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Dear Editor: 

Please consider for publication in the Journal of Computational Physics the attached copy of the 
manuscript entitled ``New evolution equations for the joint response-excitation probability 
density function of stochastic solutions to first-order nonlinear PDEs''. 
 
In this paper we determine new types of evolution equations satisfied by the joint response 
excitation probability density function associated with the stochastic solution to first-order 
nonlinear scalar PDEs subject to random boundary conditions, random initial conditions or 
random forcing terms. This extends recent work on the subject, e.g., by J.-B. Chen and J. Li 
[Prob. Eng. Mech 24 (2009), pp. 51-59], that holds for ODEs with random parameters, to 
nonlinear PDEs. The new equations we obtain are of interest in many areas of mathematical 
physics since they can model, e.g., ocean waves in an Eulerian framework linear and nonlinear 
advection problems, advection-reaction systems and, more generally, scalar conservation laws. 
 
By using a Fourier-Galerkin spectral method we obtain numerical solutions of the PDEs 
governing the response-excitation probability density function and we compare the numerical 
results against those obtained from probabilistic collocation (PCM) and multi-element 
probabilistic collocation (ME-PCM) methods. The numerical results suggest that the response 
excitation approach yields accurate representations of the statistical properties associated with 
the stochastic solution. Therefore, it can be effectively employed as a new computational  
method for uncertainty quantification. 

Thank you for your time and consideration. 

George EM Karniadakis 

Significance and Novelty of this paper



New evolution equations for the joint response-excitation probability density
function of stochastic solutions to first-order nonlinear PDEs

D. Venturi and G. E. Karniadakis

Division of Applied Mathematics, Brown University
Providence RI 02912 (USA)

Abstract

By using functional integral methods we determine new types of differential equations satisfied by the joint response-
excitation probability density function associated with the stochastic solution to first-order nonlinear scalar PDEs.
The theory is developed for arbitrary fully nonlinear and for quasilinear first-order stochastic PDEs subject to random
boundary conditions, random initial conditions or random forcing terms. Particular applications are presented for a
nonlinear advection problem with an additional quadratic nonlinearity, for the classical linear and nonlinear advection
equations and for the advection-reaction equation. By using a Fourier-Galerkin spectral method we obtain numerical
solutions of the PDEs governing the response-excitation probability density function and we compare the numeri-
cal results against those obtained from probabilistic collocation (PCM) and multi-element probabilistic collocation
(ME-PCM) methods. We have found that the response-excitation approach yields accurate representations of the sta-
tistical properties associated with the stochastic solution. The question of high-dimensionality for evolution equations
involving multidimensional joint response-excitation probability densities is also addressed.

Key words: PDF methods, multi-element probabilistic collocation, Hopf characteristic functional, uncertainty
quantification.

1. Introduction

The purpose of this paper is to introduce a new probability density function approach for computing the statistical
properties of the stochastic solution to first-order (in space and time) nonlinear scalar PDEs subject to uncertain initial
conditions, boundary conditions or external random forces. Specifically, we will consider two different classes of
model problems. The first one is a fully nonlinear PDE with random excitation1

∂u
∂t

+N(u, ux, x, t; ξ) = 0 , (1)

whereN is a continuously differentiable function, ux = ∂u/∂x and ξ is a finite-dimensional vector of random variables
with known joint probability density function. The second one is a multidimensional quasilinear PDE with random
excitation

∂u
∂t

+P (u, t, x; ξ) · ∇xu = Q (
u, t, x; η

)
, (2)

where P and Q are continuously differentiable functions, x denotes a set of independent variables while ξ and η are
two vectors of random variables with known joint probability density function.

As is well known, Eqs. (1) and (2) can model many physically interesting phenomena such as ocean waves in an
Eulerian framework [1, 2], linear and nonlinear advection problems, advection-reaction systems [3] and, more gener-
ally, scalar conservation laws. The key aspect in order to determine the statistical properties of the solution to Eq. (1)
or Eq. (2) relies in an efficient representation of the functional relation between the input uncertainty and the solution

1In this paper we will often refer to PDEs with random coefficients as “stochastic PDEs”.
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field. This topic has received great attention in recent years. Well known approaches are generalized polynomial
chaos [4, 5, 6], multi-element generalized polynomial chaos [7, 8], multi-element and sparse grid adaptive proba-
bilistic collocation [9, 10, 11], high-dimensional model representations [12, 13], stochastic biorthogonal expansions
[14, 15, 16] and generalized spectral decompositions [17, 18]. However, first-order nonlinear or quasilinear PDEs
with stochastic excitation admit an exact reformulation in terms of joint response-excitation [19] probability density
functions. This formulation has a great advantage with respect to more classical stochastic approaches since it does
not suffer from the curse of dimensionality problem, at least when randomness comes only from boundary or initial
conditions. In fact, we can prescribe these conditions in terms of probability distributions and this is obviously not de-
pendent on the number of random variables characterizing the underlying probability space. Therefore, a probability
density function approach seems more appropriate to tackle several open problems such as curse of dimensionality,
discontinuities in random space [8], and long-term integration [20, 21]. However, if an external random forcing term
appears within the equations of motion, e.g., represented in the form of a finite-dimensional Karhunen-Loève expan-
sion, then the dimensionality of the corresponding problem in probability space could increase significantly. This
happens because the exact stochastic dynamics in this case develops over a high-dimensional manifold and therefore
the exact probabilistic description of the system necessarily involves a multidimensional probability density function,
or even a probability density functional. The evolution equation for the joint response-excitation probability density
function associated with the solution to Eq. (1) or Eq. (2) can be determined by using different stochastic approaches.
In this paper we will employ a functional integral technique we have recently introduced in the context of nonlinear
stochastic dynamical systems. This allows for very efficient mathematical derivations compared to those ones based
on the more rigorous Hopf characteristic functional approach [22, 23, 24].

This paper is organized as follows. In section 2 we present a general functional integral technique for the rep-
resentation of the joint response-excitation probability density function associated with the stochastic solution to an
arbitrary stochastic PDE. In sections 3 and 4 we apply this technique to Eq. (1) and Eq. (2), respectively. In these sec-
tions we also present several applications: to a nonlinear advection problem with an additional quadratic nonlinearity,
to the classical linear and nonlinear advection equations, and to the advection-reaction equation [3]. In section 5 we
raise some questions related to the numerical integration of problems involving a high-dimensional joint response-
excitation probability density function. By using an accurate Fourier-Galerkin spectral method [25, 26], in section 6
we obtain numerical solutions of the PDE governing the response-excitation probability density function correspond-
ing to the randomly forced nonlinear advection equation. The numerical results are compared against those obtained
from probabilistic collocation (PCM) and multi-element probabilistic collocation (ME-PCM) approaches [9, 10]. Fi-
nally, the main findings and their implications are summarized in section 7. We also include two appendices. The first
one, i.e. appendix A, discusses the application of the Hopf characteristic functional approach to some of the equations
considered in the paper. In Appendix B we present the Fourier-Galerkin systems we have employed for the numerical
simulations.

2. Functional representation of the probability density function of the solution to stochastic PDEs

Let us consider a physical system described in terms of partial differential equations subject to uncertain initial
conditions, boundary conditions, physical parameters or external forcing terms. The solution to these types of bound-
ary value problems is a random field whose regularity properties in space and time are strongly related to the type of
nonlinearities appearing in the equations as well as on the statistical properties of the random input processes. In this
paper we assume that the probability density function of the solution field exists. In order to fix ideas, let us consider
the advection-diffusion equation

∂u
∂t

+ ξ(ω)
∂u
∂x

= ν
∂2u
∂x2 , (3)

with deterministic boundary and initial conditions. The parameter ξ(ω) is assumed to be a random variable with
known probability density function. The solution to Eq. (3) is a random field depending on the random variable
ξ(ω) in a possibly nonlinear way. We shall denote such a functional dependence as u(x, t; [ξ]). The joint probability
density of u(x, t; [ξ]) and ξ, i.e. the solution field at the space-time location (x, t) and the random variable ξ, admits
the following integral representation

p(a,b)
u(x,t)ξ = 〈δ(a − u(x, t; [ξ]))δ(b − ξ)〉 , a, b ∈ R . (4)
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The average operator 〈·〉, in this particular case, is defined as a simple integral with respect to the probability density
of ξ(ω), i.e.

p(a,b)
u(x,t)ξ =

∫ ∞

−∞
δ(a − u(x, t; [z]))δ(b − z)p(z)

ξ dz , (5)

where p(z)
ξ denotes the probability density of ξ which could be compactly supported (e.g., a uniform distribution).

The support of the probability density function p(a,b)
u(x,t)ξ is actually determined by the nonlinear transformation ξ →

u(x, t; [ξ]) appearing within the delta function δ(a−u(x, t; [ξ])) (see, e.g., Ch. 3 in [27]). The simple representation (5)
can be easily generalized to infinite dimensional random input processes. To this end, let us examine the case where
the scalar field u is advected by a random velocity field U according to the equation

∂u
∂t

+ U(x, t;ω)
∂u
∂x

= ν
∂2u
∂x2 , (6)

for some deterministic initial condition and boundary conditions. Disregarding the particular form of the random field
U(x, t;ω), let us consider its collocation representation for a given discretization of the space-time domain. This gives
us a certain number of random variables {U(xi, t j;ω)} (i = 1, ..,N, j = 1, ..., M). The random field u solving Eq. (6)
at each one of these locations is, in general, a nonlinear function of all the variables {U(xi, t j;ω)}. In order to see this,
it is sufficient to write an explicit finite difference numerical scheme of Eq. (6). The joint probability density of the
solution field u at (xi, t j) and the forcing field U at a different space-time location, say (xn, tm), admits the following
integral representation

p(a,b)
u(xi,t j)U(xn,tm) = 〈δ(a − u(xi, t j; [U(x1, t1), ...,U(xN , tM)]))δ(b − U(xn, tm))〉 , (7)

where the average is with respect to the joint probability of all the random variables {U(xn, tm;ω)} (n = 1, ..,N,
m = 1, ...,M). The notation u(xi, t j; [U(x1, t1), ...,U(xN , tM)]) emphasizes that the solution field u(xi, t j) is, in general,
a nonlinear function of all the random variables {U(xn, tm;ω)}. If we send the number of these variables to infinity,
i.e. we refine the space-time mesh to the continuum level, we obtain a functional integral representation of the joint
probability density

p(a,b)
u(x,t)U(x′,t′) = 〈δ(a − u(x, t; [U]))δ(b − U(x′, t′))〉

=

∫
D[U]W[U]δ(a − u(x, t; [U]))δ(b − U(x′, t′)) , (8)

where W[U] is the probability density functional of random field U(x, t;ω) and D[U] is the usual functional integral
measure [28, 29, 30]. Depending on the stochastic PDE, we will need to consider different joint probability density
functions, e.g., the joint probability of a field and its derivatives with respect to space variables. The functional
representation described above allows us to deal with these different situations in a very practical way. For instance,
the joint probability density of a field u(x, y, t) and its first-order spatial derivatives at different space-time locations
can be represented as

p(a,b,c)
u(x,y,t)ux(x′,y′,t′)uy(x′′,y′′,t′′) = 〈δ(a − u(x, y, t))δ(b − ux(x′, y′, t′))δ(c − uy(x′′, y′′, t′′))〉 , (9)

where, for notational convenience, we have denoted by ux
def
= ∂u/∂x, uy

def
= ∂u/∂y and we have omitted the functional

dependence on the random input variables (i.e. the variables in the brackets [·]) within each field. Similarly, the joint
probability of u(x, y, t) at two different spatial locations is

p(a,b)
u(x,y,t)u(x′,y′,t) = 〈δ(a − u(x, y, t))δ(b − u(x′, y′, t))〉 . (10)

