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By using functional integral methods we determine new types of differential constraints satisfied by the joint probability
density function of stochastic solutions to the wave equation subject to uncertain boundary and initial conditions.
These differential constraints involve unusual limit partial differential operators and, in general, they can be grouped
into two main classes: the first one depends on the specific field equation under consideration, i.e., on the stochastic
wave equation; the second class includes a set of intrinsic relations determined by the structure of the joint probability
density function of the wave and its derivatives. Preliminary results we have obtained for stochastic dynamical systems
and first-order nonlinear stochastic PDEs suggest that the set of differential constraints is complete and therefore it
allows to determine uniquely the probability density function of the solution to the stochastic problem. The proposed
new approach can be extended to arbitrary nonlinear stochastic PDEs and it could be an effective way to overcome the
curse of dimensionality for random boundary and initial conditions. An application of theory developed is presented

and discussed for a simple random wave in one spatial dimension.

KEY WORDS: Stochastic partial differential equations, high-dimensional methods, random fields.

1. INTRODUCTION

Many physical phenomena such as sound propagation, efegretic scattering at random surfaces and random
vibrations in solid mechanics can be described in termsraloan waves satisfying the standard wave equation
0%

w = U2V211) (1)
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2 Venturi & Karniadakis

for random boundary conditions, random initial conditiamrsrandom group velocity. The purpose of this paper is
to introduce a new method to compute the statistical pr@sedf the stochastic solutions to Eq. (1). This method
is based on a set of differential constraints for the joirglqability density function of the wavé and its deriva-
tives and it may present an advantage with respect to mossichl stochastic approaches such as polynomial chaos
[1-4], probabilistic collocation [5, 6] and generalizecespral decompositions [7—11]. In fact, it seems that it does
not suffer from the curse of dimensionality problem, at teslsen randomness comes from boundary or initial con-
ditions. Indeed, since we are solving for probability dgngiinction of the system, we can actually prescribe these
conditions in terms of probability distributions and thésobviously not dependent on the number of random variables

characterizing the underlying probability space.

This observation immediately lead us to the questimnit possible to determine a closed evolution equation
for the probability density function of the solution to Ed.) &t a specific space-time location2nfortunately, the
answer is negative. In fact, the self-interacting naturéhefwave equation is associated with nonlocal solutions in
space and time which, in turn, yield the impossibility toatetine a pointwise equation for the probability density
function. However, an equation for the probability dengitgctionalof the wave can always be obtained. This very
general approach relies on the use of functional integirtejues [12—16], in particular those ones involving the
Hopf characteristic functional (see appendix APPENDIX Bhese functional methods aim to cope with the global
probabilistic structure of the solution and they have bederesively studied in the past as a possible tool to tackle
many fundamental problems in physics such as turbulencelB]7 Their usage grew very rapidly in the 70s, when
it became clear that diagrammatic functional techniqu@$ ¢buld be applied, at least formally, to many different
problems in classical statistical physics. However, fiomal differential equations involving the Hopf charadséc
functional are unfortunately not amenable to numericalation. In addition, the amount of statistical informatio
carried on by the Hopf characteristic functional is oftendayond the needs of practical uncertainty quantification,
which usually reduces only to the computation of a few diatis moments of the solution at specific space-time

locations.

Thus, we are led to look for alternative ways to determinegi@ution of the probability density function asso-
ciated with the solution to Eq. (1). To this end, by using acfional integral technique we have recently introduced
in the context of stochastic dynamical systems, in this paygewill show that it is possible to formulate a setdif-
ferential constraintshat have to be satisfied locally by the probability densitydtion ofeveryrandom wave process
governed by Eq. (1). These constraints involve, in genaralisual limit partial differential operators and they can

be grouped into two main classes: the first one depends orp#uifis field equation under consideration, i.e., on
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Differential Constraints for the Probability Density Function 3

the stochastic wave equation; the second class is repeesbpta set of intrinsic relations arising from the structure
of the joint probability density function of the wave and dsrivatives. A fundamental question we address in this
paper is whether the set of these differential constrailidgva to determine uniquely the probability density fuiocti

associated with the stochastic solution to the wave equatio

This paper is organized as follows. In section 2 we consigdiedom waves in one spatial dimension and we show
how to determine a closed and exact differential consttamithas to be satisfied by the probability density function
of every random wave process for random boundary conditmtsrandom initial conditions. All the calculations
are based on a functional integral technique which is pteseim detail in appendix APPENDIX A. Section 3
deals with the formulation of additional differential cor@nts depending on the structure of the joint probability
density function of the wave and its derivatives. The corgpless of the set of differential constraints is discussed
in section 4 for a prototype problem involving a first-ordemtinear stochastic PDE. In section 5 we generalize the
theory developed to two- and three-dimensional random vpageesses. An example of application of the theory
is presented in section 6. Finally, the main findings andrtimeplications are summarized in section 7. We also
include two additional appendices. The first one, i.e. agpeAPPENDIX B, deals with the application of the Hopf
characteristic functional approach to one-dimensionadioan waves. The second one, i.e. appendix APPENDIX C,

deals with the perturbation expansion of differential ¢aaiats in the neighborhood of a selected space-time locati

2. ONE-DIMENSIONAL RANDOM WAVES

In one spatial dimension Eq. (1) can be written as

O _ 20"

2 Uz (2)

We supplement this equation with appropriate random bayncanditions and with a random initial condition in a
suitable space-time domain. The solution to this boundalyevproblem is clearly mndom wavewhich we assume

to admit a probability density function. At this point a fuardental question is whether we can actually determine an
evolution equation for such a probability density based gn &). To this end, let us first look for a representation
of the joint probability of the wave and its first-order detiives with respect to space and time calculatedifégrent

space-time locations. The reason why we need such jointapitiy density will become clear in a while. For
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notational convenience, let us set

def , def O

de . " dﬁ@
11') —‘lJr)(ZL’,t, (,U), t 8t -

('t w), P o (2"t w) . 3)

