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Abstract

We consider the development of efficient and fast computational methods for parametrized electromagnetic scatter-
ing problems involving many scattering three dimensional bodies. The parametrization may describe the location,
orientation, size, shape and number of scattering bodies as well as properties of the source field such as frequency,
polarization and incident direction. The emphasis is on problems that need to be solved rapidly to accurately simulate
the interaction of scattered fields under parametric variation, e.g., for design, detection, or uncertainty quantification.
For such problems, the use of a brute force approach is often ruled out due to the computational cost associated with
solving the problem for each parameter value.

In this work, we propose an iterative reduced basis method based on a boundary element discretization of few
reference scatterers to resolve the computationally challenging large scale problem. The approach includes (i) a
computationally intensive offline procedure to create a selection of a set of snapshot parameters and the construction
of an associated reduced basis for each reference scatterer and (ii) an inexpensive online algorithm to generate the
surface current and scattered field of the parametrized configuration, for any choice of parameters within the parameter
domains used in the offline procedure. Comparison of our numerical results with directly measured results for some
benchmark configurations demonstrate the power of our method to rapidly simulate the interacting electromagnetic
fields under parametric variation of the overall multiple particle configuration.
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1. Introduction

The need for fast and efficient modeling of the scattering of electromagnetic waves by multiple particles is fun-
damental to several applications, see [1] and references therein. However, the direct modeling of such problems is
both costly and complex due to the many scatterers and their individual interactions. Furthermore, such problems
are particularly challenging when one seeks to evaluate the scattering under variations of the overall problem, i.e.,
with variations in frequency, direction and polarization of the incident waves, and the location, orientation, and even
number of the particles. Attempting to evaluate the impact of such variations are often not practical using brute-force
techniques, yet has many important applications in design, optimization, and inverse problems.

In such cases, it may be attractive and often required to seek a different approach and attempt to precompute
and store scattering information of the configuration for a relative small representative set of parameters (using some
offline process) and then develop a tool for the rapid online simulations that require the solution of substantially
reduced dimensional systems for any chosen parameter value. This line of argument is similar to that leading to the
reduced basis method, gaining increasing interest in the broader computational science community.

The basic idea of a reduced basis method was first introduced in the 1970’s for nonlinear structural analysis [2, 3]
and it was subsequently abstracted, analyzed [4, 5] and generalized to other type of parametrized partial differential
equations [6, 7]. Most of these earlier works focus on arguments that are local in the parameter space. Expansions are
typically defined around a particular point of interest and the associated a priori analysis relies on asymptotic argu-
ments on sufficiently small neighborhoods [8, 9]. In such cases, the computational improvements are quite modest. In
[10, 11] a global approximation space was built by using solutions of the governing PDE at globally sampled points
in the parameter space, resulting in a much more efficient method. However, no a priori theory or a posteriori error
estimators were developed in this early work.

In recent years, a number of novel ideas and essentially new features have been presented [12, 13, 14, 15, 16, 17,
18, 19, 20]. In particular, global approximation of parameter spaces are used and uniform exponential convergence
of the reduced basis approximation has been numerically observed and confirmed in [21] where the first theoretical
a priori convergence result for a one dimensional parametric space problem is presented. The development of rig-
orous a posteriori error estimators has also been presented, thereby transforming the reduced basis methods from an
experimental technique to a computational method with a true predictive value.

While the vast majority of past work has focused on the development of methods for parametrized partial differ-
ential equations, recent activities has extended this approach [22] to the case of integral formulations and the electric
field integral equations. For fixed parameters, multiple electromagnetic scattering algorithms have been discussed
[23].

In this work we shall seek to further extend the use of reduced basis methods to not only accelerate the prediction
of the scattering by a single obstacle but also to develop a reduced basis approach to account for the interaction
between scatterers. The approach taken is to (i) first solve (offline) the full electromagnetic scattering problem on
one (or a small number of) reference obstacle(s) for some appropriate number of N snapshot parameters. Further,
using affine transformations from one of the reference shapes to each of the other scatterers, we construct operators
that describe the interaction between the scatterers in the configurations. Then (ii) for any (online) choice of the
parameters, we demonstrate how the combination of this model and an iterative algorithm, requiring the solution of
small linear systems allows one to compute the surface currents on the entire set of scatterers and hence to compute
the functional output of the multiple scattering model.

We apply a boundary element method during offline process to solve the N single (reference) obstacle scattering
problems to some required accuracy. Let N, be the dimension of the boundary element space. While the offline pro-
cess requires the solution of N large dense complex linear systems with dimension N}, >> N, the relative inexpensive
online process provides an efficient way to simulate the electromagnetic scattering interaction in the multiple particle
configuration for many choice of parameters by solving only reduced N dimensional systems at a low computational
cost.

The paper is organized as follows. In Section 2 we provide a general description of the scattering problem and the
integral equations being discussed in this work. This sets the stage for Section 3 where we introduce the boundary
element formulation of the scattering problem, including a detailed discussion of transformations between reference
and physical scatterers. In Section 4 we introduce the reduced basis method for both the single and multiple scatterer
problem and introduces the iterative approach that enables the computation of the global scattering from knowledge

2



of the local scattering problem. A central element of the efficiency of the reduced basis methods is the assumption
that all operators and sources are affine in the parameter. This is what allows the offline-online separation. However,
as we discuss in detail in Section 5, this assumption is not satisfied for the integral equation formulation presented
here and we discuss in detail how to overcome this by the use of empirical interpolation methods. This sets the stage
for Section 6 where we present a number of three-dimensional computational experiments of increasing complexity,
highlighting the robustness and versatility of the proposed method. Section 7 concludes with a few remarks and a
discussion of future directions of research.

2. General problem description

In this work, we consider a general three-dimensional electromagnetic configuration, assumed to consist of disjoint
perfect conducting obstacles Q;, €, ..., Q;, situated in a homogeneous medium with vanishing conductivity. We
assume a time-harmonic plane wave excitation by an incident electromagnetic wave [E'", H"™], (parameterized by
the wavenumber k € R*, the incident direction din. € S? and polarization p € R?) impinging on the configuration
Q= U;:l Q;. B

The input vector fields E°, H™ : (R3\Q)xR*xS2xR> — C? are, respectively, the incident electric and magnetic
fields with wavelength 1 = 2xr/k. Here, S? is the unit sphere in R and k = w \Ho€, with w > 0 being the angular
frequency. Here we introduce the free space permittivity €y = 107/(4nc?)F/m and permeability po = 47 x 107"H/m,
where ¢ = 299,792,458 m/s is the speed of light. _

For a fixed wavenumber k € R, incident direction djn € S2, and polarization pin. € R?, we take [E™, H"™] to
be a plane wave with representation

Einc(x;ll) = Pinceikx.djnc’ Hinc(x;,u) = [Fjinc X Pinc] eikx'dinc’ ;iinc L Pinc, 2.1

where, in this work, pu = (k, E;mc, Pinc) € D = [k k"] xS 2x P cR7, with P being a bounded polarization vector

domain in R*®. Throughout the paper, we use ~ to represent unit vectors and ~ for elements in a reference obstacle.
For each fixed parameter u = (k, dinc, Pinc) € D C R7, the interacting time-harmonic electromagnetic waves,

with frequency w scattered by the ensemble Q = U;zl Q; are described by the electric field & and magnetic field H,

&(x,1) = Re{E(x)e™}, H(x,n =Re{H(x)e™}, xeR\Q 2.2)
The spatial components [E, H] of the electromagnetic wave satisfy the time-harmonic Maxwell equations [24]:
curl E(x) — iwugH(x) = 0, curl H(x) + iweyE(x) = 0, xeR¥\Q, (2.3)
and the Silver-Miiller radiation condition
|}\i£>noo [H(x) X x — |x|E(x)] = 0. 2.4
Using the first equation in (2.3), H can be computed using E and with k = w /o€y, Z = \/M being the intrinsic
impedance of vacuum (so that kZ = wug, k/Z = wep), it is easy to see from (2.3)—(2.4) that the electric field E satisfies

0, xeR3\Q, (2.5)
0. (2.6)

curl curl E(x) — K¥’E(x)
|llim [curl E(x) X x — ikZ|x|E(x)]
X|—o00

Further the electric field satisfies inhomogeneous boundary condition [24]:

J
(trE)x) = ~(xr E™) e ), x €[] oy, 2.7)

j=1
where 77 is the tangential component trace operator defined for x € 0Q;, j = 1,..., ], by (7rv)(x) = n(x) X [v(x) X

n(x)]; where for x € 0Q;, n(x) denotes the unit outward normal at x on the surface dQ2; of the obstacle Q;. This
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boundary condition (2.7) follows from the assumption that each obstacle ; in the ensemble is a perfect conductor
and hence the tangential component of the total electric field E + E™™ vanishes on the ensemble surface.