In the sequel we will be mostly concerned with joint probability densities of different fields at the same space-time
location. Therefore, in order to lighten the notation further, sometimes we will drop the subscripts indicating the
space-time variables and write, for instance

p(a,b)
uux

= 〈δ(a − u(x, y, t))δ(b − ux(x, y, t))〉 , (11)

or even more compactly
p(a,b)

uux
= 〈δ(a − u)δ(b − ux)〉 . (12)
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2.1. Representation of derivatives

We will often need to differentiate the probability density function, e.g. (4) or (8), with respect to space or time
variables. This operation involves generalized derivatives of the Dirac delta function and it can be carried out in a
systematic manner. To this end, let us consider Eq. (4) and define the following linear functional

∫ ∞

−∞
p(a)

u(x,t)ρ(a)da = 〈
∫ ∞

−∞
δ(a − u(x, t))ρ(a)da〉 = 〈ρ(u)〉 , (13)

where ρ(a) is a continuously differentiable and compactly supported function. A differentiation of Eq. (13) with
respect to t gives

∫ ∞

−∞

∂p(a)
u(x,t)

∂t
ρ(a)da = 〈ut

∂ρ

∂u
〉

= 〈ut

∫ ∞

−∞

∂ρ

∂a
δ(a − u(x, t))da〉

=

∫ ∞

−∞
− ∂
∂a
〈utδ(a − u(x, t))〉ρ(a)da . (14)

This equation holds for an arbitrary ρ(a) and therefore we have the identity

∂p(a)
u(x,t)

∂t
= − ∂

∂a
〈δ (a − u(x, t)) ut(x, t)〉 . (15)

Similarly,

∂p(a)
u(x,t)

∂x
= − ∂

∂a
〈δ (a − u(x, t)) ux(x, t)〉 . (16)

Straightforward extensions of these results allow us to compute derivatives of joint probability density functions
involving more fields, e.g., u(x, t) and its first-order spatial derivative ux(x, t). For instance, we have

∂p(a,b)
uux

∂t
= − ∂

∂a
〈δ (a − u(x, t)) δ(b − ux(x, t))ut(x, t)〉 − ∂

∂b
〈δ (a − u(x, t)) δ(b − ux(x, t))utx(x, t)〉 , (17)

where utx
def
= ∂2u/∂t∂x.

2.2. Representation of averages

In this section we determine important formulae that allow us to compute the average of a product between Dirac
delta functions and various fields2. To this end, let us first consider the average 〈δ(a − u)u〉. By applying well-known
properties of Dirac delta functions it can be shown that

〈δ(a − u)u〉 = ap(a)
u(x,t) . (18)

This result is a multidimensional extension of the following trivial identity that holds for only one random variable ξ
(with probability density p(z)

ξ ) and a nonlinear function g(ξ) (see, e.g., Ch. 3 of [27] or [31])

∫ ∞

−∞
δ(a − g(z))g(z)p(z)

ξ dz =
∑

n

1
|g′(ẑn)|

∫ ∞

−∞
δ(z − ẑn)g(z)p(z)

ξ dz =
∑

n

g(ẑn)p(ẑn)
ξ

|g′(ẑn)| , (19)

2These formulae are actually the key results that allow us to obtain a closure for the evolution equation involving the probability density function
of the solution to first-order SPDEs.
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where ẑn = g−1(z) are roots of g(z) = a. Since g(ẑn) = g(g−1(a)) = a, from Eq. (19) it follows that

∫ ∞

−∞
δ(a − g(z))g(z)p(z)

ξ dz = a
∑

n

p(ẑn)
ξ

|g′(ẑn)| = a
∫ ∞

−∞
δ(a − g(z))p(z)

ξ dz , (20)

which is equivalent to Eq. (18). Similarly, one can show that

〈δ(a − u)δ(b − ux)u〉 = ap(a,b)
uux

, (21a)

〈δ(a − u)δ(b − ux)ux〉 = bp(a,b)
uux

, (21b)

and, more generally, that

〈δ(a − u)δ(b − ux)h(x, t, u, ux)〉 = h(x, t, a, b)p(a,b)
uux

, (22)

where, for the purposes of the present paper, h(u, ux, x, t) is any continuous function of u, ux, x and t. The result (22)
can be generalized even further to averages involving a product of functions in the form

〈δ(a − u)δ(b − ux)h(x, t, u, ux)g(x, t, uxx, uxt, utt, ...)〉 = h(x, t, a, b)〈δ(a − u)δ(b − ux)g(x, t, uxx, uxt, utt, ...)〉 . (23)

In short, the general rule is: we are allowed to take out of the average all those functions involving fields for which we
have available a Dirac delta. As an example, if u is a time-dependent field in a two-dimensional spatial domain we
have

〈δ(a − u)δ(b − ux)δ(c − uy)e−(x2+y2) sin(u)uxu2
yuxx〉 = e−(x2+y2) sin(a)bc2〈δ(a − u)δ(b − ux)δ(c − uy)uxx〉 . (24)

2.3. Intrinsic relations depending on the structure of the joint probability density function
The fields appearing in the joint probability density function are usually not independent from each other and

therefore, as a consequence, we expect that there exist a certain number of relations between the probability density
function and itself. These relations are independent of the particular stochastic PDE describing the physical system.
In order to determine them, let us consider the following joint density

p(a,b)
u(x,t)ux(x′,t′) = 〈δ(a − u(x, t))δ(b − ux(x′, t′))〉 (25)

involving a random field and its first-order spatial derivative at different space-time locations. There is clearly a
deterministic relation between the random field u and its derivative at the same space-time location. This relation
reduces to defining the partial derivative as the limit of the increment ratio

ux(x, t) = lim
x′→x

u(x′, t) − u(x, t)
(x′ − x)

. (26)

The condition (26) can be actually translated into a relation involving the probability density function (25). In fact,

∂p(a,b)
u(x,t)ux(x′,t′)

∂x
= − ∂

∂a
〈δ(a − u(x, t))ux(x, t)δ(b − ux(x′, t′))〉 . (27)

Taking the limit for x′ → x and t′ → t and using the results of section 2.2 yields

lim
x′→x

∂p(a,b)
u(x,t)ux(x′,t)

∂x
= −bp(a,b)

u(x,t)ux(x,t) . (28)

This is a differential constraint that arises only because ux is locally related to u by Eq. (26). As already pointed
out, condition (28) is independent of the specific PDE describing the physical phenomenon. Additional regularity
properties of u, e.g. the existence of the second-order spatial derivative, yield additional intrinsic relations. For
instance,

∂p(a,b)
u(x,t)ux(x′,t′)

∂x′
= − ∂

∂a
〈δ(a − u(x, t))uxx(x′, t′)δ(b − ux(x′, t′))〉 . (29)
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At the same time,

∂2 p(a,b)
u(x,t)ux(x′,t′)

∂x2 =
∂2

∂a2 〈δ(a − u(x, t))ux(x, t)2δ(b − ux(x′, t′))〉

− ∂

∂a
〈δ(a − u(x, t))uxx(x, t)δ(b − ux(x′, t′))〉 . (30)

By taking the limit for x′ → x and t′ → t of both Eqs. (29) and (30), we obtain the differential constraint

lim
x′→x

∂2 p(a,b)
u(x,t)ux(x′,t)

∂x2 = b2
∂p(a,b)

u(x,t)ux(x′,t)

∂a2 +
∂

∂a

∫ b

−∞
lim
x→x′

∂p(a,b′)
u(x,t)ux(x′,t)

∂x′
db′ . (31)

The existence of the third-order spatial derivative yields another relation and so forth. In principle, if the field u is
analytic we can construct an infinite set of differential constraints to be satisfied at every space-time location. In other
words, the local regularity properties of the field u can be translated into a set differential constraints involving the
joint probability density function (25). We conclude this section by noting that the correlation between the two Dirac
delta functions arising in (25) can be also formally expanded in a functional power series [32, 33]. This yields a series
expansion of the joint probability density in terms of cumulants of the random input variables.

3. Kinetic equations for the probability density function of the solution to first-order nonlinear stochastic PDEs

In this section we address the question of how to obtain a kinetic equation for the probability density of the solution
to the nonlinear evolution equation

∂u
∂t

+N(u, ux, x, t) = 0 , (32)

where N is a continuously differentiable function. For the moment, we shall consider only one spatial dimension
and assume that the field u(x, t;ω) is random as a consequence of the fact that the initial condition or the boundary
condition associated with Eq. (32) are set to be random. A more general case involving a random forcing term will
be discussed later in this section. As is well known, the full statistical information of the solution to Eq. (32) can
be always encoded in the Hopf characteristic functional of the system (see appendix A). In some very special cases,
however, the functional differential equation satisfied by the Hopf functional can be reduced to a standard partial
differential equation for the characteristic function or, equivalently, for the probability density function of the system.
First-order nonlinear stochastic PDEs belong to this class and, in general, they admit a reformulation in terms of the
joint density of u and its first order spatial derivative ux at the same space-time location, i.e.,

p(a,b)
uux

= 〈δ(a − u(x, t))δ(b − ux(x, t))〉 . (33)

The average operator 〈·〉 here is defined as an integral with respect to the joint probability density functional of the
random initial condition and the random boundary condition. A differentiation of Eq. (33) with respect to time yields

∂p(a,b)
uux

∂t
= − ∂

∂a
〈δ(a − u)utδ(b − ux)〉 − ∂

∂b
〈δ(a − u)δ(b − ux)uxt〉 . (34)

If we substitute Eq. (32) and its derivative with respect to x into Eq. (34) we obtain

∂p(a,b)
uux

∂t
=

∂

∂a

(
N p(a,b)

uux

)
+
∂

∂b
〈
(
∂N
∂u

ux +
∂N
∂ux

uxx +
∂N
∂x

)
δ(a − u)δ(b − ux)〉 . (35)

Next, let us recall that N and its derivatives are at least continuous functions (by assumption) and therefore by using
Eq. (23) they can be taken out of the averages. Thus, the only item that is missing in order to close Eq. (35) is
an expression for the average of uxx in terms of the probability density function. Such an expression can be easily
obtained by integrating the identity