This allows us to write the joint probability density df, {; andy! as (see appendix APPENDIX A for further

details)
(asb,c) def 5 _ S(b=w)6(c—W" 4
Pypipr = (8(a—1) 8(b—1)d(c—17)), 4)
P \ ,
constructor field absorbing fields

whered denotes the Dirac delta function and the average opefat@ defined as a functional integral with respect
to the joint measure of the random initial condition and thedom boundary conditions. The definition we give of
“constructor fieldrelies on the fact that we will extract from that Dirac defitenction, called also “indicator function”
by Klyatskin [19] (p. 42), all the derivatives we need to Huilp the wave equation. As we will see, this procedure
generates also additional terms that can be treated in aipgihmcess by employing theabsorbing fields By using

the differentiation rules for the probability density fuimn discussed in appendix APPENDIX A we obtain

ap(a,b,,c)” )
O = =2 {8 (@ =) ed (b~ ) B (e — W) ©)
and
82p(a,b;c)” 92 0
% = 528 (a=0) i3 (b= b)) 8 (c = 7)) — 5-(8 (a =) bud (b =) 8 (c =) . (6)
Similarly,
62p(a,bl,c)” 52 0
= @ WIS (b= S (e = W) = 5o (80— W) Puad (b= S (=¥ ()

If we subtract Eq. (7) from Eqg. (6) and we take Eq. (2) into actave obtain

f2pato) o2plete) o
AL ) Vi . 2 1722 RN AN
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Differential Constraints for the Probability Density Function 5

The average appearing in Eq. (8) can be easily representetiike the limit forz’, z”) and(¢',t") going tox and

t, respectively. In fact, by using the “absorbing fields” agmeg in Eq. (4) we see that

(07~ U*) gy, = lim (8 (a =) (0F = UP2) 8 (b —7) 8 (e~ W) ©)

This yields the final result

2, (a,b,c) 2. (a,b,c) 2 (a,b,c)
Py 2 Py Py
im  ———2s = U lim s 4 (07 - U)o 10
4 ot ot? ¢t 0x? ( ) Oa? (10)
Z’,I”HCE :L’/,SENHZL’

Note that this identity involves unusual partial differi@hbperators which we shall cdlmit partial derivatives For

subsequent mathematical developments it is convenieestrve a special symbol for these operators, i.e. we shall

define
2, (a,b,c) 2, (a,b,c) 2 (a,b,c) 2 (a,b,c)
O Py, def Py O Py, def Py (11)
atQ t',t”%t atQ ’ 01‘2 t/7t”~>t 83:2 :
CE/,CE”H:E ZI/’/,CE”HI
This allows us to write Eq. (10) in a compact form as
22 (a,b,c) aQp(a ,b,c) 32 (a,b,c)
Yy Yy 2 22 Pyyips
=U? + (b* = U?c”) ——=. 12
ot2 02 ( ) Oa? (12)

Equation (12) is aifferential constraintthat must be satisfied by the probability density functioreeéryone-
dimensional random wave governed by Eq. (2) for randomahd@bndition or random boundary conditions. These
type of differential constraints made their first appeaeaimc[20] in the context of stochastic dynamical systems.
Note that Eq. (12) always involves only three variables#, a) and two parameters @ndc) independently of
the dimensionality of the random boundary conditions ardréindom initial condition. This very attractive feature
immediately lead us to the question: is it possible to solkeundary value problem for Eq. (12) and therefore obtain
the joint probability density function of the random wavelats derivatives at a specific space-time location unicriely
Certainly, if we would have this possibility then we would &lgle to overcome the curse of dimensionality problem.
As we will see in section 6, however, there exist an infinitenber of probability densities satisfying the differential
constraint (12) for the same boundary and initial condgiobhis suggests that a boundary value problem for Eq. (12)

is, in generaljll-posed
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A possible way to get rid of the limit partial derivatives @ihtegrate Eq. (12) with respect to the variablend

c. This procedure yields the following equation for tresponse probabilityi.e. for the probability density of the

wave
82p(a) 32 (a)
v 2 2 (a7b,c)
2 U? x2 8@2 / / —Uc®) pyyp, dbde,, (13)
where
(a) def [ (a,b,c)
IS(I = [m[ p&b “ dbdc (14)

denotes the marginal density pf o C) . The integrals appearing in Eq. (14) are formally writteonfr—oo to co
although the probability density function we integrate may be compactly supported. Note that Eq. (13) is not

closed. In fact, the last term at the right hand side can beamras

/ / —U2P) pl) dbde =(8(a — ) /_O; b25(b — 1, )db /_o:o 8(c —,)dc)
—U2(5(a — ) /jo 5(b— ;) db /jo 25(c — b, )de)
=(8(a —P)p7) — U (d(a —p)p2). (15)

The last two averages of this equation involve the calauhedif the correlations between two functionals of the random
initial conditions and the random boundary conditions,,&.(: — ) andy? . Such a correlation structure can be

disentangled, for example, by using a functional powelesd@1, 22] (see also [23], p. 311, and [19], p. 70). In other
words, the correlation& (e —)?) and(5(a—)P2) can be represented in terms of cumulants of the randomlinitia

conditions and the random boundary conditions. Alterrdyivother types of closures can be considered [24-27].

We conclude this section by emphasizing that Eq. (13) carbkereed more directly from the representation of

the response probability of the wave, i.e.

Pty = (8(a— (1)) . (16)

In fact, if we differentiate Eq. (16) twice with respectttandx

o2pt) . 0 o

— WD (5 = W) + 5 (5~ W)UE), 40
azpw(qp f) 0 0? 2

S = = (80— )as) + 55 (8@ — b)) (18)
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Differential Constraints for the Probability Density Function 7

and sum up the derivatives, we immediately obtain

82p(a) a2p(a) 32 82
Ylzt) _ rr2 Y (z,t) o 2\ 7712 _ 2
atg - 8.%'2 + 8@2 <6(a’ Ib)lpf > U aag <6(a’ 1‘1))1'1)7'> . (19)

This shows that the differential constraint (12) includes évolution equation of the response probability of theavav

as a subcase.

