) = @N_, exp (aké_l(xk)), where
ar = O(N"z2), k = 1,2,---,N, and ® (z) is the inverse of ®(z) = \/%ffoo

exp(—%) dt. It can be readily checked that

)\2 2

T (exp( ))2

14



and according to (2.7), Dy = O(1). This implies that the problem is of low effective
dimension. These weights decay fast, thus contributing to the fast convergence rate
in the approzimation.

REMARK 3.7 (Multi-element interpolation error for piecewise continuous func-
tions). For piecewise continuous functions, the interpolation error can be bounded
as

i — 151
1 Zn f _IN,V,/J«fHL2([071]N) < Cwz ()T Z v ||fS||K;([o,1]®\S\)’

sSc{1,2,---,N}
IS|<v

h
2

where h is the length of one edge in an element, v the truncation dimension, u the
polynomial order and the constant C' depends only on r.

4. Error estimates of (Lebesgue) ANOVA for continuous functions.
The results for the standard ANOVA with the Lebesgue measure are very similar to
the results for the anchored ANOVA. We present them here without any proofs as
the proofs are similar to those in Section [3. Here we will adopt another weighted
Korobov space H([0,1]). For an integer r, the space is equipped with the following
inner product

< f9 = Hz([0,1)= I(f)1 (Zf 0% ) )+ 1(9,f0; ))

and the norm ||fHHT o) == f> f >'H7([0 1) . Again using the Hilbert space inter-
polation [1], such a space with non-integer r can be defined. The product space
HZ([0,1))®N := HZ([0,1]) x - -~ x HZ([0,1]) (N times) is defined in the same way of
defining K7 ([0,1])®" in Section (3.

THEOREM 4.1 (Truncation error). Assume that the tensor product function f
belongs to H([0,1))®N. Then the truncation error of the standard ANOVA expansion
can be bounded as

If—In VfHLZ( 0,1]V) = < (Cy2™ QT)

g ISIzv=1
Z (Cy27%) HfS”Hr ([0,1])®!1S1

Sc{1,2,---,N}
|S|>v+1
where the constant C' is decreasing with r.
The proof of this theorem is similar to that of Theorem/[3.1l One first finds a com-

plete orthogonal basis both in L2([0, 1])N{f : I(f) = 0} and H{ ([0, 1])ﬁ{f I(f) =0}

17200,
D (

by investigating the eigenvalue problem of the Rayleigh quotient see Ap-

£ 0,1,
pendix for the definition of the eigenvalue problem) and following the proof of Theorem
The following theorem can be proved in the same fashion as in Theorem
THEOREM 4.2 (Interpolation error). Assume that the tensor product function
[ lies in HZ([0,1))®N, where r > 5. Then the interpolation error of the standard

ANOVA expansion can be bounded as

1 —r 151
HIN,uf —IN,y,uf|‘L2([071]N) S Cvz2 khk,UJ Z Y2 ”fS”H;([O,l])@\SI )

sc{1,2,,N}
S| <v

where k = min (r,u+ 1), Iy . f is defined as in Section [3.2 and the constant C
depends solely on r.

15



5. Numerical results. Here we provide numerical results, which verify the
aforementioned theorems and show the effectiveness of the anchored ANOVA ex-
pansion and its dependence on different anchor points.

5.1. Verification of the error estimates. We compute the truncation error

in the standard ANOVA expansion of the Sobol’s function f(x) = ®kN:1W’

where we compute the error for ar = 1, k and k? with N = 10. In Figure 5.1 we
show numerical results for ay = k and N = 10 along with the error estimates that
demonstrate good agreement. For a, = 1 and k2, we have similar trends for the decay
of error, and in particular we observe that larger aj (hence, smaller weights) will lead
to faster error decay.

100 = 10! . . .
10-1ke S =-u [2error = -m interpolation error
L2 . " R &~ -4 error estimate . & -4 error estimate

N .
.
‘ . n
—3 b \
10 Tw N 100 ‘ug\
1074 N w
5 N kN - L R
S0 : 2 N e
1078 BN * LA e
N N s "
10°7 LN L L AN
. S Voo
10~ N v N
.
1079 ’ ‘

—10 ° 2

WhT s i 56 1 8 9 1075 i § 10 12 11 16
v (Truncation Dimension) I
F1G. 5.1. Truncation and interpolation error in L?: Comparison of numerical results against

error estimates from Theorems[4.1 and[4.2, Left: Truncation error; Right: Interpolation error.