∂p(a,b)
uux

∂x
= −b

∂p(a,b)
uux

∂a
− ∂

∂b
〈δ(a − u)δ(b − ux)uxx〉 (36)
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with respect to b from −∞ to b and taking into account the fact that the average of any field vanishes when b → ±∞
due to the properties of the underlying probability density functional. Therefore, Eq. (36) can be equivalently written
as

〈δ(a − u)δ(b − ux)uxx〉 = −
∫ b

−∞

∂p(a,b′)
uux

∂x
db′ −

∫ b

−∞
b′
∂p(a,b′)

uux

∂a
db′ . (37)

A substitution of this relation into Eq. (35) yields the final result

∂p(a,b)
uux

∂t
=

∂

∂a

(
N p(a,b)

uux

)
+
∂

∂b


(
b
∂N
∂a

+
∂N
∂x

)
p(a,b)

uux
− ∂N
∂b


∫ b

−∞

∂p(a,b′)
uux

∂x
db′ +

∫ b

−∞
b′
∂p(a,b′)

uux

∂a
db′


 , (38)

where N here is a function of a, b, x and t, respectively. Equation (38) is the correct evolution equation for the
joint probability density associated with the solution to an arbitrary nonlinear evolution problem in the form (32).
This equation made its first appearance in [34], although the original published version has many typos and a rather
doubtful derivation3. A natural generalization of Eq. (32) includes an external driving force in the form

∂u
∂t

+N(u, ux, x, t) = f (x, t;ω) . (39)

Depending on the type of the random field f and on its correlation structure, different stochastic methods can be
employed. For instance, if the characteristic variation of f is much shorter than the characteristic variation of the
solution u then we can use small correlation space-time expansions. In particular, if the field f is Gaussian then
we can use the Furutsu-Novikov-Donsker [35, 36, 37] formula (see also [24]). Alternatively, if we have available a
Karhunen-Loève expansion

f (x, t;ω) =

m∑

k=1

λkξk(ω)ψk(x, t) , (40)

then we can obtain a closed and exact equation for the joint probability of u, ux and all the (uncorrelated) random
variables {ξk(ω)} appearing in the series (40), i.e.,

p(a,b,{ck})
u(x,t)ux(x,t){ξk} = 〈δ(a − u(x, t))δ(b − ux(x, t))

m∏

k=1

δ(ck − ξk)〉 . (41)

For the specific case of Eq. (39) we obtain the final result

∂P
∂t

=
∂

∂a
(NP) +

∂

∂b

[(
b
∂N
∂a

+
∂N
∂x

)
P − ∂N

∂b

(∫ b

−∞

∂P
∂x

db′ +
∫ b

−∞
b′
∂P
∂a

db′
)]
−


m∑

k=1

λkckψk


∂P
∂a

, (42)

where we have used the shorthand notation

P def
= p(a,b,{ck})

u(x,t)ux(x,t){ξk} . (43)

Note that Eq. (42) is linear and exact but it involves 4 variables (t, x, a and b) and m parameters ({c1, ..., cm}). In any
case, once the solution is available4 we can integrate out the variables (b, {ck}) and obtain the response probability of
the system, i.e. the probability density of the solution u at every space-time point as

p(a)
u(x,t) =

∫ ∞

−∞
· · ·

∫ ∞

−∞
p(a,b,{ck})

u(x,t)ux(x,t){ξk}dbdc1 · · · dcm . (44)

3(Equation numbering hereafter corresponds to Ref. [34]). First of all, we notice a typo in Eq. (1.5), i.e. two brackets are missing. Secondly,
according to Eq. (1.1) f is a multivarible function that includes also x and therefore one term is missing in Eq. (1.6). Also, despite the rather
doubtful derivation, the final result (1.8) seems to have three typos, i.e., the variable v is missing in the last integral within the brackets (this typo
was corrected in the subsequent Eq. (1.9)) and there are two signs that are wrong. These sign errors are still present in Eq. (1.9).

4Later on we will discuss in more detail numerical algorithms and techniques that can be employed to compute the numerical solution to a
multidimensional linear PDE like (42).
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The integrals above are formally written from −∞ to∞ although the probability density we are integrating out may be
compactly supported. We conclude this section by observing that the knowledge of the probability density function
of the solution to a stochastic PDE at a specific location does not provide all the statistical information of the system.
For instance, the calculation of the two-point correlation function 〈u(x, t)u(x′, t′)〉 requires the knowledge of the joint
probability density of the solution u at two different locations, i.e. p(a,b)

u(x,t)u(x′,t′). We will go back to this point in section
4.

3.1. An example: nonlinear advection problem with an additional quadratic nonlinearity

Let us consider the following quadratic prototype problem (see, e.g., [38], p. 358)



∂u
∂t

+ u
∂u
∂x

+ ν

(
∂u
∂x

)2

= 0 , ν ≥ 0 , x ∈ [0, 2π] , t ≥ t0

u(x, t0;ω) = A sin(x) + η(ω) , A > 0
Periodic B.C.

(45)

where η(ω) is a random variable with known probability density function. In this introductory example we would
like to provide full details on the calculation of the equation for the probability density function. To this end, let us
substitute Eq. (45) and its derivative with respect to x into Eq. (34) to obtain

∂p(a,b)
uux

∂t
=

(
ab + νb2

) ∂p(a,b)
uux

∂a
+ bp(a,b)

uux
+
∂

∂b
〈δ(a − u)δ(b − ux)

(
u2

x + uuxx + 2νuxuxx

)
〉 . (46)

At this point we need an explicit expression for the last average at the right hand side of Eq. (46) in terms of the
probability density function (33). Such an expression can be easily obtained by using the averaging rule (23) and
identity (37). We finally get

∂p(a,b)
uux

∂t
= − a

∂p(a,b)
uux

∂x
+ bp(a,b)

uux
+
∂

∂b

(
b2 p(a,b)

uux

)
− νb2 ∂p(a,b)

uux

∂a
− 2ν

b
∂p(a,b)

uux

∂x
+

∫ b

−∞
b′
∂p(a,b′)

uux

∂a
db′ +

∫ b

−∞

∂p(a,b′)
uux

∂x
db′

 .
(47)

This equation is obviously consistent with the general law (38) withN(a, b, x, t) = ab + νb2. An alternative derivation
of Eq. (47) is also provided in Appendix A.3 by employing the Hopf characteristic functional approach. Note that
Eq. (47) is a linear partial differential equation in 4 variables (a, b, x, t) that can be integrated for t ≥ t0 once the
joint probability of u and ux is provided at some initial time t0. In the present example, such an initial condition
can be obtained by observing that the spatial derivative of the random initial state u(x, t0;ω) = A sin(x) + η(ω) is the
deterministic function

ux(x, t0;ω) = A cos(x) . (48)

Therefore, by applying the Dirac delta formalism, we see that the initial condition for the joint probability density of
u and ux is

p(a,b)
u(x,t0)ux(x,t0) = 〈δ(a − A sin(x) − η)δ(b − A cos(x))〉

= δ(b − A cos(x))〈δ(a − A sin(x) − η)〉
= δ(b − A cos(x))

1√
2π

e−(a−A sin(x))2/2 , (49)

provided η(ω) is a Gaussian random variable. At this point it is clear that Eq. (47) has to be interpreted in a weak
sense in order for the initial condition (49) to be meaningful. From a numerical viewpoint the presence of the Dirac
delta function within the initial condition introduces significant difficulties. In fact, if we adopt a Fourier-Galerkin
framework then we need a very high (theoretically infinite) resolution in the b direction in order to resolve such
initial condition and, consequently, the proper temporal dynamics of the probability function. In addition, the Fourier-
Galerkin system associated with Eq. (47) is fully coupled and therefore inaccurate representations of the Dirac delta
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appearing in the initial condition rapidly propagate within the Galerkin system, leading to numerical errors. However,
we can always apply a Fourier transformation with respect to a and b to Eqs. (47) and (49), before performing the
numerical discretization. This is actually equivalent to look for a solution in terms of the joint characteristic function
instead of the joint probability density function. The corresponding evolution equation is obtained in appendix A.3
and it is rewritten hereafter for convenience (φ(a,b)

uux denotes the joint characteristic function of u and ux, while i is the
imaginary unit)

∂φ(a,b)
uux

∂t
= ib

∂2φ(a,b)
uux

∂b2 − i
∂φ(a,b)

uux

∂b
+ i

∂2φ(a,b)
uux

∂a∂x
− iνa

∂2φ(a,b)
uux

∂b2 − 2
iν
b


∂φ(a,b)

uux

∂x
− a

∂φ(a,b)
uux

∂b
− b

∂2φ(a,b)
uux

∂b∂x

 . (50)

The initial condition for this equation is obtained by Fourier transformation of Eq. (49). This yields the well-defined
complex function

φ(a,b)
u(x,t0)ux(x,t0) =

1√
2π

eibA cos(x)
∫ ∞

−∞
eiaα−(α−A sin(x))2/2dα . (51)

We do not address here the computation of the numerical solution to the problem defined by Eqs. (47) and (49).
Instead, we aim to prove the consistency of such problem with the nonlinear advection problem discussed in the
forthcoming section 4.2. To this end, let us first observe that Eq. (36) can be rewritten as

bp(a,b)
uux

= −
∫ a

−∞

∂p(a′,b)
uux

∂x
da′ − ∂

∂b

∫ a

−∞
〈δ(a′ − u)δ(b − ux)uxx〉da′ . (52)

Thus, if we set ν = 0 in Eq. (47) and integrate it with respect to b from −∞ to ∞, together with the initial condition
(49), we obtain 

∂p(a)
u(x,t)

∂t
+
∂p(a)

u(x,t)

∂x
+

∫ a

−∞

∂p(a′)
u(x,t)

∂x
da′ = 0

p(a)
u(x,t0) =

1√
2π

e−(a−A sin(x))2/2
(53)

The problem (53) coincides with (73) with ψ = 05 and therefore we have shown that Eq. (47) is consistent with the
standard nonlinear advection equation when ν = 0. We note that, the equations derived in [34] are not consistent in
this sense due to the aforementioned typos.