Some remarks on evolution equations involving limit padiferential operators

Equation (12) involves unusual limit partial differentieperators in space and time. These operators arise very
often when the functional integral method or, equivaleritig Hopf characteristic functional approach (see appendi
APPENDIX B) are applied to a stochastic PDE in order to deteena pointwise equation for the probability density
function of its solution. In this section we would like to pide some heuristic justification of why this happens. To

this end, let us first rewrite the one-dimensional wave éqnd®) as a first-order system

M _ a0 om0

ot oz’ ot Oz (20)

This formulation clearly shows that the temporal evolutidrthe wavey is driven by the random fieléin /0x while
the temporal evolution ofy is governed byoy/0x. In other words, the stochastic dynamics of random waves is,
in general self-interacting A similar situation arises in the simpler context of timepéndent stochastic dynamical
systems of order greater than one, where the dynamics oftdleaastic solution is influenced by the dynamics of
higher-order time derivatives. A self-interacting systeam yield tononlocal solutionsn space and time. Perhaps,
the simplest example in this context is the diffusion edquratiln this cases, a pointwise equation for the probability
density function cannot be derived in a closed form. Theselzowever, a few exceptions where we can actually obtain
a closed equation for the probability density function. Argdhem we recall first-order nonlinear and quasilinear
stochastic PDEs. In these cases the limit partial derigatilo not appear and the evolution problem for the probwbilit
density function is well defined in a classical sense. A praxample is the inviscid Burgers equation

N onp

ot +1|)87 0 (21)
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with random boundary or initial conditions. In this caseande shown that the probability density function of the

solution satisfies

8p(a) ap(@) a ap(al)
(1) ¥ (a,t) W) s
5 T, T /_ s da’ =0. (22)

3. INTRINSIC RELATIONS DEPENDING ON THE STRUCTURE OF THE JOINT PROBABILITY DEN-
SITY FUNCTION

The fields appearing in the joint probability density (4) breally related to each other and therefore we expect that
there exist a certain number of relations between the liraitigl derivatives of the joint probability density with
respect to different arguments. These relations are intbp# of the particular stochastic field equation descgbin
the physical phenomenon, e.g. Eq. (2), but theyianeénsically defined by the structure of the joint probability
density function. For instance, there is clearly a locaédwinistic relation between the random figpcand its spatial

derivative

)& gy V) = V()

' —x o —x

Yo(z, t;w : (23)

This relation, and similar ones for other derivatives, canttanslated into an intrinsic relation involving the joint
probability density function (4). To this end, we first obsethat the limit derivatives of Eq. (4) with respect to

different arguments, e.g, =’ andz” are different. Indeed,

(a,b,c) (a,b,c)
Py, _ 0 _ i
T - _%@ (a—ll))ll)zé (b_ll)t) (C_II)I» =-¢ Ha ’ (24)
Wi, _ 0
—ote = o (8 (a =) 8 (b= W) biad (¢ = W) (29)
(a,b,c)
WPyipp, O
e = (8 (a =) 8 (b= i) 8 (¢ — ) o) (26)
Similarly,
(a,b,c) (a,b,c)
WPy, O _ Oy,
s = = (8 (a = W) id (b= ) (¢ —y)) = —b—T2= (@7)
Wil o
ﬁ :—%@ (@—1)d(b— V) Vud (c—y)), (28)
2 (a,b,c)
Dot L (5 (0 9) 80— 00) 5 (c ) ). (29)
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Differential Constraints for the Probability Density Function 9

From Egs. (25) and (29) it follows that

b 2 (a,b’,c) c 2 (a,b,c’)
o O e O

Next, let us consider the average of the second-order $patigative oflp. A comparison between Eq. (26) and Eq.
(7) (in the limit forz’, 2" — z and¢’, ¢ — t) immediately gives

2 (ab) (a.b.c) (ab.c’)
/“ Py o 2P +/C Py g (31)

02 7 Oa oo 0T

— 00

Similarly, a comparison between Eqs. (28) and (6) yields

" DQp(?/’b’c) ap(a,b,cz b Dp(avi?/ac)
/ TP g gp e / Db gy (32)
Y da oo Ot

Equations (24), (27), (30), (31) and (32) are simple exampfentrinsic relationsinvolving the probability density
function. These relations are in the form of differentiahstraints and they have to be satisfied independently of
the particular stochastic problem under consideratiom, Eg. (2). In principle, if the wave fielg is analytic, by
repeatedly applying the arguments above we can construdfiaite set of differential constraints to be satisfied at
every space-time location by the joint probability denéitgction of the wave and its derivatives. Note that from Egs.

(28), (26) and (2) we easily obtain that

PR e plabe)
Pubibe g1 172 Py, dc’ . (33)
oo Ot o 02"

which is another, more compact, way to write the differdrt@nstraint for the probability density function assoetht

with the wave equation (2). Indeed, a substitution of Eg$) éd (32) in Eqg. (33) consistently gives Eq. (12).

4. ON THE COMPLETENESS OF THE SET OF DIFFERENTIAL CONSTRAINT S

In some cases, it can be proved that the set of differentiatcaints involving the first-order limit partial derivags is
equivalent to a standard evolution equation for the joiebability density function of the system. This circumst&nc
implies that the set of differential constraints is comgJete., that it allows for the computation of the joint dénsi
This happens, for example, in the context of high-ordertsstic dynamical systems subject to a random initial state.