Compared to Figure 2.1, there is no sudden drop in Figure [5.1 (left) since the

weights ’y;:\ =

ﬁ are basically larger than those of G5 in the Example 2.2 and

decay slowly; this points to the importance of higher order terms in the standard
ANOVA expansion. In Figure[5.1 (right), we note that small g may not admit good
approximations of the ANOVA terms.

5.2. Genz function G4 [8]. Consider a ten-dimensional Genz function G4

10 . . .
exp(—Y_;—, #7), where the relative integration error and truncation error are con-

sidered. In this case, only second-order terms are required for obtaining small
’ v ‘ €v.c1(Ga) ‘ €v.c2(G4) ‘ €v.c4(Ga) ‘ €05 (G4) ‘
0 | 2.8111 e-2 | 3.1577 e-2 | 6.9005 e-6 | 5.4637 e-2
1 | 5.5920 e-3 | 1.0985 e-2 | 3.9702 e-10 | 1.8717 e-2
2 | 6.3516 e-4 | 2.4652 e-3 | 1.4093 e-14 | 3.5770 e-3
3 | 4.6657 e-5 | 3.7620 e-4 | 2.7825 e-15 | 4.3819 e-4
4 | 2.3331 e-6 | 4.0082 e-5 | 9.6520 e-15 | 3.6379 e-b
5 | 8.0681 e-8 | 2.9961 e-6 | 3.6533 e-14 | 2.0833 e-6
6 | 1.9081 e-9 | 1.5455 e-7 | 3.4521 e-14 | 8.1459 e-8
TABLE 5.1

Relative integration errors for G4 using different anchor points: N = 10.

integration error in Table 5.1 For the truncation error, shown in Table [5.2, more
terms are required to reach a level of 1073, and the convergence is rather slow. Note
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v ‘ €II,C1 (G4) ‘ 51/,02 (G4) ‘ 5:1/,(:3 (G4) ‘ 51/,C4 (G4) ‘ 51/,05 (G4) ‘
0 | 6.1149 e-2 | 6.2818 e-2 | 5.4305 e-2 | 5.4305 e-2 | 7.7034 e-2
1| 3.6243 e-2 | 3.9884 e-2 | 2.8965 e-2 | 2.8965 e-2 | 5.3008 e-2
2 1 1.6569 e-2 | 1.9881 e-2 | 1.2297 e-2 | 1.2297 e-2 | 2.6415 e-2
3 | 6.0440 e-3 | 7.9242 e-3 | 4.2887 e-3 | 4.2887 e-3 | 1.0098 e-2
4 1 1.7925 e-3 | 2.5497 e-3 | 1.2472 e-3 | 1.2472 -3 | 3.0503 e-3
5 | 4.3473 e-4 | 6.6163 e-4 | 3.0346 e-4 | 3.0346 e-4 | 7.3564 e-4
6 | 8.5654 e-5 | 1.3662 e-4 | 6.1292 e-5 | 6.1292 e-5 | 1.4083 e-4
7 | 1.3402 e-5 | 2.1745 e-5 | 1.0045 e-5 | 1.0045 e-5 | 2.0877 e-5
8 | 1.5799 e-6 | 2.4900 e-6 | 1.2688 e-6 | 1.2688 e-6 | 2.2590 e-6
9 | 1.2184 e-7 | 1.7163 e-7 | 1.0819 e-7 | 1.0754 e-7 | 1.5257 e-7
TABLE 5.2

Truncation error ||G4 *IN,V(G4)||L2 versus truncation dimension v using different anchor
points: N = 10.

that for this example, the sparse grid method of Smolyak does not work well
either.