4. Kinetic equations for the probability density of the solution to first-order quasilinear stochastic PDEs

In this section we discuss the possibility to obtain a kinetic equation for the probability density function of stochas-
tic solutions to multidimensional quasilinear stochastic PDE in the form

∂u
∂t

+P (u, t, x; ξ) · ∇xu = Q (
u, t, x; η

)
, (54)

where P and Q are assumed to be continuously differentiable, x denotes a set of independent variables6 while ξ =

[ξ1, ..., ξm] and η = [η1, ..., ηn] are two vectors of random variables with known joint probability density function. We
remark that Eq. (54) models many physically interesting phenomena such as ocean waves [1], linear and nonlinear
advection problems, advection-reaction equations [3] and, more generally, scalar conservation laws. We first consider
the case where the stochastic solution u(x, t;ω) is random as consequence of the fact that the initial condition or the
boundary conditions are random. In other words, we temporarily remove the dependence on {ξk} and {ηk} in P and Q,
respectively. In this case an exact evolution equation for the probability density function

p(a)
u(x,t) = 〈δ(a − u(x, t))〉 (55)

5Simply set ψ = 0 in (73) and integrate both the equation and the initial condition with respect to b from −∞ to∞.
6In many applications x is just a vector of spatial coordinates, e.g., x = (x, y, z). More generally, x is a vector of independent variables including,

e.g., spatial coordinates and parameters. For example, the two-dimensional action balance equation for ocean waves in the Eulerian framework
[1, 2] is defined in terms of the following variables x = (x, y, θ, σ) where θ and σ denote wave direction and wavelength, respectively.
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can be determined. The average here is with respect to the joint probability density functional of the random initial
condition and the random boundary conditions. Differentiation of (55) with respect to t yields

∂p(a)
u(x,t)

∂t
= − ∂

∂a
〈δ(a − u(x, t)) [−P (u, t, x) · ∇xu + Q (u, t, x)]〉 . (56)

By using the results of the previous sections it is easy to show that this equation can be equivalently written as

∂p(a)
u(x,t)

∂t
+
∂

∂a

(
P (a, t, x) ·

∫ a

−∞
∇x p(a′)

u(x,t)da′
)

= − ∂
∂a

(
Q (a, t, x) p(a)

u(x,t)

)
. (57)

If we denote by D the number of independent variables appearing in the vector x, then we see that Eq. (57) is a linear
partial differential equation in D + 2 variables. Note that Eq. (57) is independent of the number of random variables
describing the boundary conditions or the initial conditions.

As we have previously pointed out, the knowledge of the probability density function of the solution to a stochastic
PDE does not provide all the statistical information about the stochastic system. For instance, the computation of the
two-point correlation function requires the knowledge of the joint probability of the solution field at two different
locations. In order to determine such equation let us consider the joint density

p(a,b)
u(x,t)u(x′,t) = 〈δ(a − u(x, t))δ(b − u(x′, t))〉 . (58)

Differentiation of Eq. (55) with respect to time yields

∂

∂t
p(a,b)

u(x,t)u(x′,t) = − ∂

∂a
〈δ(a − u(x, t))δ(b − u(x′, t)) [−P (u, t, x) · ∇)xu + Q (u, t, x)]〉

− ∂

∂b
〈δ(a − u(x, t))δ(b − u(x′, t))

[−P (
u, t, x′

) · ∇x′u + Q (
u, t, x′

)]〉 , (59)

and therefore

∂

∂t
p(a,b)

u(x,t)u(x′,t) +
∂

∂a

(
P (a, t, x) ·

∫ a

−∞
∇x p(a′,b)

u(x,t)u(x′,t)da′
)

+
∂

∂b

(
P (b, t, x) ·

∫ b

−∞
∇x′ p

(a,b′)
u(x,t)u(x′,t)db

)
=

− ∂
∂a

(
Q (a, t, x) p(a,b)

u(x,t)u(x′,t)

)
− ∂

∂b

(
Q (

b, t, x′
)

p(a,b)
u(x,t)u(x′,t)

)
. (60)

Next, we consider Eq. (54) and we look for a kinetic equation involving the joint probability density of u and all the
random variables {ξi} and {η j}

p(a,{bi},{c j})
u(x,t){ξi}{η j}

def
= 〈δ(a − u(x, t))

m∏

k=1

δ(bk − ξk)
n∏

j=1

δ(ck − ηk)〉 . (61)

The average here is with respect to the joint probability density functional of the random initial condition, the random
boundary conditions and all the random variables {ξi} and {η j}. By following exactly the same steps that led us to Eq.
(57) we obtain

∂

∂t
p(a,{bi},{c j})

u(x,t){ξi}{η j} +
∂

∂a

(
P (a, t, x, b) ·

∫ a

−∞
∇p(a′,{bi},{c j})

u(x,t){ξi}{η j}da′
)

= − ∂
∂a

(
Q (a, t, x, c) p(a,{bi},{c j})

u(x,t){ξi}{η j}

)
. (62)

Thus, if x is a vector of D variables then Eq. (62) involves D + 2 variables and n + m parameters, i.e. b = (b1, ..., bm),
c = (c1, ..., cn). Therefore, the numerical solution to Eq. (62) necessarily involves the use of computational schemes
specifically designed for high-dimensional problems such as sparse grid or separated representations [39, 40]. How-
ever, let us remark that ifP and Q are easily integrable then we can apply the method of characteristics directly to Eq.
(54) (or Eq. (62)) and obtain even an analytical solution to the problem. Unfortunately, this is not always possible and
therefore the use of numerical approaches is often unavoidable.
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4.1. Example 1: Linear advection

Let us consider the simple linear advection problem


∂u
∂t

+
∂u
∂x

= σξ(ω)ψ(x, t) , σ ≥ 0 , x ∈ [0, 2π] , t ≥ t0

u(x, t0;ω) = u0(x;ω)
Periodic B.C.

(63)

where u0(x;ω) is a random initial condition of arbitrary dimensionality, ξ(ω) is a random variable and ψ is a prescribed
deterministic function. We look for an equation involving the joint response-excitation probability density function

p(a,b)
u(x,t)ξ = 〈δ(a − u(x, t))δ(b − ξ)〉 . (64)

The average here is with respect to the joint probability measure of u0(x;ω) and ξ(ω). Differentiation of (64) with
respect to t and x yields, respectively

∂p(a,b)
u(x,t)ξ

∂t
= − ∂

∂a
〈δ(a − u)utδ(b − ξ)〉 , (65a)

∂p(a,b)
u(x,t)ξ

∂x
= − ∂

∂a
〈δ(a − u)uxδ(b − ξ)〉 . (65b)

A summation of Eqs. (65a) and (65b) gives the final result

∂p(a,b)
u(x,t)ξ

∂t
+
∂p(a,b)

u(x,t)ξ

∂x
= − ∂

∂a
〈δ(a − u) [ut + ux] δ(b − ξ)〉

= − ∂
∂a
〈δ(a − u)σξψδ(b − ξ)〉

= −σbψ(x, t)
∂p(a,b)

u(x,t)ξ

∂a
. (66)

Thus, the problem corresponding to Eq. (63) can be formulated in probability space as



∂p(a,b)
u(x,t)ξ

∂t
+
∂p(a,b)

u(x,t)ξ

∂x
= −σ

∂p(a,b)
u(x,t)ξ

∂a
bψ(x, y) , σ ≥ 0 , x ∈ [0, 2π] , t ≥ t0

p(a,b)
u(x,t0)ξ = p(a)

u0(x) p(b)
ξ

Periodic B.C.

(67)

where we have assumed that the process u0(x;ω) is independent of ξ and we have denoted by p(a)
u0(x) and p(b)

ξ the
probability densities of the initial condition and ξ(ω), respectively. Equation (67) is derived also in appendix (A.1) by
employing a Hopf characteristic functional approach. Once the solution to Eq. (67) is available, we can compute the
response probability of the system as

p(a)
u(x,t) =

∫ ∞

−∞
p(a,b)

u(x,t)ξdb (68)

and then extract all the statistical moments we are interested in, e.g.,

〈um(x, t;ω)〉 =

∫ ∞

−∞
am p(a)

u(x,t)da . (69)
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4.2. Example 2: Nonlinear advection
A more interesting problem concerns the computation of the statistical properties of the solution to the randomly

forced inviscid Burgers equation


∂u
∂t

+ u
∂u
∂x

= σξ(ω)ψ(x, t) , σ ≥ 0 , x ∈ [0, 2π] , t ≥ t0

u(x, t0;ω) = A sin(x) + η(ω) A ∈ R
Periodic B.C.

(70)

where, as before, ξ and η are assumed as independent Gaussian random variables and ψ is a prescribed deterministic
function. Note that the amplitude of the initial condition controls the initial speed of the wave. We look for an equation
involving the probability density (64). To this end, we differentiate it with respect to t and x

∂p(a,b)
u(x,t)ξ

∂t
= − ∂

∂a
〈δ(a − u)utδ(b − ξ)〉 , (71a)

∂p(a,b)
u(x,t)ξ

∂x
= − ∂

∂a
〈δ(a − u)uxδ(b − ξ)〉 , (71b)

a
∂p(a,b)

u(x,t)ξ

∂x
= − ∂

∂a
〈δ(a − u)uuxδ(b − ξ)〉 + 〈δ(a − u)uxδ(b − ξ)〉 . (71c)

By using Eq. (71b) we obtain

〈δ(a − u)uxδ(b − ξ)〉 = −
∫ a

−∞

∂p(a′,b)
u(x,t)ξ

∂x
da′ . (72)

Finally, a summation of Eq. (71a) and Eq. (71c) (with the last term given by Eq. (72)) gives


∂p(a,b)
u(x,t)ξ

∂t
+ a

∂p(a,b)
u(x,t)ξ

∂x
+

∫ a

−∞

∂p(a′,b)
u(x,t)ξ

∂x
da′ = −σbψ(x, t)

∂p(a,b)
u(x,t)ξ

∂a
, x ∈ [0, 2π] , t ≥ t0

p(a,b)
u(x,t0)ξ = pη(a, x)pξ(b)

Periodic B.C.

(73)

where, as before

pξ(b) =
1√
2π

e−b2/2 , pη(a, x) =
1√
2π

e−(a−A sin(x))2/2 . (74)

Equation (73) is derived also in appendix (A.2) by employing a Hopf characteristic functional approach.

4.3. Example 3: Nonlinear advection with high-dimensional random forcing
A natural generalization of the problem considered in §4.2 involves a high-dimensional random forcing term



∂u
∂t

+ u
∂u
∂x

= σ f (t, x;ω) , x ∈ [0, 2π] , t ≥ 0 , σ ≥ 0

u(x, 0;ω) = A sin(x) + η(ω)
Periodic B.C.

(75)

where f (t, x;ω) is a random field with stipulated statistical properties, e.g. a Gaussian random field with prescribed
correlation function. For convenience, let us assume that we have available a Karhunen-Loève representation of f , i.e.

f (x, t;ω) =

m∑

k=1

λkξk(ω)ψk(x, t) , (76)

where {ξk(ω)} is a set of uncorrelated Gaussian random variables. With these assumptions the space-time autocorrela-
tion of the random field (76) can be rather arbitrary. Indeed, the functions ψk can be constructed based on a prescribed
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correlation structure [15]. Now, let us look for an evolution equation involving the joint probability density function
of the solution u and all the random variables {ξ1, · · · , ξm}

p(a,{b j})
u(x,t){ξ j} = 〈δ(a − u)

m∏

k=1

δ(bk − ξk)〉 . (77)

By following the same steps that led us to Eq. (73) it can be shown that

∂

∂t
p(a,{b j})

u(x,t){ξ j} + a
∂

∂x
p(a,{b j})

u(x,t){ξ j} +
∫ a

−∞

∂

∂x
p(a′,{b j})

u(x,t){ξ j}da′ = −σ
m∑

k=1

λkbkψk(x, t)
∂

∂a
p(a,{b j})

u(x,t){ξ j} . (78)

This is a linear equation that involves 3 variables (a, t and x) and m parameters (b1, ...,bm).