The set of differential constraints, in this case, is edeivato the well-known Liouville equation. In this sectiorew

Volume 1, Number 1, 2011
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would like to prove a similar result for first-order nonlinegochastic PDEs. To this end, let us consider the equation

B o\ ?
£+(£> =0 (34)

subject to random boundary and initial conditions of adsitrdimensionality. The solution to this problem can be

represented in probability space by using the joint density
P! = (8(a—)8(b = W))). (35)

The full set of first-order differential constraints assded with Egs. (34) and (35) is easily obtained as

(a,b) (a,b)

T = @
Dpifﬁi = =5 (2b(8(a = W)8(b — o) z) (37)
OPD%’Q _ —balé"? ’ (38)
01’051;;’1)) = —%«s(a — )80 — o )aa) (39)

From Egs. (37) and (39) it follows that

(a,b) b (a,b")
0Py 9 Py, oy
== 2b =dy | . 40
ot az;( /, o’ (40)

o0

At this point, let us recall the following identities betwestandard partial derivatives and limit partial derivatv

(a,b) (a,b) (a,b)

Oy, _ Wui. | OPui, 1)
ot ot o’
(a,b) (a,b) (a,b)

Py, _ Py, . Py, (42)
oz o !

Note that at the left hand side we first se& 2’ andt = ¢’ and then we differentiate while at the right hand side we

first differentiate and then we set= z’ andt = t’. By substituting Egs. (36) and (40) into Eq. (41) and using.Eq

International Journal for Uncertainty Quantification
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(42) and (38), we obtain

(a,b) (a,b) (a,b") h (a,b")
Wiy _ 12 0Pys) 9 Yy, o [0 0P
= p? 2 e gpr [y T gy | (43)
ot da 0b Cee Oz oo oa

This is the correct evolution equation for the joint probigpdensity function associated with the stochastic sotut
to Eq. (34). We can show this by considering Eq. (35), witthhbtand, set at the same space-time location. A

differentiation with respect to time yields, in this case,

ap(a b) 9 81711?11?2 0
o =b AR (20(8(a —)d(b — V) Waz)) » (44)

where the last term can be written in terms of the probabidéypsity function by inverting the relation

apls? 81)‘,”’) o
s = bt — e (8(a = $)3(b — e )ra) (45)
ie.,
b (a,b") b 9 (a,b")
(30— )5l o per) = — [ Dbeay - [y gy (46)
o z s a

A substitution of Eq. (46) into Eq. (44) gives exactly Eq. Y43hus, we have shown that the set of first-order
differential constraints (36)-(39) is equivalent to a stard PDE for the joint probability density function (35) dret
hyperplanex’ = x, ¢ = ¢. This implies that the set of differential constraints, listcase, is complete. It is still

an open question, however, if such set is complete for manergé stochastic problems, e.g. for the stochastic wave
equation (2). The dynamics of the joint probability dendityiction in these cases does not satisfy a standard PDE.
This is due to the fact that such dynamics, in general, afises the projection of a functional differential equation
onthe hyperplane = 2’ = 2" = ..., t =t =t = ---. In some sense, the set of differential constraints we have

obtained represents the components of such projection.
5. TWO- AND THREE-DIMENSIONAL RANDOM WAVES
The theoretical apparatus developed in the previous sectian be easily extended to two- and three-dimensional

wave equations. To this end, let us first consider two spditaénsions and the equation

P _ (82") 82‘1)) . (47)

oz~ \o2 T a2
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The joint probability density function of the random wavelais derivatives has the functional integral represeotati

,b,e,d
ity = (8@ =) 5(b=$)8(c =) 8 (c—by). (48)
constructor field absorbing fields

As before, we now differentiate the constructor field witspect to time and space variables and then we use the

absorbing fields in a limit procedure in order to get rid of #uglitional terms arising from the differentiation process

We obtain,
agp(a,bl,c,(li/) » 82
I — (8 (= W) WIS (b~ W) S (e — W) 8 (4~ ))) -
_%@ (a—xb)lbtté(b—lbé)é(c—lbg)é(d—le’)), (49)
82p(?ab;07‘/i/) » 62
P (8 (a =) W28 (b — W) 8 (e~ W) 8 (d— )
0
= 57 (8(a =) aed (b= ))& (c = W) 8 (d = W)), (50)
82p(a7b;c7(/i/) o 62
T = (B (a = W)W (0 W) B (e W) (A~ b))~
0
— 58 (@ =)y, (b= 1) 8 (c = Wi 8 (d— b)) (51)

A summation of Egs. (49)-(51) and a following limit proceduor (z/, 2", ") and (¢',¢”,t"") going tox andt,

respectively, yields

D2p(a’b"c’d) D2p(a’b’c’d) sz(a,b,c,d) 2p(a7bvcvd)

that is the differential constraint for the joint probabjlidensity function ofeverytwo-dimensional random wave
satisfying the wave equation (47) for random boundary odoam initial conditions. Straightforward extensions of

the arguments above yield the following differential coastt for the joint probability density function of three-

International Journal for Uncertainty Quantification
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dimensional random waves
2, (a,b,c,d,e) 2, (a,b,c,d,e) 2, (a,b,c,d,e) 2, (a,b,c,d,e)
Py by : o [T Pbeba b O Pow by TP by
012 022 0y2 022
32p(a7b»0,d)
+ (0= U (A 4 d o+ e?)) —oebatby (53)

Oa?

1 The differential constraints (52) and (53) can be suppldetewith additional intrinsic relations involving the jdin

> probability density function. These relations can be cwreséd by following the same mathematical steps presented

s in section 3.

4+ 6. AN EXAMPLE

s Let us consider a random wave in one spatial dimension gatisthe following boundary value problem

P oM
=5 =U' 55, —o<z<oo, t>t
ot T,
Y (z, to; w) = E(w)hi ()
k=1
Py (z,to;w) =0

(54)

s Where&i(w) (k = 1,...,3) are random variables with known joint probability densitinction andhy(z) are

7 prescribed deterministic functions on the real line. Thalwital solution to the problem (54) is the well known

s d’Alambert wave ([28], p. 41)

Pz, t;w) =

For subsequent mathematical developments, it is convettelefine

1
G & 5 [ (@ + Ut) + Iy (x = UB)]

, def OG1x
2k — at
y def OG1g
3k — 833

(2,1,

(:L_//7 t”) .