5.3. Genz function G5 [8]. Here we address the errors in different norms using
different anchor points. Recall that c! is the centered point and c?,c* and c® are de-
fined exactly as in Example[2.9] For these four different choices of anchor points, we
test two cases: 1) relative error of numerical integration using the anchored ANOVA
expansion and ii) approximation error using the anchored ANOVA expansion in dif-
ferent norms, see Figure 5.2. In both cases c* gives the best approximation followed
by c®. Observe that for this example c¢* among the four anchor points gives the best
approximation to the function with respect to the L', L? and L>-norms although the
theorems in Section 2 imply that different measures will lead to different “optimal”
points.

We have also verified numerically that the numerical integration error is bounded
by the approximation error with respect to L' and L*-norms as shown in Figure 5.3
For different choices of anchor points, the integration error is bounded by the ap-
proximation error between the function and its anchored ANOVA truncation with
respect to the L'-norm that is bounded by the approximation error with respect to
the L°°-norm. In addition to the above tests, we have also investigated the errors of
the Genz functions Go [8] with the same ¢; and w; as in Example[2.2} similar results
were obtained (not shown here for brevity).

6. Summary. We considered the truncation of the ANOVA expansion for high
dimensional tensor-product functions. We have defined different sets of weights that
reflect the importance of each dimension. Based on these weights, we find that only
those functions with small weights (smaller than 1) can admit low effective dimension
in the standard ANOVA expansion. High regularity of a function would not necessarily
lead to a smaller truncation error; instead only the functions with smaller weights have
smaller truncation error.

For the anchored ANOVA expansion, we proposed new anchor points, which min-
imize the weights in different norms to improve the truncation error. The optimality
of different sets of anchor points is examined through numerical examples in measure
of the relative integration error and the truncation error. For the L?-truncation error,
it seems that the choice of anchor points should be such that the target function at
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Fic. 5.2. Testing Genz function Gs using different anchor points in different measure.

left: relative integration error; Top right: relative error in the L'-norm; Lower left: relative error

in the L?-norm; Lower right: relative error in the L -norm.

the point has a value close to its mean. Numerical tests show the superiority of the
anchor point ¢4, which minimizes the weights with respect to numerical integration,
compared to other anchor points.

We also derived rigorous error estimates for the truncated ANOVA expansion,
as well as estimates for representing the terms in truncated ANOVA expansion with
multi-element methods. These estimates show that the truncated ANOVA expansion
converges in terms of the weights and smoothness; the multi-element method con-
verges to the truncated ANOVA expansion and thus it converges fast to the ANOVA

expansion if the weights are small.

7. Appendix: Detailed proofs.
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Fic. 5.3. Verification of the relationships between errors in different measures.

7.1. Proof of Theorem By the anchored ANOVA expansion and the tri-
angle inequality, we have

1f = Znofll e I = Inofll e ey [F9(cr)]

Il I ™ ] Il
< Zonmoin Disiom ies (114 = F9 (@)l T, |70 (en)
- H]kv 1 ’f(k) Ck ‘ ||fHLoo

< ¥ T

m=v+1|S|=m k€S HLOO

where we used the definition of weights (2.9). Then the assumption with the above
inequality yields the desired error estimate. The following will complete the proof of
how to minimize the weights.

Suppose that £ (z;) does not change sign over the interval [0, 1]. Without loss
of generality, let f*)(z;) > 0. Denote the maximum and the minimum of f®*) ()
by M;, and my, respectively, and assume that f(k)(ck) = ap My + (1 — ag)my, where
ay € [0,1]. Then Hf(k) — f®) (¢, HLOC (M}, — my) max(1 — ag, o), and the weight

o W =Pl (My — my) max(1 — ay, ax)
ko | £®) (e N aMy, + (1 — ag)my
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(1—my) max(1l—ay,0k)
ap+(1—ag)mg
attained at oy, = 5, where ay, € [0,1], my = T—[: € (0,1). This ends the proof.

We note that

Note that the Ininimum of the function g(ax) = can be only

O |f(k Ck N N
H (I 4+v) — H H max(2ay, 1)(1 — my) +mk H ag(l —my) +mk)

i Hf“‘)HLoo i1

attains its minimum at (2, %, cee 2) Since smaller weights lead to smaller 1 — p;, we

have then a tighter error estimate (2.10).
7.2. Proof of Theorem [2.7. The inequality can be readily obtained as
in the proof of Theorem [2.5.