4.4. Example 4: Three-dimensional advection-reaction equation
As a last example, let us consider a multidimensional advection-reaction system governed by the stochastic PDE

∂u
∂t

+ U(x, t;ω) · ∇u = H(u) , (79)

where x = (x, y, z) are spatial coordinates, U(x, t;ω) is a vectorial random field with known statistics and H is a
nonlinear function of u. Equation (79) has been recently investigated by Tartakovsky and Broyda [3] in the context of
transport phenomena in heterogeneous porous media with uncertain properties7. In the sequel, we shall assume that
we have available a representation of the random field U(x, t;ω), e.g., a Karhunen-Loève series of each component in
the form

U(x)(x, t;ω) =

mx∑

i=1

λ(x)
i ξi(ω)Ψ(x)

i (x, t) , (80a)

U(y)(x, t;ω) =

my∑

j=1

λ
(y)
j η j(ω)Ψ(y)

j (x, t) , (80b)

U(z)(x, t;ω) =

mz∑

k=1

λ(z)
k ζk(ω)Ψ(z)

k (x, t) . (80c)

Note that each set of random variables {ξi}, {η j} and {ζk} is uncorrelated, but we can have a correlation between
different sets. This gives us the possibility to prescribe a correlation structure between different velocity components
at the same space-time location. Given this, let us look for an equation satisfied by the joint probability density
function

p(a,{bi},{c j},{dk})
u(x,t){ξi}{η j}{ζk} = 〈δ(a − u(x, t))

mx∏

i=1

δ(bi − ξi)
my∏

j=1

δ(b j − η j)
m∏

k=1

δ(dk − ζk)〉 , (81)

where the average is with respect to the joint probability density functional of the initial conditions, boundary condi-
tions and random variables {{ξi}, {η j}, {ζk}}. By following the same steps that led us to Eq. (57), we obtain

∂P
∂t

+


mx∑

i=1

λ(x)
i biΨ

(x)
i


∂P
∂x

+


my∑

i=1

λ
(y)
i ciΨ

(y)
i


∂P
∂y

+


mz∑

i=1

λ(z)
i diΨ

(z)
i


∂P
∂z

= − ∂
∂a

(HP) , (82)

where P is a shorthand notation for Eq. (81). Equation (82) involves 5 variables (a, x, y, z, t) and mx + my + mz

parameters. Thus, the exact stochastic dynamics of this advection-reaction system develops over a high-dimensional
manifold. In order to overcome such a dimensionality issue, Tartakovsky & Broyda [3] have focused in obtaining
a closure approximation of the response probability associated with the solution to Eq. (79) based on a large eddy

7In [3] it is assumed thatH is random as a consequence of an uncertain reaction rate constant κ(x;ω).
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diffusivity scheme. Note that a marginalization of Eq. (82) with respect to all the parameters {{bi}, {c j}, {dk}} yields
an exact evolution for p(a)

u(x,t) involving various integrals of (81). All these integrals, however, are in the form of first-
order moments of one-dimensional marginals. Under this perspective, a closure model for the probability density of
the solution to Eq. (82) aims at quantifying the relation between such probability density and the aforementioned
moments involving one-dimensional marginals.

5. Some remarks on kinetic equations involving high-dimensional joint response-excitation probability density
functions

All the equations presented in this paper for the probability density function are linear evolution equations that
can be formally written as [41, 42]

∂p
∂t

= Hp . (83)

where H is, in general, a linear operator depending on space, time as well as on many parameters, here denoted by
{bi}. The parametric dependence of H on the set {bi} is usually linear. For instance, the kinetic equation (78) can be
written in the general form (83) provided we define

H def
= L + σB , (84a)

L def
= −a

∂

∂x
(·) −

∫ a

−∞

∂

∂x
(·) da′ , (84b)

B def
= −

d∑

k=1

bkψk(x, t)
∂

∂a
(·) . (84c)

A discretization of Eq. (83) with respect to the variables of the system, e.g. a and x in case of Eq. (78), yields a linear
system of ordinary differential equations for the Fourier coefficients8 p̂ (t; {bi})

dp̂ (t; {bi})
dt

= Ĥ (t; {bi}) p̂ (t; {bi}) . (85)

The matrix Ĥ (t; {bi}) is the finite-dimensional version of the linear operator H. The short-time propagator associated
with the system (85) can be expressed analytically in terms of a Magnus series [43, 44]

p̂ (t; {bi}) = exp


∞∑

k=1

Ωk (t, t0; {bi})
 p̂ (t0; {bi}) , (86)

where the matrices Ωk (t; {bi}) are

Ω1 (t, t0; {bi}) =

∫ t

t0
Ĥ (t1; {bi}) dt1 (87a)

Ω2 (t, t0; {bi}) =
1
2

∫ t

t0

∫ t1

t0
[Ĥ (t1, ; {bi}) , Ĥ (t2; {bi})]dt1dt2 , (87b)

Ω3 (t, t0; {bi}) =
1
6

∫ t

t0

∫ t1

t0

∫ t2

t0

(
[Ĥ (t1; {bi}) , [Ĥ (t2; {bi}) , Ĥ (t3; {bi})]]+

+[Ĥ (t3; {bi}) , [Ĥ (t2; {bi}) , Ĥ (t1; {bi})]]
)

dt1dt2dt3 , (87c)

· · ·

8In Eq. (85) p̂ (t; {bi}) denotes a vector of Fourier coefficients.
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[ , ] being the matrix commutator (Lie bracket), i.e. [A, B] def
= AB − BA. As is well known, the convergence radius

of the representation (86), i.e. the break-down time Tb where we have no guarantee that the solution is in the form
(86), depends on the norm of the operator H (see §2.7 in [43]). Thus, we cannot expect that the representation (86) in
general holds for all t ≥ 0. However, in some particular cases, e.g. when the matrix Ĥ (t; {bi}) has the structure

Ĥ (t; {bi}) =

d∑

l=1

zk(t)Qk ({bi}) , zk(t) are scalar functions, Qk are matrices (88)

then there exist a global representation of the solution in terms of a product of d matrix exponentials [45]. A global
representation can also be constructed based on the general the formula (90). To this end, let us partition the integration
period [0,T ] into n small chunks [ti+1, ti] (tn+1 = T , t0) and consider a Magnus expansion within each time interval.
This allows us to represent the time evolution of the solution through a product of exponential operators in the form

G(t, t0; {bi}) =

n∏

j=0

exp


p∑

k=1

Ωk

(
t j+1, t j; {bi}

) , (89)

where, e.g., Ω1

(
t j+1, t j; {bi}

)
is defined by Eq. (87a) but with integration limits t j and t j+1. In order to achieve a

time integration method order 2p, only terms up to Ω2p−2 have to be retained in the exponents appearing in (89).
We also remark that these exponential operators can be can be decomposed further by using the Suzuki’s formulae
[46]. The response probability of the system at a particular time then is obtained by averaging the unitary evolution
G(t, t0; {b})p̂ (t0; {bi}) with respect to all the parameters {b j}, i.e. over all the possible histories of the system. In other
words, once the transformation (89) has been constructed then we can, in principle, integrate out all the variables {bi}
and obtain the following expression for the Fourier coefficients of the response probability

p̂ (t) = 〈G(t, t0; {bi})p̂ (t0; {bi})〉b , t ∈ [0,T ] , (90)

where the average 〈·〉b denotes a multidimensional integral with respect to the parameters {b j}. It is clear at this point
that the computation of the multidimensional integral appearing in Eq. (90) is the key aspect for the calculation of
the response probability associated with the random wave. Remarkably, this averaging operation is very similar to
the computation of the effective Lagrangian in the functional integral formalism of classical statistical physics ([28],
p. 196). Unfortunately, there is still no explicit analytical formula for the integral of the exponential operator (89)
with respect to the parameters bk (see, e.g., [47, 48, 49, 50]) and therefore it seems that an analytical calculation of
(90) cannot be performed explicitly. From a numerical viewpoint, however, recent multidimensional extensions [47]
of the Van Loan [48] algorithm could lead to effective techniques for the calculation of the average appearing in Eq.
(90). Let us conclude this section by observing that, in general, the numerical solution of equations involving a high-
dimensional probability density function is a challenging problem. However, recent advances in numerical methods
for high-dimensional partial differential equations [40, 51, 39] allow us to perform the simulation of these high-
dimensional systems by exploiting the power of separated respresentation. Indeed, the computational complexity
of separated schemes scales linearly with the dimension of the space in which the model is defined, instead of the
exponential growing characteristic of mesh-based discretization strategies.

6. Numerical results

The main purpose of this section is to provide evidence that the evolution equations for the probability density
function obtained in this paper are correct. To this end we will consider two specific prototype problems discussed
in section §4.1 and §4.2, i.e., the randomly forced linear and nonlinear advection equations. For the linear advection
problem we will provide an analytical solution while for the nonlinear advection equation we will resort to a Fourier-
Galerkin spectral method [25, 26] combined with high-order probabilistic collocation [9, 10].
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Figure 1: Response probability p(a)
u(x,t) of the solution to the linear advection problem (63) as computed form Eq. (67). Shown are snapshots of the

probability density function at different times for σ = 3.

6.1. Linear Advection
By using the method of characteristics ([52] p. 97, [38] p. 66) it can be proved that the analytical solution to (63)

assuming

ψ(x, t) = sin(x) sin(2t) , (91a)

u0(x;ω) =

10∑

k=1

ηk(ω)
1
k

sin(kx + k) +

10∑

k=1

ζk(ω)
1
k

cos(kx) , (91b)

is
u(x, t;ω) = u0(x − t;ω) + σξ(ω)Q(x, t) , (92)

where
Q(x, t) def

=
2
3

sin(x − t) − 1
2

sin(x − 2t) − 1
6

sin(x + 2t) . (93)

Thus, if ηk(ω), ζk(ω) and ξ(ω) are independent Gaussian random variables then we obtain the following statistical
moments

〈u(x, t;ω)n〉 =


0 n odd

(n − 1)(n − 3) · · ·
[
Z(x − t)2 + σ2Q(x, t)2

]n/2
n even

(94)

where

Z(x)2 def
=

10∑

k=1

1
k2

[
sin(kx + k)2 + cos(kx)2

]
. (95)

Similarly, the analytical solution to the problem (67) for the initial condition

p(a,b)
u(x,t0)ξ =

1
2π |Z(x)| exp

[
− a2

2Z(x)2 −
b2

2

]
(96)
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Figure 2: Linear advection equation. (a) Variance of the solution field u(x, t;ω) in space-time for σ = 3 and (b) time-slices of the variance in spatial
domain.

is easily obtained through the method of characteristics as

p(a,b)
u(x,t)ξ =

1
2π |Z(x − t)| exp

−
a2 + b2

(
Z(x − t)2 + σ2Q(x, t)2

)
− 2abσQ(x, t)

2Z(x − t)2

 . (97)

An integration of Eq. (97) with respect to b form −∞ to∞, gives the following expression for the response probability
density function (i.e. the probability of u(x, t;ω))

p(a)
u(x,t) =

1√
2π |W(x, t)|

exp
[
− a2

2W(x, t)2

]
, (98)

where
W(x, t)2 def

= Z(x − t)2 + σ2Q(x, t)2 . (99)

Note that the statistical moments (94) are in perfect agreement with the moments of the probability density function
(98) and therefore the solutions to Eqs. (67) and (63) are fully consistent. The response probability density (68) is
shown in figure 1 at different time instants. Similarly, in figure 2 we plot the variance of the solution field at different
times (note that the mean field is identically zero).