Volume 1, Number 1, 2011
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This allows us to write the solution (55) and its derivativath respect tar andt in a compact form as

V=D &G, V=) &Ghy, V=) &Gy (59)
k=1 k=1 k=1
The joint probability density ofp, 1} and”, i.e. the joint probability of the wave and its first-orderigatives at
different space-time locations, can be obtained by usiaglssical mapping approach. To this end, let us notice that
Egs. (59) define a three-dimensiotiakar transformation from{ &, &5, &3} to {1, P’,, P} }. In a matrix-vector form

this transformation can be represented as

P Gn Gz G &1
vy = 21 Ghy G & | - (60)
Wy 51 Gy G &3

The determinant of the system’s matrix is
def
J E G (GyGly — Gy Glhg) + Gra (Gl G — Gy Gl) + G (G GYy — G, Ghy) (61)
while the transpose of its algebraic complement has entries

_ v " ¥l _ " " _ / /
Hll — GQQG33 - G32G23 ) H12 - G13G32 - G12G33 ) HIS — G12G23 - G22G13 )
¥all / " 1" " / /
Hy = G5,Go3 — Gy G, Hjo = G11G33 — G13Gyy Haz = G13Gy — GuiGag, (62)
/ " I all " " / /
H31 = U9g1l3e — U31log, H32 = G31G12 - G11G327 H33 = G11G22 - 21G12 .

(o1,02,003)

A classical result of probability theory ([29], p. 183) €athatifp, ;> is the joint probability density of;, &
andé; then the joint probability ofp, 1} andiy’ is given by

@be) _ 1 (&1,@.8s)
Piby = [pPereats (63)

where

~ 1
(xi(aa ba ¢, xlv wllv tv tlv t”) = j (Hila + HZZb + Hi3c) . (64)

Note that everyy; is also function of all the space-time variables because@fiatrix component#;;. Therefore,

(63) is a rather complex function of nine variables. Underabsumption that; (w) are mutually independent normal
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FIG. 1: Probability density functiom»fl;‘()m £ of the random wave at different time instants.

FIG. 2: Temporal evolution of the wave variance.

random variables, we can apply the convolution theorem dntaio the probability density function of the random
wave, as

a 1

e e /RO o(a,1)? = G + Gy + G, (65)

Poet) = on o(x, 1)] ’

whereGy; are given in Eq. (56). This probability density is shown irufig 1 at different time instants féf = 2 and

an initial condition defined in terms of the functions
3 —z2/2 . 2
hi(z) = —e , ho(z) = sin(z*), hs(z) = cos(3z) . (66)

According to Eq. (65) the mean wave is zero, while the vagar(@, t)? evolves in time as shown in figure 2.
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6.1 Analytical verification of some differential constrain ts

It is easy to prove that the probability density function)(@8rifies the simple differential constraints (24) and (27)

hereafter rewritten for convenience

(a,b,¢) (a.6,0) (a,6,0) (ab.¢)
WPpiprp, Oy, Wy, _ P
= —¢ R = .
ox Oa ot da

To this end, let us first notice that the limit partial derivas of the Jacobian determinant (61) with respeat smd¢

are identically zero, i.e. we have

o, -
ox 0t
In fact, by using the definitions (57) and (58) we obtain
. oJ
t/ltl,f/n T G31 (G22G33 — G32Ga3) + Gs2 (G31Ga3 — Ga1Gas) + Gz (Ga1Gs2 — Ga1G) =0, (68)
. oJ
Jim = =G (G22G33 — G32Ga3) + G2 (G31Ga3 — Ga1Ga3) + Ga3 (G21Ga2 — Ga1G22) = 0. (69)

At this point we can calculate the limit derivatives of thelpability density (63) with respect toandt

(a,b,c) (X1,&2,&3) _~ (&1, &2,&3)  ~
Py, 1 ﬂp(&l,ag,&g) 1 0P ey, 08 _ 1 0pg ey, 08 (70)
o J|J| ox Er82Es |J] Ox; o |J| Ox; o’
(a,b,c) (&1,&2,&3) _~ (&1,&2,&3) _~
OPyp ., _ 1 yp(&lyag,&s) iap&imiz-s o _ iap&«iz;a > o (71)
ot J|J| ot TErE2Es 7| 0% ot |J| Oy ot ’
where we have used Eqs. (67). From Egs. (64), (67) and thatdeis(57) and (58) it follows that
0, 1 o, 1
= ——Hjc, = ——H;b. 72
0w g 1e ot g (72)
Substituting these results back into (70) and (71) we obtain
(a,b,c) (81,82,83) (a,b,c) (81,82,&s3)
Dpll)ll’ﬂl’m — _ ¢ 6p5.1‘1£2523 ’ Hi Dp‘l"btl])z - _ b 8p51<132£23 ’ Hy (73)
0z JIJ| 0w o ot J|J 0wy o
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Differential Constraints for the Probability Density Function 17

At the same time we notice that

(a,b,c) (&1,&2,&3) A~ (&1,&2,&3)

_ ap\l)ll’ﬂl)m ___¢ 8]?&1;‘2&23 ’ o, ___¢ ap511525.23 ’ Hi (74)
Oa J |J| 8&Z Oa J ‘J| 8&1 o
(a,b,c) (81,82,83) n (&1,82,83)

7bap1|)1bt‘-l)m _ b 8}75132&23 ’ o, _ b ap£1152523 ’ Hi (75)
Oa J |J| 8&1 Oa J ‘J| 8&1 o

and therefore the differential constraints (24) and (28)identically satisfied (simply compare Egs. (74) and (75)
with Egs. (73)). Similarly, it is possible to show analytlgahat higher-order constraints such as (33), (12) or &%)
identically satisfied by the joint probability density fuion (63). We conclude this section by emphasizing thatether
exist many joint densities satisfying a single differehtianstraints, e.g. Eq. (12), for the same boundary andainiti
conditions. As an example, simply consider the family ofiqaoility densities in the form (63) where the functiais
are translated by rather arbitrary functiopgz’, ="/, t',¢") defined forz’, " € R, ¢/, t” > t; and satisfyingg; = 0

for ¢’ =ty ort” = ty. This clearly shows that a boundary value problem for Eq) él@ne is ill-posed, i.e. it admits

an infinite number of solutions.