For properties of 77 and for definition of the spaces H™'/?(divgq, 0Q) and H™'/*(curl 459, dQ) used in this work,
we refer to [25, Theorem 4.1] and related discussions in [25, 26, 24] of such spaces for smooth, polyhedral, and
Lipschitz domains, Q. These two spaces are mutually adjoint with respect to the scalar product (denoted throughout
the paper by (-, -)) in LX(Q)? := {v € [L2(aQ)]3 cv-n= 0},

The main aim of this work is to consider the varying parameter case and hence we use the notation [E(x; ), H(x; )]
to denote the scattered electromagnetic field generated exterior to the multiple particle configuration €, for x € R3\ Q
and ¢ € . An important component in analyzing the interaction of the electromagnetic waves with complex scat-
terers is the computation of the radar cross section (RCS) of the ensemble Q measured by a receiver situated in the
direction ds. The RCS, denoted by o(dy.s; i), measured in decibels (dB) can be represented as [24]:

—_ — 2 _~ —_ .
0 (drcs, M) = 10 1OgIO (47T ‘Eoo(drcs;/l)’ /|pinc|2) ) Eoo(drcs:ﬂ) = rlgg E(rdycs, I»l)e_lkrr, 2.8)

where E is the electric far field. Two types of RCS are of particular interest: (i) The RCS for all directions Ercs, ‘with
a fixed incident direction dinc; (i) The RCS for all directions dy.s, with varying incident directions dinc = —dycs.
These are the bistatic and monostatic RCS respectively. Thus, in general the parameter set 9 is further enriched by
dycs €S2

For a fixed frequency, co-location of the transmitter and receiver in the monostatic RCS leads to, in contrast to
the bistatic case, the requirement of solving the Maxwell equations over a significant range of incident directions and
polarizations varying in S x R3. In the more complex case of transmitters at an unknown or propagating location,
incident waves with various frequencies, directions and polarizations to test the reaction of the configuration requires
one to solve the full three dimensional scattering Maxwell system for a very high number of parameters varying in
DCR.

In this work we seek to avoid this substantial computational burden by solving the Maxwell system for only
a reduced but carefully chosen set of N parameters in P for each reference shape and provide the end user the
flexibility to solve the Maxwell system for any parameter in 9, any choice of parameters describing the scatterers,
and any choice of receiver direction, with a computational cost that depends solely on N.

2.1. The electric field integral equation
The electric far field required in the scattering calculation can be represented as a surface integral on the scattering

ensemble [24] given by:

ikZ

Eoo(ng57Il) = Em(w;ErCSsﬂ) = 4_
T

f Tocs X W ) X drcs]e™ e d(x), 29)
oQ

provided that the surface current w is known on the ensemble. The scattered electric field E satisfying (2.5)—(2.7) can
be represented in terms of the surface current w, as [24]

E(x,p) = Ew; x, p0) = ikZ (Sew) (x; 1),  x e R*\ Q, (2.10)

where, for a surface density a € H™'/?(divyq, dQ), the electric field operator S, is defined as [24]

(Sea)(x; pt) = fa . [(x. y)a(y) + Lgrad, O(x, y)divya(y)] ds). 2.11)
Here
1 kel
O(x,y) = iy (2.12)

is the fundamental solution of the Helmholtz equation with wavenumber k. By applying the tangential component
trace operator 717 in (2.10) and using the boundary condition (2.7), we obtain the electric field surface integral equation
for the unknown surface current w(u) = w(- ; ) € H-'/?(divyq, 0Q):

kZ(Tew)(x; 1) = —(n7 E™)(x; 1), x€0Q, peD\KQ), (2.13)
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where T = 7 0Se : H™2(divga, Q) — H™'?(curl 4, Q) is an invertible operator only if k is a regular wavenum-
ber (that is, k? is not an eigenvalue of the interior Maxwell eigenvalue problem). Throughout this work, we assume
the invertibility of T and hence in (2.13) the set K(Q2) of resonant wavenumbers, of the configuration Q, are excluded
from the parameter set 2. Henceforth we use D to denote the parameter set in R’ that does not include K(Q).

Remark 1. The restriction on the resonance wavenumber in the electric field integral equation (EFIE) formula-
tion (2.13) can be avoided by using a combined FIE (CFIE), that combines (2.13) with a relatively simple (weakly-
singular) second-kind magnetic FIE (MFIE). In this work, for convenience of presenting the main idea of the multiple
scattering reduced basis algorithm, we restrict to the EFIE formulation. However, our algorithm in this work is
applicable to the CFIE formulation with appropriate modifications.

The mutually adjoint property of the domain and range space of T, leads to the variational formulation of (2.13):
for u € D, find w(u) € H'*(divyq, 0Q) such that

KZ((Tew)(- s p),v) = ~((mr E™)(- s p0),v) v € H 2 (divgq, Q). (2.14)

Thus, reformulation of the scattering process modeled by the exterior Maxwell system through the EFIE and the
variational form surface integral equation (2.14) is a natural approach to efficiently compute the electric far field using
the representation (2.9). Henceforth our main focus is on the development of an efficient computational approach for
solving the parametrized surface integral equation (2.14), and hence fast computation of the RCS, for all u € D, using
(2.8)-(2.9).

For any fixed parameter value, the EFIE can subsequently be discretized using a Galerkin approach. Replacing
the functional space H~'/?(divq, 0Q) by some conforming finite dimensional subspace yields the Boundary Element
Method (BEM), also known as the Method of Moment (MoM). A common choice as discretization space is the lowest
order complex Raviart-Thomas space RTy, often referred to as the Rao-Wilton-Glisson elements in the electromag-
netic community.

3. Boundary element multiple scattering model

Throughout the paper, for g € D, w(u) = Z;:  wi(w) € H'2(divgg, 0Q), denotes the unique global solution of
(2.13), where wi () = wlso, (u), fori =1,...,]. Since

n(x) wx) =nx)'wix), xe€dQ;, i=1,...,7,

w € H'2(divyg, Q) if and only if w; € H‘l/z(divagi,éQi) fori =1,...,J3. Using (2.11), (2.14) and integration
by parts, the main task in the electromagnetic scattering problem is: for each y € D, find J surface currents w; €
H™'2(divgg,,0Q;5), j = 1,...,3 by solving the coupled surface scattering system

]
(a3 w3 G, vis pul + a3’ ws ), vis pl} = fHivispl, vi € H'*(divao,, 0Q),
j=1

i=1,...,7, 3.1)

where alij [, -;u],a;j [, pl « H'2(divag,, 0Q5) x H™'*(divgq,,0Q;) — C are sesquilinear forms, defined for ¢ €
H_l/z(diVagj,an), ne H‘”z(divagi,@Qi), as

Syl = k2 fa ) fa D W) I 50 d), (3.2)
. i7 _
S = -2 f f @y e, y)divy (y)divy 70 ds(y) ds(x) (3.3)
00 Jog;
and
Film = - fa B ) d), (3.4)

i
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Using the unique solution of the system (2.13) and (2.10), we define the J exterior electric fields

Ei(x;p) = ikZ (Sews) (x;p),  xeR\Q;  i=1,...,7, (3.5)
such that the exterior field in (2.10) can be written as E = Zi:l E;. Further, for well separated obstacles [27], for
eachi=1,...,], E; is the unique radiating solution of the Maxwell equation exterior to Q;, that

curl curl E;(x;p) — KEj(x; ;) =0, xR\ Q;, (3.6)

subject to the reflected wave perfect conductor boundary condition

J
(nrE)(x; p) = —(nr E™)(x; pt) — Z (mrE5)(x; ), X € 0Q;. 3.7
j=1
j#i

The term ), j _ (w7 E;)(x; p) represents the reflected waves impinging on the surface of the i-th obstacle from all other

obstacles inJ t;&he multiple scatterer configuration. We will later use this physical interpretation to design an efficient
online part of the reduced basis algorithm for any parameter u € D, relying on an iterative process that mimics this
physical picture.

For i = 1,...,3J, corresponding to the i-th scatterer in the configuration Q, let V;; be an ANj-dimensional
subspace of Ho(divogi,(')Qi) c HY 2(divagi,6Qi) based on the discretization mesh parameter 4. In our case we
choose the lowest order complex Raviart-Thomas space V;; = RT(0€, ;) spanned, for example, by the Rao-
Wilton-Glisson (RWG) basis as an approximation space defined on a mesh 0€);,; on the surface 0Q;. Thus, let
Vi = span{q)ri1 n= 1,...,Nh}.

Forpu € Pand j = 1,..., ], the boundary element Galerkin approximation w, ;(u) € V;; = RT¢(0Q;) to the
unique solution w;(u) of (3.1) resp. (2.14) is represented as

Ni
Wi = > wagga(x),  x€dQ;,  j=1,...0. (3.8)

n=1

Note that the accuracy of the boundary element Galerkin approximation wy, j(u) depends on N, as well as a number
of physical variables, in particular the wave-number k. We therefore choose N, to be large enough to ensure that the
surface currents wy, ; (1) are represented to some required accuracy for all wave-numbers k € [k, k*].

Using (3.1), for each fixed u € D, and j = 1, ..., ], the boundary element Galerkin approximation wy j(u) € Vj,
is sought as solution of the discrete variational problem

J
D a s, vigiil = Fivngul, e Vi, i=1...3, (3.9)
=1
where, a*[-, - ] : H‘l/z(div@gj, 0Q;) X H™'2(divyq,,0Q;) — C is defined as
a Il pl = aP sl + @ sl (3.10)

Remark 2. For notational convenience we refer to the solution of (3.9) as the truth solution. This is meant to indicate
that Ny, is assumed to be large enough to guarantee that the solution is accurate to within a user specific error
tolerance. In other words, we take this solution to be as close to the exact solution as required for the application of
interest.