6.2. Nonlinear advection

An analytical solution to the problem (70) is not available in an explicit form and therefore we need to resort to
numerical approaches. To this end, we employ a Fourier-Galerkin method combined with high-order probabilistic
collocation for the simulation of both Eqs. (70) and (73) (see appendix B). For smooth initial conditions, the spectral
convergence rate of the Fourier-Galerkin method [26] allows us to simulate the time evolution of the probability
density very accurately. In addition, the integral appearing in Eq. (73) can be computed analytically. However,
let us remark that the use of a global Fourier series for the representation of the probability density function has
also some drawbacks. First of all, the positivity and the normalization condition are not automatically guaranteed.
The normalization condition, however can be enforced by using suitable geometric time integrators (see section 5).
Secondly, if the initial condition for the probability density is compactly supported, e.g. a uniform distribution, then
the convergence rate of the Fourier series significantly deteriorates [25] (although the representation theoretically
converges to any distribution in L2). Indeed, the problem of representing the evolution of a possibly discontinuous
field, i.e. the joint probability density function, within a multidimensional hypercube with periodic (zero) boundary
conditions is challenging.

17



Given these preliminary remarks, let us now recall that the nonlinear advection equation easily develops shock
singularities as the time goes on ([38], p. 276). Therefore, a careful selection of the simulation parameters and the
type of random forcing is necessary in order to avoid these situations. In particular, we shall consider the following
choices in Eqs. (70) and (73)

ψ(x, t) = sin(x) sin(20t) , σ =
1
2
, A =

1
2
. (100)

The Fourier resolution in space is set to N = 100 modes for both fields u and p(a,b)
u(x,t)ξ while the resolution in the a

direction for the probability density is set to Q = 250 modes (see appendix B for further details). The Gaussian
random variables ξ and η appearing in Eq. (70) are first sampled on a 50 × 50 Gauss-Hermite collocation grid (PCM)
and then on a multi-element collocation grid of 10 elements each element being of order 10 (ME-PCM) [9] for higher
accuracy. Similarly, the dependence on the parameter b in Eq. (73) is handled through a multi-element Gauss-Lobatto-
Legendre quadrature. Specifically, we have employed 10 equally-spaced finite elements, each element being of order
10. Once the solution to Eq. (73) is available, we can compute the response probability of the system and the relevant
statistical moments exactly as before (see Eqs. (68) and (69)). The response probability density is shown in figure 3 at
different time instants. The corresponding mean and variance are shown in figure 4. We remark that these statistical
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Figure 3: Response probability p(a)
u(x,t) of the solution to the nonlinear advection problem (70) as computed from Eq. (73). Shown are snapshots of

the probability density function at different times.

moments are in very good agreement with the ones obtained from high-order collocation approaches applied to Eq.
(70). In order to show this, in figure 5 we report the time-dependent relative errors between the mean and the variance
of the field u as computed from Eqs. (70) and (73). These relative errors are defined as

e2[〈u〉](t) def
=
‖〈ũ〉 − 〈u〉‖L2([0,2π])

‖〈u〉‖L2([0,2π])
, (101a)

e2[σ2
u](t) def

=
‖σ̃2

u − σ2
u‖L2([0,2π])

‖σ2
u‖L2([0,2π])

, (101b)

where the quantities with a tilde are obtained from probabilistic collocation of Eq. (70) (either Gauss-Hermite or
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Figure 4: Nonlinear advection equation. Mean (Left column) and variance (Right column) the solution field u(x, t;ω) in space and time. The
second row reports on specific time slices of the contour plots shown in the first row.

ME-PCM), while ‖ · ‖L2([0,2π]) denotes the standard L2 norm in [0, 2π], i.e.

‖g(x)‖L2([0,2π])
def
=

(∫ 2π

0
g(x)2dx

)1/2

. (102)

The error growth in time observed in figure 5(a) is not due to a random frequency problem [20, 7], but rather to the
fact that the response probability of the system tends to split into two distinct parts after time t = 1/2 (see figure
3). This yields to accuracy problems when a global Gauss-Hermite collocation scheme is used. A similar issue has
been discussed in [8], in the context of stochastic Rayleigh-Bénard convection subject to random initial states. In
figure 5(b) we compare the numerical results obtained from the simulation simulation of Eq. (73) against multi-
element probabilistic collocation (ME-PCM) of Eq. (70). It is seen that the error growth is stabilized in time. This
suggests that the probability density function approach has accuracy which is comparable with ME-PCM. Indeed, the
maximum pointwise errors between the mean and the variance fields as computed by the two methods are

max
t∈[0,1]

x∈[0,2π]

|〈ũ〉 − 〈u〉| = 3.0 × 10−7 , max
t∈[0,1]

x∈[0,2π]

∣∣∣σ̃2
u − σ2

u

∣∣∣ = 1.7 × 10−6 . (103)

7. Summary and discussion

We have obtained and discussed new evolution equations for the joint response-excitation probability density
function of the stochastic solution to first-order nonlinear scalar PDEs subject to uncertain initial conditions, bound-
ary conditions or random forcing terms. The theoretical predictions are confirmed well by numerical simulations
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based on an accurate Fourier-Galerkin spectral method. A reformulation of a stochastic problem in terms of the prob-
ability density function has an advantage with respect to more classical stochastic approaches in that it does not suffer
from the curse of dimensionality if randomness comes from boundary or initial conditions. In fact, we can prescribe
these conditions in terms of probability distributions and this is obviously not dependent on the number of random
variables characterizing the underlying probability space. However, if an external random forcing appears within the
scalar PDE modeling the physical system, then the dimensionality of the corresponding problem in probability space
could increase significantly (see §3, §4 and §5) . This happens because the exact stochastic dynamics in this case
develops over a high-dimensional manifold and therefore the exact probabilistic description necessarily involves a
multidimensional joint response-excitation probability density function, or even a probability density functional. In
order to overcome this issue a closure approximation [3, 53, 54, 55] of the evolution equation involving the proba-
bility density function can be constructed. This usually yields a system which is amenable to numerical simulation.
However, the computation of the numerical solution to an equation involving a probability density function is itself a
challenging problem [56, 57]. In fact, in addition to the question of dimensionality, which may be handled by using
closures, we have different constraints that have to be satisfied, e.g., the positivity and the normalization condition.
Moreover, the probability density function could be compactly supported over disjoint domains and this obviously
requires the use of suitable numerical techniques such as the discontinuous Galerkin method. Finally, if the boundary
conditions or the initial condition associated with the problem in physical space are set to be deterministic then the
corresponding conditions in probability space will be defined in terms of Dirac delta functions (see §3.1).

A fundamental question is whether the statistical approaches developed in this paper for first-order nonlinear
stochastic PDEs can be extended to more general equations involving higher order derivatives in space and time, such
as the second-order wave equation, the diffusion equation or the Klein-Gordon equation [58, 59, 60, 61]. Unfortu-
nately, the self-interacting nature of these higher-order problems is often associated with nonlocal solutions which,
in turn, make it impossible to obtain a closed evolution equation governing the probability density function a specific
space-time location. Even in these nonlocal cases, however, it is possible to formulate a set of differential constraints
satisfied locally by the probability density function of the stochastic solution [62]. These differential constraints in-
volve, in general, unusual partial differential operators, i.e. limit partial derivatives, and it is still not clear if the are suf-
ficient to determine uniquely the probability density function associated with the solution to the underlying stochastic
PDE. An alternative and very general approach relies on the use of functional integral techniques [63, 29, 28, 30, 64],
in particular those ones involving the Hopf characteristic functional (see also appendix A). These methods aim to
cope with the global probabilistic structure of the solution to a stochastic PDE and they have been extensively studied
in the past as a possible tool to tackle many fundamental problems in physics such as turbulence [22]. Their usage
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grew very rapidly around the 70s, when it became clear that the diagrammatic functional techniques [63] could be
applied, at least formally, to many different problems in classical statistical physics. However, functional differential
equations involving the Hopf characteristic functional are unfortunately not amenable to numerical simulation.
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A. Hopf characteristic functional approach

In this appendix we derive some of the equations for the joint response-excitation probability density function we
have considered in the paper by employing a Hopf characteristic functional approach [23, 22, 65, 66]. This allow us
to show how these equations can be obtained from general principles.

A.1. Linear advection
Let us consider the boundary value problem (63) and introduce the joint characteristic functional of the solution

field u(x, t;ω) and the random variable ξ(ω)

F[α(X, τ), b] def
= 〈ei

∫
X

∫
T u(X,τ;ω)α(X,τ)dXdτ+ibξ(ω)〉 , (104)

where α(X, τ) is a test function and the average 〈·〉 is with respect to the joint probability measure of ξ and η, namely
the amplitude of the forcing and the amplitude of the spatially uniform initial condition. The Volterra functional
derivative of (104) with respect to u(x, t), i.e. the Gâteaux differential [67] of the functional F[α, b] with respect to α
evaluated at z(X, τ) = δ(t − τ)δ(x − X), is

δF[α, b]
δu(x, t)

= i〈u(x, t;ω)ei
∫

X

∫
T u(X,τ;ω)α(X,τ)dXdτ+ibξ(ω)〉 . (105)

A differentiation of Eq. (105) with respect to x and t yields the identity

∂

∂t

(
δF[α, b]
δu(x, t)

)
+
∂

∂x

(
δF[α, b]
δu(x, t)

)
= iσψ(x, t)〈ξ(ω)ei

∫
X

∫
T u(X,τ;ω)α(X,τ)dXdτ+ibξ(ω)〉 , (106)

where we have used Eq. (63). Equation (106) is a functional differential equation that holds for arbitrary test functions
α(X, τ). In particular, it holds for

α(X, τ)+ def
= aδ(t − τ)δ(x − X) , a ∈ R . (107)

Thus, if we evaluate Eq. (106) for α = α+ we obtain

i〈[ut(x, t;ω) + ux(x, t;ω) − σψ(x, t)ξ(ω)
]
eiau(x,t;ω)+ibξ(ω)〉 = 0 . (108)

This condition is equivalent to a partial differential equation involving the joint characteristic function of the random
variables u(x, t;ω) and ξ(ω)

φ(a,b)
u(x,t)ξ

def
= 〈eiau(x,t;ω)+ibξ(ω)〉 . (109)