7. SUMMARY

We have determined and discussed new differential constraatisfied by the joint probability density function of
arbitrary random waves governed by Eq. (1) for random bogndanditions and random initial conditions. These
differential constraints involve unusual limit partiafffidirential operators, and they can be classified into twonmai
groups: the first one depends on the stochastic wave equalitethe second one includes a set of intrinsic relations
determined by the structure of the joint probability depéitnction of the wave and its derivatives. We have shown
that in those cases where an evolution equation for the pilityadensity function exists, e.g. for first-order norgiar
stochastic PDEs, the set of differential constraints is glete, i.e., it allows to determine the probability density
function of the solution. We have applied the new theory tardom wave process in a one dimensional spatial
domain and we have shown analytically that the differerg@istraints for the joint probability density function
are identically satisfied. In addition, we have argued thiabandary value problem involving only one differential
constraint is, in general, not well posed, i.e., it admitdrdmite number of solutions. This brings us back to the
fundamental question we have addressed at the beginnihisgfaperhow many differential constraints do we need
in order to have enough information to compute the probgbdensity function of the system uniquel®st likely

the full set of first-order differential constraints, whibhs been proved to be complete for first-order stochastics? DE

already has the necessary information. However, a rigopoosf is still lacking. We conclude by emphasizing that
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18 Venturi & Karniadakis

the sequence of steps that led us to formulate the set ofadifial constraints presented in this paper can be repeated
with some modifications for other linear and nonlinear ststlt PDESs. In other words, we have provided a general
methodology that allows to obtain an ensemble of conditiamshe form of partial differential equations, for the

probability density function of the solution to an arbifratochastic PDE.
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APPENDIX A. FUNCTIONAL REPRESENTATION OF THE PROBABILITY D ENSITY FUNCTION OF THE
SOLUTION TO STOCHASTIC PDES

Let us consider a physical system described in terms ofgdaifferential equations subject to uncertain initial eon
ditions, boundary conditions, physical parameters orregle€orcing terms. The solution to these types of boundary
value problems is a random field whose regularity propeitiespace and time are strongly related to the type of
nonlinearities appearing in the equations as well as ont#testcal properties of the random input processes. Is thi
paper we assume that the probability density function okthietion field exists. In order to fix ideas, let us consider

the advection-diffusion equation
o
ot

oo

+ &(w) or Vo (A.1)

with deterministic boundary and initial conditions. Thergraeterf(w) is assumed to be a random variable with
known probability density function. The solution to Eq. {Ais a random field depending on the random variable
&(w) in a possibly nonlinear way. We shall denote such a functidependence ap(x, ¢; [£]). The joint probability
density of(z, ¢; [£]) and§, i.e. the solution field at the space-time locat{an¢) and the random variablg admits

the following integral representation (see Eq. (16) in J30]
S e = (8(a—P(x, & [E)S(b— &), abeR. (A.2)

The average operatdr), in this particular case, is defined as a simple integral vé#ipect to the probability density
of &(w), i.e.
Wil = [ dla (et ()80 - 2z, (A3)
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Differential Constraints for the Probability Density Function 19

Wherepf;) denotes the probability density §fwhich could be compactly supported (e.g. a uniform distidn). The
support of the probability density functimff(’i))t)a is determined by the nonlinear transformatifr— \(z, ¢; [€)])

appearing within the delta functidi{a — \(z, ¢; [£])) (see, e.g., Ch. 3in [31]). The simple representation (Az8) c

be easily generalized to infinite dimensional random inpatesses. To this end, let us examine the case where the

scalar fieldy is advected by a random velocity fieldaccording to the equation

V) 0?
*JrU(x,t;w)%:Van, (A.4)

for some deterministic initial condition and boundary citioths. Disregarding the particular form of the random field
U(zx,t;w), let us consider its collocation representation for a gidestretization of the space-time domain. This
gives us a certain number of random variab{é&(x;,t;; w)} (¢ = 1,..,N, j = 1,...,M). The random field)
solving Eq. (A.4) at each one of these locations is, in génaronlinear function ol the variableU (z;, ¢;; w)}.

In order to see this, it is sufficient to write an explicit fimitlifference numerical scheme of Eq. (A.4). The joint
probability density of the solution fiel¢ at (x;, t;) and the driving fieldJ at (x,,, t,,,), admits the following integral

representation

Py ey = (8(a =i, b5 (U1, 41), oy U, ta)]))S(b — U, tm)) (A.5)
where the average, in this case, is with respect to the jowtigbility of all the random variable§U (z,,, t,,; w)}
(n=1,.,N,m =1,..., M). The notationp(z;,t;; [U(x1,t1),...,U(zn,tr)]) emphasizes that the solution field
Y(z;,t;) is, in general, a nonlinear function of all the random vaeal{U (z,,, t,,; w)}. If we send the number of
these variables to infinity, i.e., we refine the space-timshrte the continuum level, we obtain a functional integral

representation of the joint probability density

DS ey = (8(a =W, 45 [U])8(b — U’ )

- / DWW [U18(a — (e, & [U])5(b — U, 7)) (A.6)

whereW [U] is the probability density functional of random fidld{ x, ¢; w) andD[U] is the usual functional integral
measure [13—-15]. Depending on the particular equation diomowe will need to consider different joint probability
density functions, e.g., the joint probability of a field atedderivatives with respect to space variables. The fonéti

representation described above allows us to deal with ttiéfeeent situations in a very practical way. For instance,

Volume 1, Number 1, 2011



20 Venturi & Karniadakis

the joint probability density of a fielth(z, y, t) and its first-order spatial derivatives at different spéoee locations

can be represented as

a,b,c
psl)(m,y),t)l])m(m/,y/,t’)ll)y (:E”.,y”,t”) = <6(a - ‘ll)($, y7 t))é(b - 1-1)1 (I/a y/a tl>)6(c - wy(xﬂ7 y//’ tﬂ))> I (A7)

where, for notational convenience, we have denoted,but)yd:(Ef o /0z, b, def /0y and we have omitted the

functional dependence on the random input variables wéhih field. Similarly, the joint probability ap (z, y, t) at

two different spatial locations is

pfs(’z)’%t)w(zgygt) = (8(a —P(z,y,1)8(b - W(2',y',1))) . (A.8)