)
For simplicity, we denote oy = W To minimize the weights (2.11), aj has
L2

[EAl PP . o
to be EE— since the quadratic function of o
e
(k) 2
H ki R S
Faren R P A i
[1F f“‘)l!

attains its minimum at oy = ,fork=1,2,---  N.

7.3. Proof of Lemma|3.2] Here we adopt the methodology in [26] to prove the
lemma. We will prove the lemma when r is an integer. When r is not an integer, we
may apply the Hilbert space interpolation theory for K7 ([0, 1]).

Define the eigenvalues of the Rayleigh quotient Ry (f) = ”J{HLQ& for f €
0,1))
K7 ([0,1]) as follows: for n > 2,

. 2
An = inf sup 1122 0,1
(fo¥i) kT ([0,1]) =0, 1=isn—1
2 —
”fHK{([oJ])_l
. . 2 . . .
with Ay =infsup sexr o) ||fHL2([0 1) and 1); are the corresponding eigenfunctions

Hf”i({([o,u):l
to A; with HT/%'HKT([O =L
First, this eigenvalue problem is well-defined (see pp. 45, [26]) as (f, f)xr(j0,1))
is positive definite and RK(f) is bounded from above. In fact for f € Kl([O 1))

Ri(f)<opt W& < C; ! according to the following fact that there exist positive
H7([0,1])
constants C; and C, independent of r and f such that

Cle”H’([Ol ”fHKT([Ol <Cy Hf”H ([0,1]) (7.1)

Here the Hilbert space H"([0,1]) has the norm || f[| g 0.1 = (=0 1((05 f)? ))z. We
will prove this fact shortly.

Second, ||f|\%2([071]) is completely continuous with respect to ||f||§q([071]) by defi-
nition (see pp. 50, [26]). This can be seen from the following. By Poincare-Friedrich
inequality [26], for any € > 0, there exists a finite set of linear functionals ly,ls, -+ , )
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such that for f with f(c) = 0, l;(f) = 0, ¢ = 1,--- ,k implies that fol fPdx <
efol (0. f)? dx and hence that, by (7.1),
1 1 ) ) )
| Pao<e [(@pde < elflingom < Ot elMizqony-

Since the two forms (-, ) 20,1y and (-, ) k7 ((0,1]) are positive definite, according
to Theorem 3.1, pp. 52, [26], the eigenfunctions corresponding to the eigenvalues of
the Rayleigh quotient Ry (f) actually form a complete orthogonal basis not only in
L2([0,1]) but in K7 ([0,1]).

By and the second monotonicity principle (Theorem 8.1, pp. 62, [26]), A, €

2
.

[C18,, Cl_1 Bn] where (3, are eigenvalues of the Rayleigh quotient 3
o,
that the /3, are of order n=2". Actually, a complete orthogonal basis both in L?([0, 1])
and H"([0,1]) is {cos(nmx)},—,. Thus B, = (n7)~?" and A\, < Cin~?", where C;
decreases with r.

At last, it can be readily checked that the first eigenvalue \; = 1 and the corre-
sponding eigenfunction is the constant 1. Recall that K7 (]0,1]) can be decomposed
as span {1} @& K7 ([0, 1]). We then reach the conclusion if (7.1) is true.

Now we verify (7.1). By the Sobolev embedding inequality, we have | f|;~ <

Cs [f1l g1 jo,17) - Since |g(e)| < [|gll g for any g € K{([0,1]), this leads to B

r—1 1 1 . )
i )2 )2 da 1 2 2 dp 1 9 kA2 g
AT + [onsra < 3oz [opta +<205+1)k§_:2/0 (05 F)2 e

Tmmmummmmw<qmmwwm%@:@+Lmmmmw

C ||f||?p([0’1]) < Hf”?q([o,u) can be seen from the basic inequality, for any ¢ € [0, 1],

1 1
2
/ f2(z)dx < 2f%(c)+ 3 / [0, f (x)]? dz. Applying repeatedly this inequality for 9% f
0 0

k=1,---,7) and summing them up, we have, with C; = 1,
6
2 ' <« [ k 1 2
11 oy = / Pyde+ Y / 08 £ (@) dz < O£ 1oy -
k=1
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