Remark 3. The above framework can also be applied for the case of a single scatterer Q. The problem then reads:
for each fixed yu € D, find wy(u) € RTy(0Qy,) such that

alwn(g), vi; ] = flva; pl, Vv, € RTo(0€2p), (3.11)
where a[w, (W), vy; 1] := a“[wh(,u), vy il and flvy; pl = f1 [vi; 1] in combination with Q) = Q.
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Further, note that the matrix representation of (3.9) is given foreachu € D andi,j=1,...,] by

MS@| =g dinl  [F@] = Fignl WL = W@
m=1,..., Ny, n=1,...,Nj. (3.12)

The unique solution of (3.9), for each u € D, can (at least in theory) be computed by solving the global N}, X JN},
linear system:

J

ZMij(y)wj(y)zfi(P), i=1,...,3. (3.13)

=1
The above approach is prohibitively expensive if the electromagnetic scattering problem needs to be solved for many
times to model parametric variation across g € 9. Indeed, even for a single fixed parameter y, this approach is not
practically useful if J is large since the dimension ), of the each of the J boundary element spaces can be large (even
for 1% accuracy) and that M/ are dense complex matrices. We may avoid solving the coupled global system by some
iterative procedure [23] based on the observation in (3.5)—(3.6), but this approach also requires solving J uncoupled
Ny X Nj system of equations at each iteration. The large number of degrees of freedom of the boundary element
discretization for the three dimensional scattering problem likewise makes this expensive.

3.1. Boundary element model described on reference shapes

In this section, we reformulate problem (3.9) for particular geometric configurations that arise from the mapping
of reference shapes into the physical space using affine transformations. For sake of simplicity , we assume that each
obstacle Q; is the image of an affine transformation 7'; from only one reference shape D onto Q j,foreachj =1,...,J.
In particular, we assume that T'; : D — Q; is of the form T;(%) = y;B;% + b; where y; € R is a stretching/shrinking
factor, B; € R33 a rotation matrix and b; e R3 a translation vector. As we will see in Section 6, the assumption of
just involving one type of reference element is not essential and different types of scatterers can be considered.

For j = 1,...,3, let /553- : H'2(divgg,,0Q5) — H™ ' (div,p, dD) denote the Piola transformation from the
physical surface dQ; to the reference surface D, defined as

PiY)(R) = BIy(T;(2)), ¥ € H ' (divgq,,0Q;) % €D, (3.14)

where T;% = y;B;X% + bj, with BJ.T = ijl. To show some properties of the Piola transformation, observe that the

normal resp. tangential vectors on oD and 0Q; are linked through the following relation
B;f(®) = n(T5(x)) and B;v(x) = v(T;(%)),

where n is the normal on 0Q;, fi the normal on 4D and v resp. ¥ any one to one mapping of a tangential vector. The
Piola transformation conserves tangential functions: if (x) - n(x) = 0 on 0Q;, then

(P5)(®) - A®) = [By(T3(&)] - [BIn(T5())] = Y(T5(2)) - n(T3(%)) = 0,

since Bj is a rotation matrix and 7'5(%) € 0€2;.

Let us further be precise on how we build the boundary element truth approximation space V ;. Given a mesh 65;,
on the reference shape 65, we use the affine transformation T to construct a mesh 0Q; ;, on the surface 0Q2;. As an
approximation space on 9Q; we then choose, as already mentioned above, the lowest order complex Raviart-Thomas
space RTy(0Q; p).

The degrees of freedom of RTO(ﬁﬁl,) resp. RTy(0€Q; ;) are conserved by the Piola transformation: For the lowest
order Raviart-Thomas space, edge fluxes are the appropriate degrees of freedom. Let e be any edge of the mesh of the
surface ADy, of the element E, i.e. & C JE. Let ¢ and E be the corresponding edge and element on the physical mesh
0Q; ;. Let ¥; and v, be the outer normal of the element E resp. E on the edge é resp. e. In addition, let ¢ 7 and ¢ be
the basis functions of RT,(dD;,) resp. RTo(8Q; ;) associated to the edge f resp. f satisfying af = ?’iq)f. Then, ¢
satisfies

ffﬁf(x) “Ve(X) = by
7



and hence using integration by substitution with the affine mapping 7; from é to e, we have
f 6 (@) ve(®) = v1 f BI¢/(T1(2)) - Bl ve(T5 (%))
e e
=i f¢f(Tj (X)) - ve(Ti (%)) = f¢f(x) “Ve(X) = Oef = 0.

Thus the dimension of the boundary element space for the i-th obstacle in the configuration is NV}, (independent of 1),
the dimension of RTo(0Dy).

Since the Piola transform #; is an isomorphism between Ho(diVan ,0Q5) and Ho(divaﬁ, 65), we can reformulate
(3.9) as a problem with computational domain D.

To do so we first map the sesquilinear forms in (3.2)—(3.3) to the reference surface aD. Let YyeH -1/ 2(divagj ,0Q5),
n € H'2(divgg,,0Q;), i,j = 1,...,3. Using (3.2) and integration by substitution with x = T;(%) and y = T;(9)
yields

Y] = ikZysys fa 5 fa BB - Bii ). ds§) s (3.15)
where, . _ - . _
BI(.9) = OUTI D). TG0, §50) = P)G). W@ = Pip@). .5 € 0D, (3.16)
Similarly, using (3.3) we get
ij iZyiY; Tij A Avg: AN T o A ~ ~
ity = -2 fa h fﬁ G v, TG T ) d(§) ), (3.17)

Observe that V,, = yJTlB j V5 and thus the surface divergence can be written as

[V, ~ a3 )T -V, | - $(T55)

75" [BsVs - BsAG) B - B3Vs |- Byghs ()

;' | V5 - A AG) - Vs - 959)

¥7'divs Y59). (3.18)

divy ¥(T;(9))

Using (3.15)—(3.18) in (3.10), N o
a [y, pl =a Yy, 7154, (3.19)
where for ;/;ﬁ € H‘l/z(div(,ﬁ, 65),

s~ i3 A A - . =% 1 c AN o a o
@[y, 7 1] = ikZysy; f ~ f ROMER) ((Bjt//(y»-(Bin(x»—kz—dWy YG)dive (@) | ds@) ds(®).
oD JoD Y

iYj
(3.20)
Similarly, using (3.4) and T : D — 6Q » the input source function in (3.1) can be written, fori = 1,...,], as
fnpl = o5l (3.21)
where for 77 € H™'*(div,, aD),
fiimm = -y fa _BIE™(T3(®):p0) TR ds(). (322)

We therefore denote @h = RTO(BEh) and reformulate the truth approximation as: for each fixed u € D, and j =
1,..., 3, find w, () € V,, such that

> @@ ml = fBpl,  VReV, i=1...0. (3.23)

J
j=1



The physical unknown wy, ;(u) is then obtained using the inverse 53" of the Piola transformation, i.e., wp;(u) =

5;1Wh!j([l). This reformulation of the underlying boundary element problem will be fundamental in the upcoming
design of the reduced basis method.

4. The Reduced Basis Method

We consider the parametrized multiple scattering model introduced in Section 3. The parameters of this model
consist of the wavenumber, incident direction, its polarization and geometrical configuration of the different scatterers.
The goal of this section is to construct a model for this parametrized problem that results in an input-output proce-
dure where the inputs are the parameter values and the output consists of the corresponding radar signature (RCS).
This model should respond accurately and be efficient, where we define efficiency in this context to mean that the
complexity of the input-output procedure is independent of the dimension of the boundary element space.

We continue to make the assumption that all obstacles Q; are images of the reference geometry D under an affine
transformation T;, for i = 1,...,]. The framework that we present is nevertheless general enough so that it can be
extended to cases where several reference shapes are considered. We demonstrate the ability to do this in However,
this substantially increases technical details, notation etc and we limit the discussion here to simply demonstrate the
ability to do so in the examples in Section 6.

We seek to combine the advantages of an iterative physically intuitive scheme and a model reduction. The overall
strategy of the Reduced Basis Method in context of multiple obstacles reads as follows:

1. Assemble a reduced basis Vy for a reference geometry D that is trained to respond accurately for all angles of
the incident plane wave, its polarization and wave numbers in a certain region [k, k*]\K(D).

2. Using the affine transformation 7;, map the reduced basis VN onto the physical obstacles D; where they are
established as solution spaces Vy i, fori =1,...,].

3. Using an iterative scheme based on the operators acting on the reduced basis Vy; (instead on V},;), we solve
the multiple obstacle scattering problem.

Before we introduce the reduced model for the coupled system, let us first introduce the reduced basis method for
a single obstacle as this will be needed for the above stated point 1.

4.1. The Reduced Basis Method for single obstacle scattering problems

In this section restrict our attention to the case of one single scatterer B, the reference obstacle. We refer to [22]
for a detailed discussion of the Reduced Basis Method for single obstacle scattering. As introduced in Section 3 the
parameters are denoted by u = (k, dinc, Pinc) € D € R’. Since we are only dealing with a single scatterer we drop
the index i, used to indicate the index of the scatterer. The first step of the reduced basis method consists then of
providing a subspace VN of the boundary element space @h = RTQ(ab\h) that is an approximation of the parametrized
solution space

My = {wi() | Yp € D},

where the Galerkin solutions wj,(u) € yh are the solutions of (3.11) with Q = D.
For a given reduced basis space Vy C V,, the reduced basis approximation solves: for a fixed u € D, find
wy(u) € Vy such that
wN(ﬂ) ‘fn;ﬂ] = f[gn,ﬂ] Yn=1,...,N, 4.1

where {fn} _, is a basis of VN More precisely, the reduced basis space VN is the span of particular “snapshots”,

Vy = span{w,(u")[n=1,...,N}.