In order to see this, let us notice that

∂φ(a,b)
u(x,t)ξ

∂t
= ia〈ut(x, t;ω)eiau(x,t;ω)+ibξ(ω)〉 , (110a)

∂φ(a,b)
u(x,t)ξ

∂x
= ia〈ux(x, t;ω)eiau(x,t;ω)+ibξ(ω)〉 , (110b)

∂φ(a,b)
u(x,t)ξ

∂b
= i〈ξ(ω)eiau(x,t;ω)+ibξ(ω)〉 . (110c)
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A substitution of Eqs. (110a)-(110c) into Eq. (108) immediately gives

∂φ(a,b)
u(x,t)ξ

∂t
+
∂φ(a,b)

u(x,t)ξ

∂x
= σψ(x, t)a

∂φ(a,b)
u(x,t)ξ

∂b
, (111)

which is the result we were looking for. An inverse Fourier transformation of Eq. (111) with respect to a and b gives
exactly Eq. (67). In order to see this, let us simply recall the definition of p(a,b)

u(x,t)ξ as the inverse Fourier transform of

the characteristic function φ(a,b)
u(x,t)ξ

p(a,b)
u(x,t)ξ =

1
(2π)2

∫ ∞

−∞

∫ ∞

−∞
e−ial−ibqφ

(l,q)
u(x,t)ξdldq ,

and two simple relations arising from Fourier transformation theory of a one-dimensional function g(x)
∫ ∞

−∞
e−iax dng(x)

dxn dx = (ia)n
∫ ∞

−∞
e−iaxg(x)dx ,

∫ ∞

−∞
e−iaxxng(x)dx = in

dn

dan

∫ ∞

−∞
e−iaxg(x)dx .

A.2. Nonlinear advection
Let us consider the nonlinear advection problem (70) where, for simplicity, we neglect the additive random forcing

term at the right hand side. This simplification does not alter in any way the main aspects of the proof presented
hereafter9. The Hopf characteristic functional of the solution field is

F[α] = 〈ei
∫

X

∫
T u(X,τ;ω)α(X,τ)dXdτ〉 . (112)

As before, the Volterra functional derivative of (112) with respect to u(x, t) is

δF[α]
δu(x, t)

= i〈u(x, t;ω)ei
∫

X

∫
T u(X,τ;ω)α(X,τ)dXdτ〉 . (113)

A differentiation of Eq. (113) with respect to x and t gives, respectively

∂

∂t

(
δF[α]
δu(x, t)

)
= i〈ut(x, t;ω)ei

∫
X

∫
T u(X,τ;ω)α(X,τ)dXdτ〉 , (114a)

∂

∂x

(
δF[α]
δu(x, t)

)
= i〈ux(x, t;ω)ei

∫
X

∫
T u(X,τ;ω)α(X,τ)dXdτ〉 . (114b)

Now we perform an additional functional differentiation of Eq. (114b) with respect to u(x′, t′)

δ

∂u(x′, t′)

(
∂

∂x
δF[α]
δu(x, t)

)
= −〈ux(x, t;ω)u(x′, t′;ω)ei

∫
X

∫
T u(X,τ;ω)α(X,τ)dXdτ〉 (115)

and then we take the limits for x′ → x and t′ → t to obtain

δ

∂u(x, t)

(
∂

∂x
δF[α]
δu(x, t)

)
= −〈u(x, t;ω)ux(x, t;ω)ei

∫
X

∫
T u(X,τ;ω)α(X,τ)dXdτ〉 . (116)

A summation Eq. (114a) and Eq. (116) gives (taking Eq. (70) into account)

∂

∂t
δF[α]
δu(x, t)

− i
δ

∂u(x, t)

(
∂

∂x
δF[α]
δu(x, t)

)
= 0 . (117)

9Indeed, the random forcing function can be included in the Hopf characteristic functional exactly as we have done in Eq. (104).
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This functional differential equation holds for arbitrary test functions α(X, τ). In particular it holds for

α+(X, τ) = aδ(t − τ)δ(x − X) .

Evaluating Eq. (117) for α = α+ yields
〈(ut + uux) eiu(x,t;ω)a〉 = 0 . (118)

Let us define the characteristic function of the random variable u(x, t;ω).

φ(a)
u(x,t)

def
= 〈eiu(x,t;ω)a〉 (119)

From the definition (119) it easily follows that

∂φ(a)
u(x,t)

∂t
= ai〈uteiu(x,t;ω)a〉 (120a)

∂φ(a)
u(x,t)

∂a
= i〈ueiu(x,t;ω)a〉 (120b)

∂2φ(a)
u(x,t)a

∂a∂x
= −a〈uuxeiu(x,t;ω)a〉 + 1

a

∂φ(a)
u(x,t)

∂x
. (120c)

Substituting Eq. (120c) and Eq. (120a) into Eq. (118) yields the following equation for the characteristic function
φ(a)

u(x,t)

a
∂φ(a)

u(x,t)

∂t
− ia

∂2φ(a)
u(x,t)

∂a∂x
+ i

∂φ(a)
u(x,t)

∂x
= 0 . (121)

The inverse Fourier transformation of Eq. (121) with respect to a gives

∂2 p(a)
u(x,t)

∂a∂t
+ a

∂2 p(a)
u(x,t)

∂a∂x
+
∂p(a)

u(x,t)

∂x
= 0 . (122)

Taking into account the fact that p(a)
u(x,t) vanishes at infinity, together with all its derivatives, we easily see that Eq. (122)

is equivalent to
∂p(a)

u(x,t)

∂t
+ a

∂p(a)
u(x,t)

∂x
+

∫ a

−∞

∂p(a′)
u(x,t)

∂x
da′ = 0 . (123)

This coincides with Eq. (73) with σ = 0.

A.3. Nonlinear advection with an additional quadratic nonlinearity

In this section we discuss the application of the Hopf characteristic functional approach for the derivation of an
equation involving the probability density function of the solution to the problem (45). To this end, let us consider the
following joint Hopf characteristic functional

F[α(X, τ), β(X, τ)] = 〈ei
∫

X

∫
T u(X,τ;ω)α(X,τ)dXdτ+i

∫
X

∫
T ux(X,τ;ω)β(X,τ)dXdτ〉 , (124)

where α(X, τ) and β(X, τ) are two test fields. Functional differentiation with respect to u and ux yields

δF[α, β]
δu(x, t)

= 〈iu(x, t;ω)ei
∫

X

∫
T u(X,τ;ω)α(X,τ)dXdτ+i

∫
X

∫
T ux(X,τ;ω)β(X,τ)dXdτ〉 ,

δF[α, β]
δux(x, t)

= 〈iux(x, t;ω)ei
∫

X

∫
T u(X,τ;ω)α(X,τ)dXdτ+i

∫
X

∫
T ux(X,τ;ω)β(X,τ)dXdτ〉 ,

δ2F[α, β]
δu(x, t)δux(x, t)

= −〈u(x, t;ω)ux(x, t;ω)ei
∫

X

∫
T u(X,τ;ω)α(X,τ)dXdτ+i

∫
X

∫
T ux(X,τ;ω)β(X,τ)dXdτ〉 .
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By combining different functional derivatives of F[α, β] with respect to u and ux it is straightforward to obtain the
following functional differential equation corresponding to Eq. (45)

∂

∂t
δF[α, β]
δu(x, t)

− i
δ2F[α, β]

δu(x, t)δux(x, t)
− iν

δ2F[α, β]
δux(x, t)2 = 0 . (125)

This equation holds for arbitrary test functions α and β. In particular it holds for

α(X, τ)+ = aδ(t − τ)δ(x − X) ,
β(X, τ)+ = bδ(t − τ)δ(x − X) .

An evaluation of Eq. (125) for α = α+ and β = β+ gives us the condition

〈
[
ut(x, t;ω) + u(x, t;ω)ux(x, t;ω) + νux(x, t;ω)2

]
eiau(x,t;ω)+ibux(x,t;ω)〉 = 0 . (126)

Next we show that the integral equation (126) is equivalent to a partial differential equation for the joint characteristic
function of the random variables u(x, t;ω) and ux(x, t;ω), i.e. the characteristic function of the solution field and its
first-order spatial derivative at the same space-time location

φ(a,b)
uux

def
= 〈eiau(x,t;ω)+ibux(x,t;ω)〉 . (127)

To this end, let us first notice that

∂φ(a,b)
uux

∂t
= 〈[iaut + ibuxt] eiau(x,t;ω)+ibux(x,t;ω)〉
(45)
= 〈

[
iaut − ib

(
u2

x + uuxx + 2νuxuxx

)]
eiau(x,t;ω)+ibux(x,t;ω)〉 . (128)

At this point we need an expression for the average appearing in Eq. (128) in terms of the characteristic function. This
expression is obtained by observing that

∂φ(a,b)
uux

∂x
= 〈[iaux + ibuxx] eiau(x,t;ω)+ibux(x,t;ω)〉 , (129a)

∂2φ(a,b)
uux

∂a∂x
= 〈iuxeiau(x,t;ω)+ibux(x,t;ω)〉 − 〈[auux + buuxx] eiau(x,t;ω)+ibux(x,t;ω)〉

=
∂φ(a,b)

uux

∂b
+ a

∂2φ(a,b)
uux

∂a∂b
− b〈uuxxeiau(x,t;ω)+ibux(x,t;ω)〉 , (129b)

∂2φ(a,b)
uux

∂b∂x
= 〈iuxxeiau(x,t;ω)+ibux(x,t;ω)〉 − 〈

[
au2

x + buxuxx

]
eiau(x,t;ω)+ibux(x,t;ω)〉

=
1
b
∂φ(a,b)

uux

∂x
− a

b
∂φ(a,b)

uux

∂b
+ a

∂2φ(a,b)
uux

∂b2 − b〈uxuxxeiau(x,t;ω)+ibux(x,t;ω)〉 . (129c)

Therefore, by using Eqs. (128), (129b) and (129c) we obtain the following explicit representation for the time deriva-
tive appearing in Eq. (126)

ia〈uteiau(x,t;ω)+ibux(x,t;ω)〉 =
∂φ(a,b)

uux

∂t
− ib

∂2φ(a,b)
uux

∂b2 + i
∂φ(a,b)

uux

∂b
+ ia

∂2φ(a,b)
uux

∂a∂b
− i

∂2φ(a,b)
uux

∂a∂x

+ 2iν


1
b
φ(a,b)

uux

∂x
− a

b
φ(a,b)

uux

∂b
+ a

∂2φ(a,b)
uux

∂b2 − ∂
2φ(a,b)

uux

∂b∂x

 . (130)

The other terms in Eq. (126) are

〈uuxeiau(x,t;ω)+ibux(x,t;ω)〉 = −∂
2φ(a,b)

uux

∂a∂b
, (131a)

〈u2
xeiau(x,t;ω)+ibux(x,t;ω)〉 = −∂

2φ(a,b)
uux

∂b2 . (131b)
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Finally, a substitution of Eqs. (130)-(131b) into Eq. (126) gives

b
∂φ(a,b)

uux

∂t
=ib2 ∂

2φ(a,b)
uux

∂b2 − ib
∂φ(a,b)

uux

∂b
+ ib

∂2φ(a,b)
uux

∂a∂x
− iνab

∂2φ(a,b)
uux

∂b2 − 2iν


∂φ(a,b)

uux

∂x
− a

∂φ(a,b)
uux

∂b
− b

∂2φ(a,b)
uux

∂b∂x

 . (132)

An inverse Fourier transform of Eq. (132) with respect to a and b yields

∂2 p(a,b)
uux

∂b∂t
=
∂2

∂b2

(
b2 p(a,b)

uux

)
+
∂

∂b

(
bp(a,b)

uux

)
− ∂

∂b

b
∂p(a,b)

uux

∂x

 − ν
∂

∂b

b2 ∂
2 p(a,b)

uux

∂a

 − 2ν


∂p(a,b)

uux

∂x
+ b

∂p(a,b)
uux

∂a
+
∂

∂b

b
∂p(a,b)

uux

∂x


 ,

(133)

which, upon integration with respect to b from −∞ to b, gives exactly Eq. (47).