In order to lighten the notation further, sometimes we withplthe subscripts indicating the space-time variables and
write, for instance

pEE\fi = <6(a - 'lj)(lﬂ, Y, t))é(b - ﬂ)r(xlv ylv tl))> ’ (Ag)

or even more compactly

Pl = (8(a —P)8(b— ). (A.10)

APPENDIX A.1 Representation of derivatives

The differentiation of the probability density functiontirespect to space and time variables involves generalized
derivatives of the Dirac delta function and it can be caroatlin a systematic manner. To this end, let us consider Eq.

(A.2) and define the following linear functional

| #ptaria = sta - wia0p(ada) = () (A1)

— 00
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wherep(a) is a continuously differentiable and compactly supportgatfion. A differentiation of Eq. (A.11) with

respect ta gives

= [ st~ b0

- / D (a1 olada. (A12)

This equation holds for an arbitrap{a) and therefore we have the identity

o (a)
PVt) 5 0 ) i 1) (A13)
Similarly,
W) 9
S = o (8@ = V(1) b (w,1)) - (A.14)

Straightforward extensions of these results allow us to man derivatives of joint probability density functions

involving more fields, e.gap(z, t) and its first-order spatial derivatiwg, (z, t). For instance, we have

Iy, D

o 50 (8 (@ =, 0)) (b — W, )be(a, 1)) - 9<5 (a—U(z,) 8(b — Y (z, ) biz(z, 1)),

0b

(A.15)

where,, & 9% /0tox.

APPENDIX A.2 Representation of averages

In this section we determine important formulae to compheedverage of a product between Dirac delta functions
and various fields. To this end, let us first consider the @ef&(a — 1)y). By applying well-known properties of

Dirac delta functions it can be shown that

(8(a —P)) = apy, , - (A.16)
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22 Venturi & Karniadakis

This result is a multidimensional extension of the folloginivial identity that holds for one random variatiigwith

probability densnw(z)) and a nonlinear functiog(&) (see, e.g., Ch. 3 of [31] or [30])

(%n)

h a— )z— -z (2) M
[ sta-atenane Zm s maenae =R e

— |9'(zn
wherez,, = g~'(a) are roots ofy(z) = a. Sinceg(z,) = g(g~'(a)) = a, from Eq. (A.17) it follows that

(Zn)

/_00 d(a—g(2) )dz = az o /_OO 5(a — g(z))p(;)dz, (A.18)

which is the one-dimensional version of Eq. (A.16). Simylaone can show that

(8(a—)8(b — o)) = aply) (A.19)
(8(a = W)3(b — ba)b) = bpiyy (A.20)

and, more generally, that
<6(a - lb)é(b - ll’m)h(% t, \bv d)z)) = h(.’b, t,a, b)pgsqf) ) (A21)

where, for the purposes of the present papé, V., z,t) is any continuous function ap, ., « andt. The result

(A.21) can be generalized even further to averages invglaiproducts of functions in the form

(5(a—)8(b—Pa)h(x, £, 0, 00)g (@, t, W, Wty ety ) = o, 1, a,B)(8(a—)8(b =2 )9 (2, £, Wiy Wit Wi, o) -
(A.22)

In short, the general rule isve are allowed to take out of the average all those functiomslving fields for which

we have available a Dirac deltaAs an example, ifp is a time-dependent random field in a two-dimensional spatia

domain we have

(5(a—1)8(b—,)8(c—y)e™ @+ sin(W)h, 2 h,,) = e~ sin(a)be? (5(a—1)8(b—, )=y )W) -
(A.23)
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APPENDIX B. HOPF CHARACTERISTIC FUNCTIONAL APPROACH

In this appendix we employ a Hopf characteristic functicagbroach [19, 32—34] to derive the differential constraint
(12) for the probability density function of one-dimensamandom waves satisfying Eqg. (2). This allows us to show
how the differential constraints for the probability deggunction can be obtained from general principles. Thatjoi

Hopf characteristic functional of the waveand its derivatives with respect to space and time is defised a
Flo, B,y] € (eZl8]) (8.1)
where

Zle, B, Y] :i/T/Xll)(X,T;w)oc(X,T)dXdT—i—i/T/le)t(X,T;w)B(X,T)dXdT

+i/T/thx (X, 1 w)y(X,1)dXdt (B.2)

and the average operator is a functional integral with ressfzethe joint probability functional of the random initial
condition and the random boundary conditions. The Voltem&tional derivative [35, 36] of Eq. (B.1) with respect to
P(z,t), i.e. the Giteaux differential [37, 38] of [« 3,y] with respect tax evaluated at(X,t) = §(t — 7)86(x — X),

is

BF Lot B Y] el 4 ) 1o
SW(z,t) iz, t; w)e” Y (8:3)

Similarly, the functional derivatives of (B.1) with respec . (z, t) and,(z,t) are

SF [, Byl _ . 2[Ry
Sy (. t) = i(Py(z,t; w)e ), (B.4)
w — . Z[e,B,y]
S,y Welm B @)ETEET. (B.5)
Note that, by construction,
9 (8F[o, B,v]\ _ 8F[e, B,Y] d (8F[x,B,v]\ _ OF[x, B,Y]
356( S (, ) >_ (o) 0 2N at( S0 (z,7) >_ Sbi(,t) (B.6)
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1 If we differentiate (B.3) twice with respect toandx