The choice of the sample points {y”}nN=1 is based on a greedy selection over the parameter domain and involves a

residual based a posteriori error estimation of the error between the reduced basis approximation wy(u) and the
“truth’ appr0x1mat10n w, (). Additionally, a Gram-Schmidt orthonormalization is used to obtain a orthonormal basis
§,, o for VN The greedy algorithm requires only N times solving a full boundary element computation (3.11). We
refer to [22] for more details.



With the reduced basis approximation (4.1) now being defined, we focus on the fast/efficient implementation of
the solution of (4.1). If the corresponding linear system is solved as stated, the assembling time of the matrix and
right hand side depends on the dimension N, of the boundary element space Vh. To overcome this, let us furthermore
assume that the sesquilinear form al-, -; u] and the linear form f[-; ] is expressed on through the following affine
decomposition:

Oa

alw,vipl = ) Oag(u) aglw,v], 4.2)
g=1
Of

fipl =) e0(0) fy01, (4.3)
g=1

forallw,v € @,. -

Satisfying this affine assumption brings the following advantage: Once the reduced basis Vy is known, the matri-
ces A, and vectors f,; corresponding to the parameter independent forms a, and f; can be precomputed once and for
all. Observe that the matrices A? are of size N X N and the vectors f, of size N independent of y. For any new parame-
ter value p the matrix A, and vector f,, corresponding to the forms al-, -; ] and f[-; u] can be assembled independently

on the dimension N}, of the boundary element space V, i.e.,

Qs
Ap= D 0ag A, and =) O ),
g=1

Then, the reduced basis approximation is obtained by solving the linear system
Ayw, =1,

and writing wy(x, u) = ZnNzl w(w), &,(x). The whole process of assembling the matrix, right hand side and solving
the linear system is independent of the dimension A, of the boundary element space ?h.

We observe that the affine assumption does not hold in the case EFIE, due to the presence of the kernel function
and the nature of the incident field in

awovipl =12 [ [ 0u(r.3) (00 - v )TV dsty) st
oD JOD
flvipl = —fA E™(x; ) - v(x) ds(x).
oD

Further, for the multiple particle case, the affine assumption does not hold for interactive sesquilinear forms and
associated RCS output functionals. Since the affine assumption is at the very core of the efficiency of the method, we
will return to this main issue of our algorithm in detail in Section 5. In this section we assume that an approximate
form of the affine requirement holds, to desired accuracy. for all parameter dependent individual and interactive
sesquilinear forms as well as for the input source fields and output RCS functionals.

To summarize, the method consists of two main parts, the Offline- and the Online-part. During the Offline part,
we spend some time exploring the solution space M; empirically. Once this task is completed we precompute the
NxN-dimensional matrices A, and the N-dimensional vectors f,. During the Online-part, where we expect to evaluate
the solution for many parameter values, for each new parameter value u we determine the scalar coefficients 6, 4(u),
0s 4(u) before we build the matrix A, and the vector f,, and solve the N-dimensional linear system. Since in practice
N < N, the Online part is computationally very inexpensive. (In Section 6, we demonstrate over 90% reduction in
the boundary element space dimension N, of the boundary element space.)

4.2. Online multiple scattering iterative algorithm
Given a reference shape D and having carried out the (computationally intensive) offline procedure as described
in Section 4.1, we now seek to solve the actual multiple scattering problem online for (i) any choice of parameter
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in g € P (with components being the wavenumber, incident direction, and polarization of the incident wave); (ii)
any configuration consisting of a number of well separated J obstacles (with each being a stretch/shrink, rotation,
and translation of D); and hence (iii) compute the RCS of the configuration for any receiver direction. This online
procedure is cheap and uses data from the offline computation.

We recall the electric far- and scattered-field representations of the multiple electromagnetic scattering problem in
(2.9)~(2.10), for any u € D, where w(u) = Y7_, w;i(u), with the surface current w; € H~'?(divgq,, ;) on the i-th
obstacle, for i = 1,..., ], satisfying the J-coupled system in (3.1). Relymg on the approx1mat10n scheme (3.23), we
restrict the solution space to the previously assembled reduced basis space Vy (instead of Vh) from Section 4.1 to get:
foreach fixedu e D,and j =1,...,3, find wy ;(u) € VN such that

J

D @ W Vil = vkl ViveVy, =10 (44)
j=1

The physical surface current on 9€; is recovered by applying the inverse Piola transformation wy; = ﬁi‘lfv‘m for

eachi =1,...,J. Alternatively, this can be interpreted as solving (3.9) using the restricted spaces Vy; = @i‘l@\,.

For any choice of u € D, a direct approach is to solve the resulting JN X JN system described by (4.4). Al-
though this new reduced basis approach leads to substantial reduction in degrees of freedom compared to the standard
boundary element method described in Section 3, this approach is not efficient when the number of J of obstacles is
large.

Instead, as in [23], we propose an efficient online approach that exploits that this system can be solved in an
iterative manner, inspired by the physical insight of the multiple scatterer configuration in which reflections from the
rest of the scatterers impact the local scatterer many times. We express this as the surface current for each particle
being represented by the series

00

Wni(u) = vaﬁl(y), i=1,...,13, 4.5)

=1

where the sequence of W(]g)J (w) satisfies

W vipl = fOvipl, WyveVy,  i=1....1. (4.6)
and ,
D Ty = Zaij W vl Vv eVy, =123, 4.7
=

We truncate this series for a finite number L of reflections since in practice, for well separated obstacles, the intensity

of such reflections will reduce after some iterated reflections. Notice that each reflection W(At;)i can be expressed in

terms of the reduced basis {&,}" - thus

N
Wy (00 = > Wil (1) £,(x).
n=1

The series is truncated for a value of L such that for a prescribed tolerance level tol,

max max |W(L)(ﬂ) (L 1)(y)| < tol

1<i<] 1<n<N

and define the iterative reduced basis approximation (on the reference surface) as

J J
W1 (6 ) = Z Z W, xedQ= U 09;. (4.8)

L
j=1 I=1 j=1
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Having computed the solutions fv{[\?l of (4.8), using (4.6)—(4.7), we compute the reduced basis approximation to the

surface current in (2.9)—(2.10), as

1L ]

whi(esm = Y S (PUW) ew, xeaa =] Jo;. (4.9)
j=1 =1 j=1

The final task in the online process is the computation of the RCS of the configuration for any parameter Jrcs, using

(4.9). We compute the approximation to the RCS of the total configuration as

Ew[Wy.1; dres, 1]

RCS[WN,L;JI‘CS7I1] = 10log,, | 4n 2
|pinc|

, (4.10)

based on (2.9).

5. Decompositions of parameter dependent operators

The reduced basis multiple electromagnetic scattering algorithm described in the last section is practically use-
ful only if approximations to affine decompositions (analogous to (4.2)-(4.3)), separating the parameter and non-
parameter variables, can be constructed, to any required accuracy, for all parameter dependent operators and functions
in the Offline and Online procedures. Note that without such approximate affine decomposition, the forms involved
in (4.6)-(4.7) need to be reassembled for each new parameter value. This process depends on N,. In this section we
describe constuction of various affine decompositions, facilitating precomputation of various parameter independent
quantities (that are expensive to compute since the operation count depends on N,) in the Offline stage once and for
all.

The Empirical Interpolation Method (EIM) [28, 29] plays a crucial role in the construction of approximate affine
decompositions of all parameter dependent quantities in our iterarative reduced basis algorithm. In the general setting,
let 1 be a generic parameter value contained in a chosen parameter set. The EIM is a tool to approximate parameter
dependent functions ¥ (- ; &), to any required accuracy, using an affine decomposition of the form

M
FCiw)~ TP = ) BpF 3 py)

p=1

where the parameter sample values {u,} in the EIM are chosen by a greedy algorithm and for each new parameter
value p, the coeflicients ,(u) are obtained by solving a lower triangular M dimensional linear system, see [28, 29]
for details.

In the following, we explain in detail how each parameter dependent forms and electromagnetic scattering input
and output functions in our algorithms can be approximated using affine decompositions.