B. Fourier-Galerkin systems for the nonlinear advection equation in physical and probability spaces

In this appendix we obtain the Fourier-Galerkin system corresponding to the nonlinear advection problem con-
sidered in section 4.2 This allows the interested reader to perform numerical simulations and easily reproduce our
numerical results.

Fourier-Galerkin system in physical domain. Let us consider a Fourier series representation of the solution to the
problem (70) (periodic in x ∈ [0, 2π])

u(x, t;ω) =

N∑

n=−N

ûn(t;ω)einx (134)

A substitution into Eq. (70) and subsequent projection onto the space

B2N+1 = span
{
e−ipx

}
p=−N,..,N

(135)

yields

2π
dûp

dt
+

N∑

n=−N

N∑

m=−N

imûnûm

∫ 2π

0
ei(n+m−p)xdx = σξ(ω)

∫ 2π

0
ψ(x, t)e−ipxdx . (136)

At this point, let us set ψ(x, t) = sin(kx) sin( jt). The integral in Eq. (136) then is easily obtained as

∫ 2π

0
ψ(x, t)e−ipxdx = −i sin( jt)

∫ 2π

0
sin(kx) sin(px)dx = −iπ sin( jt)δpk + iπ sin( jt)δ(−p)k . (137)

Therefore, we obtain the following Galerkin system


dûp

dt
+ i

N∑

m=−N

mûp−mûm = i
σ

2
ξ(ω) sin( jt) , p = −k

dûp

dt
+ i

N∑

m=−N

mûp−mûm = −i
σ

2
ξ(ω) sin( jt) , p = k

dûp

dt
+ i

N∑

m=−N

mûp−mûm = 0 , otherwise

(138)

The initial condition for ûp(t;ω) is obtained by projection as

ûp (t0, ω) = δp0η(ω) +
iA
2

(
δ−1p − δ1p

)
. (139)

The solution strategy is as follows:
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1. we sample ξ(ω) and η(ω) at suitable quadrature points, e.g., Gauss-Hermite or ME-PCM points [9];
2. for each realization of ξ(ω) and η(ω) solve the system (138) with the initial condition (139).

When the solutions corresponding to all these realizations are available, we compute the mean and the second order
moment of the solution as

〈u(x, t;ω)〉 =

N∑

n=−N

〈ûn(t;ω)〉einx , (140a)

〈u(x, t;ω)2〉 =

N∑

n,p=−N

〈ûn(t;ω)ûp(t;ω)〉ei(n+p)x . (140b)

In a collocation representation the averaging operation can be explicitly written as

〈ûn(t;ω)〉 =
1

2π

∫ ∞

−∞

∫ ∞

−∞
ûn(t; η, ξ)e−(η2+ξ2)/2dηdξ '

Kη∑

i=1

Kξ∑

j=1

wξ
i wη

j ûn(t; ηi, ξ j) , (141)

where {ηi} and {ξ j} are quadrature points while wξ
i and wη

i are the corresponding integration weights.

Fourier-Galerkin system in probability space. Let us consider the following Fourier series representation of the solu-
tion to the problem (73) (periodic in [0, 2π] × [−L, L])

p(a,b)
u(x,t)ξ =

N∑

n=−N

Q∑

m=−Q

p̂nm(t, b)einx+imaπ/L , (142)

where [−L, L] is large enough in order to include the support of the response probability function10. For subsequent
mathematical developments it is convenient to set

A(0)
mq

def
=

∫ L

−L
ei(m−q)aπ/Lda =


2L m = q
0 m , q

(143a)

A(1)
mq

def
=

∫ L

−L
aei(m−q)aπ/Lda =



0 m = q

(−1)(m−q) 2L2

(m − q)iπ
m , q

(143b)

A(2)
mq

def
=

∫ L

−L
a2ei(m−q)aπ/Lda =



2
3

L3 m = q

(−1)(m−q) 4L3

((m − q)π)2 m , q
(143c)

Now, the projection of Eq. (73) onto the Fourier space

B2N+2Q+2 = span
{
e−ihx−iqaπ/L

}
h=−N,..,N
q=−Q,..,Q

(144)

yields the Fourier-Galerkin system

dp̂hq

dt
= − ih

2L

Q∑

m=−Q

p̂hm

(
A(1)

mq + Bmq

)
+ σ

bqπ
2L

(
p̂(h−k)q − p̂(h+k)q

)
sin( jt) . (145)

10We will set L = 20 in the present numerical study (see the comments before Eq. (148)).
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where

Bmq
def
=

∫ L

−L

(∫ a

−L
eima′π/Lda′

)
e−iqaπ/Lda =


A(1)

0q + LA(0)
0q m = 0

L
iπm

(
A(0)

mq − e−ilπA(0)
0q

)
m , 0

(146)

In order to set the initial condition for p̂hq we need to calculate the projection of pη(a, x) onto the space (144). This is
given by

∫ 2π

0

∫ L

−L
pη (a, x) e−ihx−iqaπ/Ldadx =

1√
2π

∫ 2π

0
e−ihx

∫ L

−L
e−(a−A sin(x))2/2e−iqaπ/Ldadx . (147)

The last integral can be manipulated further
∫ L

−L
e−(a−A sin(x))2/2e−iqaπ/Lda = e−A2 sin(x)2/2

∫ L

−L
e−a2/2+(A sin(x)−iqπ/L)ada

'
√

2πe−q2π2/(2L2)−iqπA sin(x)/L ,

The error in this approximation is far below the machine precision (10−14) for all q ∈ Z if L ≥ 20, i.e., we can consider
it as numerically exact for all a ∈ [−20, 20]. Therefore the initial condition for the Fourier Galerkin system (145) is

p̂hq(t0, b) =
p(b)
ξ

4πL
e−q2π2/(2L2)Ihq . (148)

where p(b)
ξ is Gaussian and we have defined

Ihq
def
=

∫ 2π

0
e−ihx−iqπA sin(x)/Ldx . (149)

These integrals can be evaluated numerically to the desired accuracy. At this point the solution strategy is as follows:

1. We sample the variable b at quadrature points in [−20, 20], e.g., at multi-element Gauss-Legendre-Lobatto
points.

2. For each realization b = bk we set the initial condition (148) and we integrate the system (145) in time.

The response probability, i.e. the marginal of Eq. (142) with respect to b then can obtained through simple Gauss
quadrature. Once the response probability is available, we can compute analytically the mean and the second order
moment of u as

〈u(x, t)〉 =

∫ L

−L
ap(a)

u(x,t)da =

N∑

n=−N

Q∑

m=−Q

p̂nm(t)A(1)
m0einx ,

〈u(x, t)2〉 =

∫ L

−L
a2 p(a)

u(x,t)da =

N∑

n=−N

Q∑

m=−Q

p̂nm(t)A(2)
m0einx .

where the matrices A(1)
nm and A(2)

nm are defined in Eqs. (143b) and (143c) while

p̂nm(t) def
=

Kb∑

i=1

wb
i p̂nm(t; bi) (150)

are Fourier coefficients of the response probability (wb
i are quadrature weights).
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[13] G. Li, S.-W. Wang, H. Rabitz, S. Wang, P. Jaffé, Global uncertainty assessments by high dimensional model representations (hdmr), Chemical

Engineering Science 57 (21) (2002) 4445 – 4460.
[14] D. Venturi, On proper orthogonal decomposition of randomly perturbed fields with applications to flow past a cylinder and natural convection

over a horizontal plate, J. Fluid Mech. 559 (2006) 215–254.
[15] D. Venturi, X. Wan, G. E. Karniadakis, Stochastic low-dimensional modelling of a random laminar wake past a circular cylinder, J. Fluid

Mech. 606 (2008) 339–367.
[16] D. Venturi, A fully symmetric nonlinear biorthogonal decomposition theory for random fields, Physica D 240 (4-5) (2010) 415–425.
[17] A. Nouy, Proper generalized decompositions and separated representations for the numerical solution of high dimensional stochastic prob-

lems, Arch. Comput. Methods Appl. Mech. Eng. 17 (2010) 403434.
[18] A. Nouy, O. P. L. Maı̂tre, Generalized spectral decomposition for stochastic nonlinear problems, J. Comput. Phys. 228 (2009) 202–235.
[19] T. P. Sapsis, G. Athanassoulis, New partial differential equations governing the response-excitation joint probability distributions of nonlinear

systems under general stochastic excitation, Prob. Eng. Mech. 23 (2008) 289–306.
[20] M. Gerritsma, J.-B. van der Steen, P. Vos, G. Karniadakis, Time-dependent generalized polynomial chaos, J. Comput. Phys. 229 (22) (2010)

8333–8363.
[21] X. Wan, G. E. Karniadakis, Long-term behavior of polynomial chaos in stochastic flow simulations, Comput. Methods Appl. Mech. Engrg.

195 (2006) 5582–5596.
[22] R. M. Lewis, R. H. Kraichnan, A space-time functional formalism for turbulence, Communications on Pure and Applied Mathematics 15

(1962) 397–411.
[23] G. Rosen, Dynamics of probability distributions over classical fields, International Journal of Theoretical Physics 4 (3) (1971) 189–195.
[24] V. I. Klyatskin, Statistical theory of light reflection in randomly inhomogeneous medium, Sov. Phys. JETP 38 (1974) 27–34.
[25] J. S. Hesthaven, S. Gottlieb, D. Gottlieb, Spectral methods for time-dependent problems, Cambridge Univ. Press, 2007.
[26] D. Gottlieb, S. A. Orszag, Numerical analysis of spectral methods : theory and applications, Society for Industrial Mathematics, 1987,

cBMS-NSF Regional Conference Series in Applied Mathematics.
[27] R. P. Kanwal, Generalized functions: theory and technique, 2nd Edition, Birkhäuser Boston, 1998.
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