62 6F[(XaBaY] . . [oe,B,v]

o (B — (o s 0)e?1 ), )
’ 82 6F af’a . 29

m«( W ) = {2, 15 w)eZ0P]) (B.8)

s and we take into account Eg. (2), we easily determine theddtig functional differential equation governing for the
« dynamics of the Hopf characteristic functional
2 2
otz \ dP(x,t) 0x2 \ dP(x,1)
We notice that up to this point we have made no use of the figldsdy appearing in (B.1). Indeed, we can safely
setp = 0 andy = 0 in Egs. (B.2) and (B.1) and determine exactly the same deol{B.9). The need fop andy
clearly appears when one tries to extract a pointwise eguébir the probability density function of the random wave

from Eqg. (B.9). To this end, let us first remark that the fuoctl differential equation (B.9) holds farbitrary test

functionsx, 3 andy. In particular, it holds for

o (X, 1) = ad(t — T)5(x — X) (B.10)
BH(X, 1) = bo(t' — T)8( — X)), (B.11)
(X, T) = cd(t" —1)8(2" — X). (B.12)

s An evaluation of Eq. (B.9) foxx = at, p = B+ andy = y™ yields the condition
i{(Wet (@, 15 @) = Uty (2, £ w)) e H)eribelat b tipa ) — o (8.13)
¢ This condition is equivalent to a differential constraimialving thejoint characteristic functiorof the wave and its

7 derivatives

Cbl(f(ﬁ;ij))%/ d:ef <6i1b(x,t;w)a+i1bt(m',t';w)b+i1b$(a:”,t”;w)c> , (514)
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In order to see this, let us notice that

b,c)
d) a . ! ’ . " 12
;’tll; Ly —Za<1])tt([];‘ t; (U) P (z,t;w)atid (' ,t';0)b+il, (¢ ;w)c>

_ 2 WPy (z, t; w)2ei¢(w,t;w)a+iwt(ac',t/;w)b+i1b$(a:”,t”;w)c> ] (B.15)

If we take the limit of this expression f@r’, ¢’) — t and(z’, 2”") — = we obtain

22 (0) | | | o2t
;’tg)wlbt _ 7;a<1l)tt(x,t;('v)em.[)(gc,t;(.u)a+u|)t(gc,t;u))b—',—n])m(95,1&;(4.))c> +a a‘lgg 2Pt ’ (816)

whered denotes the limit partial derivative operator. Similarly,

et P00
2WPe . . P (z,t;w)atip, (z,t;w)b+ip (z,t;w)e t
322 = ta(Pye(z,t; w)e w w HBERIY 4 g 9e2 : (B.17)

1 At this point we can combine the results above to obtain thevfing differential constraint for the joint characteits

> function N (b b N
a,b,c) 2 ¢ (a,b,c a,b,c) a,b,c)
04y, 2T v e Oy, U2 P by, (B.18)
02 b2 02 acz '

s The inverse Fourier transform of this relation with respect, b andc gives us exactly Eq. (12). In order to prove

+ this, we simply recall the definition q;‘ff :b:c) , as the inverse Fourier transform of the characteristictiun@fﬁlfﬁt
(ab,c) _ e tax—ibB—icn 4 (e ,B.m) dodBd B.19
Py, = 2 d)w v, dodfdn, (B.19)
and two simple relations arising from Fourier transforroatiheory of a one dimensional functigifx)
/ e T 7df(x) dx = (ia)n/ e " f(x)dx, (B.20)
oo :Cn oo

/ e " f(x)dx = znd—n e " f(z)dx . (B.21)

—o a"™ J_

s APPENDIX C. PERTURBATION EXPANSIONS OF DIFFERENTIAL CONST RAINTS

In this appendix we show that the differential constrair)(tan be expanded in a perturbation series leading to

an equation governing the local behavior of the probabdiysity function in the neighborhood of the hyperplane
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2" =12 ==x,t" =t = t. To this end, let us consider again Eq. (8)

82p(a,b;c) azp(a,b;c) 52
bl Yy
2 (5 (a — ) 78 (b~ 7) 8 (e — W)
62
+ U5 (8(a= )38 (b —w;) 8 (¢ — Vi) (C.1)

and look for an approximation to both averages appearingeatght hand side. The simplest one consists in expand-

ing Y7 andy? in a first-order Taylor series arourfd’, t') and(x”, t""), respectively, i.e.

V7 =7 + 205y, (z — a') 4+ 25, (E—t') 4 - - (C.2)

W3 = WP 4 2050, (2 — 2 + 200 (¢ -t + (C3)
A substitution of Egs. (C.2) and (C.3) into the averages in(Eql) yields

(8 (@ — W) W25 (b—W}) 8 (c — W) =(5 (a — ) W25 (b — ))& (c — b))
+ 20 — a')(8 (@ — ) Wi}, 8 (b— b)) § (e — W)
2t —)(8 (@ — W) Wb b)) (e~ ),  (C4)

(8 (@ — ) W25 (b —W}) 8 (e — W) =(5 (a — W) W28 (b— ) 5 (c — b))
+ 2 — ) (5 (a — B) WAL (b — b)) 8 (¢ — ¥L))
£ 2t~ ") (5 (a— W) WILE (b W) s (e —wl).  (CH)

At this point we can use the property (A.22) and write Eqs4j@nd (C.5) as

) vl v Opln)
(8 (a — W) W25 (b— ) 8 (e — W) =bpie), + 2b(a — ') [ UL gy 1 ob(t [ S gy,
(C.6)
W el
(8 (a — )28 (b= W}) 8 (¢ — ) =), + 20(a —a”) [ S Gt 42t — o) [ S g
€7
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A substitution of Egs. (C.6) and (C.7) into Eg. (C.1) yield$oarth-order (nine-dimensional) partial differential

equation that characterizes locally, i.e. in the neighbodhof the hyperplang = ' = 2/, t = ' = t” the evolution

of the probability density function of the random wave. Balently, we can say that we have determined a local

(non-pointwise) realization of the functional differeadtequation (B.9). An alternative method to obtain this hesu

consists in evaluating the functional differential eqoat{B.9) for test functions,  andy that are very concentrated

near specific space-time locations. These types of testifursccan be any of those belonging to a delta sequence

(see, e.g., appendix A in [39]).
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