5.1. Decomposition of sesquilinear forms

For any fixed y € D, and i,j = 1,...,] with 1 # j, interaction between the ] ogstacles in the conﬁguraﬁon,
through electromagnetic waves, are represented by the 1% — J sesquilinear forms @[y, 7;u] : H™Y/ 2(divaﬁ, 0D) x

H™'2(div g, D) — C, defined in (3.20). The parameters governing these forms are: (i) wavenumber (k); (ii)
stretch/shrink (y;,y;); (iii) rotation (B, B;); and (iv) translation (b;, b ).
For y, ;e H™"/ 2(div(i), 0D), one easily sees that

3
B;w®) - Biv(®)) = Z W@ [Bijlyn @)1, (6.1

Ln=1
where B;; = BiTB j € SO(3) is also a rotation matrix. Hence the key to get the affine decomposition of the interactive
sesquilinear forms (3.20) is to get an additive variable and parameter separation of the non-singular kernel functions
KT (®-T;55)
4n|Ts(®) = T39I
12

O (%,9) = Du(Ti (%), T;($)) = i,j=1,....,J, i#]. (5.2)



We have
Ti(#) = T509) = 7iBif + by —yiBj§ —bj = 7iBi [% — ZBy;9 + S B] (b; — b))
and hence
IT:(X) — T;(P)| = yil® — vijBi;9 + €51, Yij = Z—j cij = y—liBiT(bi - bj). (5.3)
Let
k € [k_»k+]’ 7:'1 € [7_,7+]» bi € B(R+)’ 1 = 17 e ’J’ (54)

for some positive constants k™, k™, ¥, y", R,, and B(R,) is a ball of radius R, containing the full multiple scatterer
configuration Q = U 1€5. Let O < R, < R, be such that B(R+) is the smallest ball of radius R, containing the

reference obstacle D.
Using (5.2)—(5.4), and for Q consisting only of well separated obstacles, without loss of generality, we assume
that

2R 1 —
Yk <yik <y'k*, Z—+ <yij < Z— cij € B( 7_*)\3((1 + F)R+). (5.5)

Consequently, we define the parametrized function

oikiE-yBy-+el

6@ . 9:ky.Be)=—————  %9eD, (ky,B,c)eD, (5.6)
4r|x — yBy + ¢|
(2R+
=
aij o HTi(®)=-T;() » - B sg
v (£,9) = WO -T,0) 7 G(&,¥:kyi,vij,Bij, €15). (5.8)

where the form parameter space 9, C R’ is given by

77+

Y

Dy =[ky k'Y % X S§0(3) x

)\B((l + é)k))}. (5.7)
y

Using (5.2), (5.3), and (5.6),

Applying the EIM to the non-singular kernel G(-, - ; k,y, B, ¢) yields Mg sample points {k",y™, B™, c’"}fffl € O and
Mg coefficient functions defined on 9; and hence the interpolant

Mg
TGR,9;k,7.B,¢) = Z @Sk, y,B, ) Gu(x,¥),  Gu(x,y) := G(x,y;K",y",B", c™). (5.9

m=1

Using the EIM interpolant, we approximate the interactive kernel (5.8), to any required accuracy, as

A A

J(.9) ~ kMg(x 9 =7 TG)R.9:k,7.B.¢), £.9eD, (ky.B.c)eDy. (5.10)
Fori,j =1,...,], approximating CI):LJ in (3.20) by CD , and using (5.1), we get

A~y R, peD, (5.11)
where for ,77 € H™"/?(div,5,0D), 1, = 1,...,3,and i # j,

@y 1T 1)

iri

1 = —_
= lkZ'}/J Za (k71a71]7 13’01]){2(]3 B; )t{I:Rl[(ﬁ ’]sm]] kzy RZ[KII,I];M]},

tt=1

(5.12)
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and form=1,...Mg,l,n=1,2,3

Rz, = [ Gy AL, dso s (5.13)
RFTm = [ |Gty divy BN do(5) d), (5.14)
D D

It is important to note that the sesquilinear forms in (5.13)—(5.14) are independent of the number, shape, location of
the obstacles in the multiple scatterer configuration and the wavenumber k. If we replace ¥, 7 in (5.13)—(5.14) by
finitely many basis functions, the associated matrices can be computed in parallel (with respect to the Mg EIM sample
points) before simulating the multiple electromagnetic wave interactions for any parameter u € 9 and number of
scatterers in the configuration.

Remark 4. In the simplified case where the geometry of the multiple scatterer depends only of translations (that is,
B;i =1yi =1, foralli =1,...,J), for the above EIM we can define a simpler parameter dependent function

ik|x+c|

G(x;k,c) =

dr|x + c|
with x € B(ZEQ and c € B(R,) \B(2§+). The affine decomposition is then satisfied in a similar but simpler form.

5.2. Decomposition of the forms of the individual scatterers

We consider the mass sesquilinear forms aiw, v p) fori = 1,...,]. This is a simpler case as compared to the
one discussed in the previous section. For i = 1,..., ], we have
i o HTsH-Ti9)] eikile=3| L
D, (%, 9) = D(T1(®), T:(P)) = HL® - T:6) - dryi—g i M(I% = 31 y1k), (5.15)
where -
M(r; k*) = Zﬂ;, rel0,2R.], k* €y k,y'k™). (5.16)
We have

iK*r_q

MK = M(0) + My(r k), My k*) = & , (5.17)

4xr
with only the non-singular part M;(r; k*) of the kernel M(r; k*) depending on the parameter. Applying the EIM to
M, (- k*) yields My, sample points k,, € [y k~,y k"] and coeflicient functions a/,/,:"(k*), form = 1,...,Mu. Thus
with kg = 0, ag(k*) = 1, we obtain the EIM-based approximation of the singular kernel (of the reference obstacle)

Mm
M@Y= IMY ) = 3 amteIMa(), M) = M3 o). (5.18)
m=0
Hence, fori = 1,..., J, we approximate the sesquilinear form corresponding to the i-th scatterer in the configuration
as "
Uy iyl ~ @ [, 7 1] = ikZy; ZaM(k N al[y, 7 m] - LaAz[EA-m] (5.19)
a ['P”l’ﬂ] "aMM[lﬁanaﬂ] =1 71 4 m 71 7']3 kz‘yz »’7’ ’ .
where form =0, ..., My,
agamm = [ [ Mol kB TR dsG) ds(), (520
aD JoD
2l Tm = f | Mallx =yl ) divy WH)dive E) ds(9) ds(E). (5.21)
oD JoD
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If we consider the single obstacle electromagnetic scattering problem with D being the scatterer (and the wavenumber
parameter domain in [y~k~,y"k*]) and apply the EIM to the associated electric field integral equation sesquilinear
form in two parts, the resulting sesquilinear forms (that are independent of the wavenumber) are precisely those in
(5.20)~ (5 21). Thus, if A[(// 17; p] is the sesquilinear form for electromagnetic scattering by the single obstacle D, then
for lﬁ ne H_l/z(leﬁD,BD)

- - = 1 .= . ==
aly.mq;pl = ikZ fa - fa - D (%, 9) (('//@)) (%)) - 2 divs Y(3)divs l](ft)) ds(y) ds(X), (5.22)
and the associated affine decomposition is given by
_ _ My P 1 —
aly, s 1l ~ ap, [, 75 1] = ikZZ aM (k) {al[x//,ﬁ; m] — paZ[w,ﬁ; m]}. (5.23)
m=0

5.3. Decomposition of the input source term

Motivated by the representation of the incident field in (2.1), we consider the scalar valued function
F(Eik dine) = 5%, 2eD,  (kdine) €[y k7K xS, (5.24)
and its EIM approximation

M¢ _
F(#:k, dind) ~ (TF)E:K, dinc) = ) @ (K, dinc) €5, (5.25)

m=1

Fori=1,...,],using T;(*) = y;Bi % + b;, the incident wave part of the integrand in (3.22) has the form
B{Einc(Ti (.i,'),ﬂ) — B{pinc eikbi‘ﬁj“c eik)’iBife'Einc — B{Pinc eikbi‘d~inc eikyiﬁ'BIEinc' (526)
Hence using (5.25) in (5.26), we obtain

- My _ -
BY E™(T5(£); p1) ~ B pinc %5 3" a7 (yik, B dinc) ™" . (5.27)

m=1

The source term in (3.22) can be approximated using the affine decomposition

Mg _ _ .
PRI~ fy, T = = ) ys €% o (y3k, B] dine) B] pinc - T m, (5.28)
m=1
where B
T m) = f rF i) ds(), m=1,...,Mg. (5.29)
oD

As in Section 5.2, it is important to observe that for electromagnetic scattering by the single obstacle D, with source
function denoted by f[1; p, for 7 € H™'/*(div,5, D), we have

Pl = - fa E ) T (D), (530)

and its associated EIM-based affine decomposition is given by

My
PO~ fu, 1) = = ) @, (K, din) Pinc - FT7F; m]. (5.31)

m=1
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5.4. Decomposition of output RCS functionals

The main parameter dependent output functional of interest in electromagnetic scattering is the radar signature.
Recall from (2.8)—(2.9) that the surface current dependent RCS is given by

—_ 2
4 |Eo[W; drcs, p]

RCS[W; drcs, ] = 101og,, . (5.32)
|pinc|
where E, is a linear functional of the unique surface current solution of (2.13), given by
— J — — N -~ J . —
Ealwidees, ] = ) ikZ | dres X 93(6) X dres) € ds(x) =1 ) EL[W5; dyes, 1] (5.33)
j=1 00 j=1

Using the transformation 7'j and writing x € dQ; as x = y;Bj% + bj, and wj € H™'*(divyq,, 0Q;) as wj = ﬁjflfv\, we
get

Ego[wj;;ircs’ﬂ]

= B [W; dyes, p] = ikZy; 7% dp o x (B j f
[7)

—~ n v #RTd. ~ -~
W) eFi¥Bidies gg(2) x drcs) .
D

(5.34)

Using the EIM-interpolant (5.25) in (5.34) we obtain an affine decomposition approximation to the RCS, for any
required accuracy, as

My
Ego[w, decs, ] = Eio,M,f [w; drcs, ] = Z ogo,m(ﬂa drcs) X f[w;m] X Bgdrcs’ (5.35)

m=1
where T is given by (5.29) and
0L, (1. drcs) = ikZy; &y (yik, Bl dres) 0% BT dres,  j=1,...,3, m=1,...,My. (5.36)

5.5. Summary and computational cost

Through judicious choice of various parameter dependent functions in the electromagnetic scattering problem
and their EIM-interpolants, we have demonstrated that two/four-dimensional surface integrals in multiple scattering
interactive/individual sesquilinear forms and input/output operators can be, approximately, reduced to the evaluation
of integrals only on the surface of the reference obstacle D with associated integrands independent of (i) the number
of scatterers, shapes, and locations; and (ii) all parameters in the large parameter space governing the parameterized
electromagnetic scattering problem.

Let us summarize the developments of the previous sections and provide an overview of the algorithm and its
computational cost.

Offline procedure: In the Offline procedure, a reduced basis Vy is assembled for the reference shape oD following
the lines of Section 4.1. It is worth noticing that the affine decompositions developed therein, based on the EIM as
described in Section 5.2 and 5.3, can be reused for assembling the mass matrices and right hand sides in the problem
with multiple scatterers. Indeed, given the basis {g,}N of the reduced basis space Vv, we can use the precomputed

n=1
matrices associated to the parameter independent forms

(A7), =allg.ésml,  |AY] =a2€.&sml,  rs=1.. N, m=0,... My, (5.37)
and the following three dimensional vectors

F, =f[é:ml, s=1,....N, m=1,...,Ms. (5.38)



Further, following the lines of Section 5.1, an EIM is required to get Mg EIM-sample points {k",y™, B™, c”‘}xﬁl € D
which facilitates precomputation of the following 9M reflection matrices, each of size N X N:

= [R&.&:m] .. R2); = R2[&.€xml,  rs=1,..,N, m=1,...,Mg. 1,i=123 (539

The matrices and vectors in (5.37)—(5.39) are stored at the end of the Offline procedure for efficient Online simulations.
The computational cost in the Offline procedure is dominated by the construction of N snapshot parameters y", n =
1,..., N and associated orthonormal basis set {Er :n =1,...,N}. These are constructed using N iterations and for
each iteration, we use an error indicator based greedy algorithm to pick a snapshot parameter as described below.
Let y' € D be an arbitrary. Forn = 1,...,N — 1, at the n-th step of the iteration, {&, : r = 1,...,n} is the Gram-
Schmidt orthonormalization of{’f\hml), ... ,E,,(y")}, where forr = 1,... ,n,:f,:\h(yr) € @ (:: span {ap p=1,... ,Nh})
is the unique solution of the N, dimensional boundary element system

AEW), St = Fldi’],  1=q....,Ni, (5.40)

We construct u"*! as follows using a greedy algorithm and am”+1) is computed using (5.40) with r = n+ 1. The n-th
iteration greedy algorithm requires solution of several n X n systems:

Let W, = span {fl, .. .f,,} Let D™ c D be a fine mesh discretization of the parameter space 9. For each
u € DM compute 7,,() € W, by solving the n x n system

Ay ), &l = fuu, (€], r=1,...,n. (5.41)

Based on (5.23) and (5.31), this system can be efficiently assembled using (5.37) and (5.38). Then, for each u € D",
we compute an approximation e(u) to the true error indicator ||, (1) =77, ()| H12(div,15.0D)" without the need to compute

the boundary element solution g:\;,(/,t), as

_[Aen e -

e D", (5.42)
maXze pn IIfCii)Ilzz

where 77, (1) is the vectorial representation of the solution of (5.41) expressed in the basis of @, K(ﬂ) is the matrix

representation of the sesquilinear form ayy, [+, -; u] expressed in the basis W, and efficiently computed using the
matrices

[ATlpq = all@y. dpml,  [Allpg = a2y $iml. pog=1.... Ny m=0... .My,  (543)

and similarly ?(p) is the vectorial representation of ﬁwf[-; ] expressed in the basis of @, and computed using the
vectors T S
F_q=f[¢q;m], g=1,....Np, m=1,...,Mg. (5.44)

The final step in the n-th iteration of the greedy algorithm is to choose the next snapshot parameter u"*! € D as
1! = argmax {e(;t) THE D(”)}. (5.45)

Online procedure: For any new parameter value, for the first iteration (4.6) (£ = 1) of the reduced basis iterative
scheme, the impact on each obstacle is chosen to be only from the initial incident wave E™™. Hence using (5.19)—(5.21)
and (5.28), we solve J uncoupled (parallel) N dimensional linear systems

@y oy Vi) = fi, Dl Wy eVy,  di=1....2 (5.46)
Using (5.19) and (5.28), we are required to set up and solve the associated N dimensional system

A W(l) 27 b dinc o (yik, BT dino F™, i=1,....J, (5.47)

m=1
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where

Mp
1 ; —m
A = ikZy; Z aM(ky;) {A’" - kz—A’”} [F"], =B pinc - F.  n=1,....N. (5.48)
m=0

In (5.47)-(5.48), foreachi = 1,..., J, setting up the coefficients aZ(yik, Bfginc) and a,/;"(kyi), respectively, requires
the solution of M# and M »( dimensional lower triangular linear systems, using the EIM-based interpolation matrices.
The subsequent iterations (4.7) are computed by incorporating reflections from other obstacles and solving the

uncoupled systems (using the affine decomposition (5.12)), foreachi =1,...,:
J . —_—
@ Sl = = ) @) ), Wy eVy, =1, L-1. (5.49)
j=1
j#i
That means that for each £ = 1,.. — 1, having computed w(g) (by solving J uncoupled N dimensional linear

systems), we compute W(€+1) by solvmg similar N dimensional systems with stiffness matrix A; corresponds to the i-
th particle in the conﬁgurat10n and the source term corresponds to the reflected interactive waves from other particles
impinging on the i-th particle obstacle, for i=1, ..., J:

AiA§€+1) lkz Z 7] Za (k7137’13, 1J,clJ)[Rm (Z):I f = 1,...,L_ 1, (550)
j=1 m=1
j#i
where, form = 1,..., Mg, the N X N reflection matrix RTJ can be easily setup using (5.12) and from the stored offline

matrices in (5.39) as

m 1 5A - . .
RY, Z(BTB ) iR1,; = R2, i,j=1,...,3, i#j. (5.51)

=1

We note that setting up ag(kyi,yij,Bij,cij) in (5.50) for each i,j = 1,...,J, i # j requires the solution of a
EIM-based Mg dimensional triangular linear system.

Recall that having computed the solution vector W ) of (5.50), we compute the reduced basis approximation to
the surface current in (2.9)—(2.10) for any u € D, as

J J
w6 ) = Z(?;‘Wf)(x;u), x€dQ = U 09;. (5.52)
L -

Finally, the RCS of the configuration for any parameter Ercs, using (5.52) with minimal computational effort can be
computed. We recall (5.32)—(5.36) and (5.29) and compute the online approximation to the RCS of the configuration
using

—~ E. w ;E (P
RCS[Wx,1; drcs, 1] = 1010g, (4n' ‘M’[le’L T . (5.53)
inc
where "
J N F
Byt Wy 13 dres, Z Z > W65, (1, dres) X [B3F, 1 X B dres, (5.54)
j=1 n=1 m=1

with setting up Gﬂ'o!m(y,zrcs), given by (5.36), requires solution of a EIM-based M# dimensional triangular linear

system foreachi,j=1,...,3, 1 #j, andF: being computed offline as described in (5.38).
The inexpensive online computation is dominated only by solutions of smaller linear systems and can be summa-
rized as:
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Solutions of J uncoupled (M + M) lower triangular systems to set up (5.47).

Solutions of J uncoupled N dimensional dense linear systems (5.47)

Solutions of 3% — J uncoupled Mg lower triangular systems to set up (5.50).

Solutions of J uncoupled N dimensional dense linear systems (5.50).

Solutions of J uncoupled M# lower triangular systems to setup (5.54).

All the above system setup and solves can be easily parallelized, with minimal communication, with respect to the
EIM sample points and the number of scatterers in the configuration.

6. Numerical experiments

We seek to validate the offline/online iterative reduced basis algorithm for several multiple scatterer configurations
associated with the parameterized electromagnetic scattering model problem. The reference obstacle D for the con-
figurations are a metallic unit sphere or a metallic cavity, both of unit length. For the boundary element truth solution,
we take ten points per wavelength discretization in each dimension and use the Cerfacs Electromagnetic Solver Code
(CESC) to guarantee numerically good reference solutions.

The sphere as a reference obstacle is useful to validate against a well known benchmark dynamic configuration of
two metallic spheres for which experimentally measured RCS values are known [30] for a few frequencies. Parameters
for the benchmark dynamic configurations include varying distance between the spheres. The parameter domain for
all our offline simulations in this section, includes varying incident directions and associated vertical and horizontal
unit polarization vectors. Using spherical coordinates, the online incident direction choice is represented by the pair
(Hinc’ ¢inc) as

;iinc = —(8Sin @inc COS Pinc, SiN Binc SIN Pinc, COS Ginc)T, Oinc € [0,7],  Pinc € [0,27), 6.1

and the online incident direction is vertically polarized (that is, pinc = %Jmc)- The online receiver direction
(Brcs, Prcs) for the RCS calculation is represented as

F‘ircs = (SN Grcs COS Prcs, SIN Orcs SIN Prcs, COS QrCS)T, Oinc € [0,7],  @inc € [0,2n), (6.2)

s0 that (Binc, Pinc) = (Brcs, Pres) corresponds to the backscattering (monostatic) RCS. The minimal physical distance
between particles (measured between centers) in a configuration is denoted by d and hence the minimal frequency
based distance between obstacles is kd.

Parameters required in the multiple electromagnetic scattering process to obtain results for all plots given in
this section are chosen as part of the online process described in Section 4.2, after construction of the associated
reduced bases through the offline process in Section 4.1. We demonstrate substantial reduction (even by over 90%,
see Table 1) in the dimension N of the reduced basis compared to the dimension N, of the truth boundary element
space and yet achieve good accuracy. It is important to note that the substantial computer model reductions observed
through tabulated values in this section corresponds to just one reference scatterer. These reductions translate to huge
computational advantage for the multiple scattering problems with several parameters.

Example 1. (Two metallic unit spheres with two fixed frequencies but varying separation.)

We consider two experimental results given in [30, Figure 3] for an endfire configuration consisting of two unit metallic
unit spheres, with k = 7.41 and k = 11.048. For each of these cases, we use the offline algorithm with wavenumber
fixed (thus k= = k%) and follow details in Section 5.5 to construct N snapshot parameters and the reduced basis space
@N, corresponding to the reference unit sphere D.

In Table 1, we give an an overview of the boundary element mesh (%), dimensions of the truth boundary element
space (V},), the reduced basis space (V) and the residual error achieved for the assembling of the reduced basis space.
As observed in Table 1, the dimension of the reduced basis is only a fraction of that of the boundary element space,
demonstrating the inexpensive part of the online computation.
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k mesh size () | Dim BEM (N,) | Dim Reduced (N) | Residual error
7.41 0.826e-1 7680 563 9.73e-4
11.048 0.551e-1 17280 918 9.94e-4

Table 1: (Example 1.) Accuracy of reduced basis space compared to BEM space for a reference scatterer.

We use the online algorithm described in Section 4.2 and Section 5.5 with J = 2, y; = 1, B; = I and use varying
translation (moving distance) parameters b;,i = 1,2, with the domain of these parameters dictated by the kd values
in [30, Figures 3]. The online computations include a large number of configurations of two metallic spheres. For each
such configuration, we compute the backscattered RCS and plot our results, compared with those in [30, Figure 3].
Results in Figure 1, with iterative reduced basis based RCS superimposed on Figures in [30, Figure 3] demonstrate
the accuracy of our algorithm compared with the experimental results reported in [30, Figure 3].
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Figure 1: (Example 1.) Comparison with benchmark experimental results in [30, Figure 3] for k = 7.41 (left) and for k = 11.048 (right) for
parameter values kd measuring the electric distance.

Example 2. (Two metallic unit spheres with variable wavenumbers and distance.)
We extend the parameter domain in the previous example to first consider wavenumbers k € [1, 3], build a reduced
basis and then another reduced basis with k € [3,5]. We recall that because of the EFIE formulation, we need to
exclude the resonant wavenumbers from the parameter domain for the offline construction of the reduced basis. The
resonant wavenumbers for the unit sphere are given in [31, Table 6.1] and in the interval [1, 5] they are k; = 2.743,
k, = 3.870, k3 = 4.493 and k4 = 4.973.

In Table 2, we illustrate the boundary element mesh (%), dimensions of the truth boundary element space (N,)
and reduced basis space (N) and the residual error achieved for the reduced basis space that include two variable
wavenumber intervals. The online computations include a large number of configurations of two metallic spheres.

k € | meshsize (h) | Dim BEM (N,) | Dim Reduced (N) | Residual error
[1,3] 0.110 4320 290 2.23e-4
[3,5] 0.110 4320 509 2.64e-4

Table 2: (Example 2.) Accuracy of reduced basis space compared to BEM space for a reference scatterer.

We analyze the error between the reduced basis approximation and the truth solution with respect to the frequency
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based minimal distance kd for several snapshot of the configuration. The error is taken over the parameter set of all
incident angles with i, = /2 and 100 samples points distributed equally for ¢inc € [0, 7/2] and this includes both
the broadside and endfire incidence.

In Figure 2, we show the L,-norm relative error of the reduced basis approximation wy(u) with respect to the truth
solution w, (1) depending on the electric distance between the two objects, for the six wavenumbers k = 1,2, 3,4,5, 6.
Figure 2 demonstrates low to high-order accuracy of the reduced basis approximation as the electric distance between
the moving metallic spheres increases. The corresponding total number of iterations (denoted by L in Section 4.2,
with convergence assumed at tol = 1078) is presented in Figure 3. The number of iterations decreases algebraically
as the distance of the two moving spheres increases but remain very small even for the case of the spheres being close.
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Figure 2: (Example 2.) The relative error of the reduced basis approximation with respect to the truth solution as a function of the frequency based
distance kd between two metallic unit spheres for six online choices of the wavenumber.

Example 3. (Two metallic spheres with variable electric size parameters.)

The parameter domain for this simulation includes a shrink parameter () interval of [0.5, 1]. The online multiple
scattering configuration consists of two spheres that are scaled and translated versions of the reference unit sphere,
with k = 3, separated by a fixed physical distance d = 4, and angle of incidence 6inc = @inc = 0.

For the online iterative reduced basis computation, we choose two arbitrary pair of parameters, (yy, y2) = (0.865,0.691)
and (y1,v2) = (0.549,0.982), and compute the RCS of the resulting configuration for ¢,.s = 0 and varying O,cs €
[0, Z]. To check the accuracy of our computation, we also compute the truth RCS using the standard boundary element
method directly for the pair of two particle configurations. Comparison between the reduced basis RCS and the truth
RCS, illustrated in Figure 4, further demonstrates the accuracy of our efficient offline/online iterative reduced basis
algorithm. Next we compute the backscattering (fycs = ¢rcs = 0) RCS for large number of parameters y;, v, € [0.5, 1]
and plot the RCS as a function of vy, y, and finally compute the RCS with varying y; € [0.5,1] and y, = 1.5 —y; and
plot in the RCS as a function of 6,5 € [0, ’7’] and y;. These results are in Figure 5.

Example 4. (Metallic spheres with varying wavenumbers, sources and observations.)

Having demonstrated the power of our reduced basis algorithms for two sphere configurations, we use the same
reduced basis constructed offline for the reference unit sphere in the first three examples to simulate the RCS of a
6 X 6 lattice configuration with 36 metallic spheres, illustrated in Figure 6 (with d = 6), for wavenumbers k € [1, 5]
and for tens of thousands of incident and observed directions. In Figure 7 we plot the RCS, with variable observation
in the direction frcs = 5, ¢pres € [0,2n] for different wavenumbers k = 1,2,4,5 and varying incident directions
@inc € [0,27] (and Ospc = g) of the plane electromagnetic wave that illuminates the target. The simulated values in
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Figure 3: (Example 2.) The total number of online multiple scattering iterations a function of the frequency based distance kd between two moving
metallic unit spheres for six online choice of wavenumber to compute reduced basis approximations.
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Figure 4: (Example 3.) Validation of the reduced basis RCS for (y1,y2) = (0.865,0.691) (left) and (y1,y2) = (0.549, 0.982) (right).

Figure 7 demonstrate strong signals when the receiver is located opposite to the transmitter (that is, ¢rcs = Pinc + 7).

For varying wavenumbers k € [1,4.972] the RCS, measured in the direction 6rcs = 7, ¢res € [0, 27], is illustrated
in Figure 8 with 0;, = 0 and (a) Oinc = g and (b) ¢inc = 0 of the incident plane wave. We recall that there are
three resonant wavenumbers in [1,4.972] for the reference spheres, namely k; = 2.743, k, = 3.870, k3 = 4.493 and
the reduced basis parameter domain does not include these numbers. Hence, as expected, the iterative reduced basis
scheme does not converge for values near ky, k», k3, as observed through the gaps occurring in three place in Figure 8.
The fourth resonant wavenumber in [1, 5] is k4 = 4.973 and we observed similar property around k.

Example 5. (Metallic open cavities with varying rotations.)

The initial electromagnetic scattering consists of two metallic open cavities 1, Q,, situation along the y-axis separated
by a physical distance d = 4, with variability determined by rotating Q, by a clockwise angle a; around the z-axis and
Q, by an anti-clockwise @, around the z-axis, as illustrated in Figure 9. The electromagnetic scattering configuration
is tested using incident waves with varying wavenumbers k € [1, 3], incident angles, and in the first case with both
boxes rotated by same angles (a; = a») in [0, g].

For o) = a» = 0, the two boxes are exact copies of the reference shape D which is an open cavity of unit length
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parameters y1,y2 € [0.5,1.0] for a fixed observation point parameter y; € [0.5,1.0], for variable observation directions
Orcs = ¢res = 0. Orcs € [0, ’jr]» withy; = 1.5 —y; and ¢rcs = 0.

Figure 5: (Example 3.) RCS of configurations with varying sphere size for a fixed (left) and variable receiver directions (right).

centered at the origin and open towards the positive x-axis. For a; = @, = 7, their openings are facing each other.
Details of offline assembly and accuracy of the reduced basis for the reference open box are given in Table 3. In order

k € | meshsize (h) | Dim BEM (N,) | Dim Reduced (N) | Residual error
[1,3] 0.117 1795 239 7.144e-4

Table 3: (Example 5.) Accuracy of reduced basis space for the reference open cavity compared to BEM space.

to check the accuracy of the online iterative reduced basis multiple particle algorithm, we choose two pairs of random
parameters, (k, @) = (1.395,0.7552) and (k, a1) = (2.491, 1.3774) and choose the incident wave direction as finc = %,
@inc = 0. The nature of the random test parameters is that no values of the training sets of any sampling process such
as the EIM or the reference scatterer reduced basis method is chosen, i.e., the computed results rely entirely on the
accuracy of the reduced basis and the iterative procedure. We compare the RCS (with 6.5 = g and ¢rcs € [0, 27]) of
the reduced basis solution with the RCS of the truth approximation. Results in Figure 10(a) demonstrate the accuracy
of the RCS obtained using the reduced basis online approximation.

Next we consider the case in which each of the two boxes are rotated individually. The first box Q; is rotated
by an angle a; € [7, 7] and €, is rotated by an angle @, € [7, 5], for a fixed wavenumber k = 2.76. To check the
accuracy of the reduced basis RCS, we choose a random pair of rotation parameter values a; = 1.5396, a; = 1.1299
and demonstrate the accuracy of the reduced basis RCS in Figure 10(b) as compared to the truth approximation.

In Figure 11(a), we plot the monostatic RCS as a function of varying wavenumber k € [1,3] and the varying
rotation parameter @ = @, € [0, 2] for a fixed Oinc = Opcs = ’5’, @inc = Pres = 0. We observed that for k = 2.76, there
is an angle @ = 54.54 where there is a significant reduction in the backscatter. In Figure 11(b), for k = 2.76, we plot
the monostatic RCS as a function of the two individually rotated angles and observed almost no backscattering for all
angles satisfying approximatively a; + @, = 109.09. This serves an examples of the kind of online optimization and
parameter studies made available with the methods discussed in this work.

Example 6. (An uncertain configuration with 9 metallic open cavities)
Our approach of first establishing a (offline computation based) back-end solver to facilitate fast (online) simulation
of the front-end forward model enables us to carry out sensitivity analyses for problems where some parameters are
unknown or only known in a probabilistic sense. This offers a valuable approach to, among other things, quantify the
impact of uncertainties on the output of interest.

Although the characterization of the impact of uncertainties on the RCS for the full set of model parameters is
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Figure 6: (Example 4.) A multiple scattering configuration with 36 metallic spheres.

beyond the scope of this work, we illustrate below the modeling of the expected value (E), variance (V), and associated
interval [E — V'V, E + VV] of the RCS when one of the parameters in the electromagnetic scattering configuration is
assumed to be specified by a continuous random variable. We consider a multiple scattering configuration consisting
of 9 open metallic cavities in a 3x3 grid (with open end facing towards the positive x-axis) in the yz-plane separated by
a physical distance d = 3. The z-coordinate of the box in the middle [whose center has coordinates (x, y, z) = (0, 3, 3)]
is perturbed by a continuous uniformly distributed random variable 6 € [-1, 1], see Figure 12.

We fix the wavenumber to be k = 3 and carry out the sensitivity analysis for four different angles (finc =0, £, 5, 5
of the incident plane wave with ¢;n. = 0, i.e., in the the fourth case the incidence is facing the open faces of the boxes
from the front. The corresponding statistical results are illustrated in Figure 13 with ¢..s = 0, computed by a direct
Monte Carlo approach based on the reduced model.

In Figure 14, where the expected value and variance of the RCS are given for incident electromagnetic waves
impinging on the uncertain 9 box configuration with continuous angle of incidence ;. € [0, g].

Example 7. (Configurations with different reference shapes.)

In this example we seek to illustrate the versatility and generality of the proposed techniques discussed in the work by
illustrating that configurations with two or more reference shapes can be handled within the framework of the multiple
scattering iterative reduced basis algorithm described in this work.

We consider multiple particle configurations comprising spheres and open cavities but there is naturally nothing
specific about that. In order to verify accuracy of the basic interactions, we first illustrate in Figure 15 the relative
error and number of iterations required for a two body broadside configuration separated by a varying distance d and
for wavenumbers k = 1,23. Here, one obstacle is the unit sphere used in Example 2 and the other scattered is the
open cavity introduced in Example 5. The incident field is parametrized by the angles 8inc = ¢inc = 0. We observe
a convergence behavior similar to that of two spheres (Example 2). This is not surprising since the reduced basis
(for each reference shape) is trained to accurately represent the surface current solutions and our algorithm efficiently
models interaction between particles without requiring any assumption on the shape of the reference particles.

We conclude this section by considering two more general 9 particle configurations. The first configuration con-
sists of open cavities and unit spheres in a 3 X 3-lattice (in the xy-plane) separated by a distance d = 4. The second
non-lattice configuration is obtained by a random perturbation of the x- and y-coordinates of the scatterers in the first
configuration, see Figure 16. The RCS for parameter values 6.5 = g, dres € [0,2n] is plotted in Figure 17 for
different incident fields corresponding to inc = g, @inc € [0,2n], in both cases of the unperturbed and perturbed
lattice.
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Figure 9: (Example 5.) Setup for scattering by two open metallic cavities.
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Figure 10: (Example 5.) Accuracy of the reduced basis RCS for randomly chosen parameters k = 1.395, @; = 0.7552 with a fixed az = a; (left)
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Figure 11: (Example 5.) Monostatic RCS (with 0inc = Orcs = /2, pinc = ¢res = 0) for a dynamic configuration with two open metallic cavities.
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Figure 12: (Example 6 .) A stochastic scattering configuration with in which the vertical location of the center cavity is assumed to be specified by
a continuous uniformly distributed random variable in [-1, 1].
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Figure 13: (Example 6 .) Expected value of monostatic RCS and the interval [E — YV, E + VV] for a stochastic 9 metallic cavity configuration
for four different angles of incidence finc = 0, %, §, 5 (left to right), with ¢inc = 0.
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Figure 14: (Example 6 .) Expected value and standard deviation of the RCS with respect to the incident and observed angles, for an uncertain 9
metallic box configuration.
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Figure 16: (Example 7 .) Geometrical setting used to simulate the case of a configuration using two different reference shapes.
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Figure 17: (Example 7 .) The RCS, measured in the directions 6rcs = % ¢rcs € [0, 2], for a 3 x 3-lattice of metallic unit spheres and open cavities
for an incident plane wave with angles finc = g, ¢inc € [0,2n] and fixed wavenumber k = 3, of the configurations in Figure 16.

7. Concluding remarks

The main goal of this work has been to develop a rigorous and carefully validated approach to the efficient and
accurate simulation of a parameterized multiple particle electromagnetic scattering model. The full model is character-
ized by a large parameter set that describes (i) general scattering configurations comprising a collection of individual
and separated perfectly conducting scatterers, their location, orientation, size, and shape, and number of particles as
well as (ii) the frequency, direction and polarization of the input incident wave impinging on the scatterers and that of
the output radar signature.

We achieved the goal for the full multiple scattering model, for any choice of parameter, in two (offine and online)
stages. The offline procedure, based on a standard boundary element method, includes solving a reduced scattering
model only for a few references shapes and the output of the first stage is a relatively small set of selected parameters
and a reduced basis set comprising solutions of the associated reduced model. The online stage, based on the reduced
basis set, facilitates rapid simulation of the full multiple scattering model (for any parameter choice) through an
iterative process that includes efficient construction of individual and interactive scattered fields through the reference
shape reduced basis functions.

A number of both technical and practical challenges had to be addressed to develop an efficient algorithm to
achieve the goal. The numerical results demonstrate both the accuracy and generality of the proposed technique
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and a number of interesting applications areas within design, optimization, and uncertainty quantification has been
illustrated. It is also worth emphasizing that the algorithm developed for multiple electromagnetics scattering model,
reformulated as an electric field integral equation, can be extended to other integral formulations for multiple particle
scattering simulations in acoustics or electrostatics, possibly with substantial simplifications.

While we have successfully demonstrated the potential for the proposed combination of reduced basis methods
for both single scatterers and their mutual interactions, several challenges and extensions remain. Natural extensions
include a similar offline/online approach for integral formulations of a more robust character such as the combined
field integral equation and for volume problems with homogeneous material properties and these extensions should
be possible using the framework described in this work. A more central challenge is found in the observation that
the number of online iterations generally scales with the wavenumber. As this directly impacts the online cost, it is
clearly worthwhile considering more advanced iterative techniques. Since the approach proposed here is basically
matrix free, it is likely that more robust iterative techniques can be developed.

A more substantial challenge lies in the extension of the proposed framework to problems with a very large
number of scatterers. This should most naturally be pursued using a fast multipole type approach with several field
contributions addressed by reduced models of clusters of scatterers in which fields are resolved using a local iterative
reduced basis. We hope to pursue this is near future to enable an efficient online modeling of large parameterized
scattering configurations.
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